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Abstract

In this article, we investigate the dynamics and behaviour of the
difference equation

Xy _1X5 —
_Brnaxn-g n=01,...

X = 0Xy-_9 + s
n+l n-2 Y1 +5xn—4

Since a, B, v, 8 are constants and the initial conditions x_4, x_g,

x_9,x_1 and xq are arbitrary positive real numbers. Moreover, we

obtain the expressions of the solutions of four special cases of that

equation.
1. Introduction

In this paper, we deal with the behaviour of the solutions such as
boundedness, local and global stability of the following difference

equation:

Xy 1%, _
xn+1:ocxn_2+—l3”1”2 , n=0,1,.
Yxn—1+5xn—4

. 1)

where the initial conditions x_4, x_3, Xx_9, x_;, and x; are arbitrary
positive real numbers, and «a, B, v, 8 are constants. Moreover, we get the

form of the solution of some special cases of this equation.

Let us introduce some basic definitions and some theorems that we

need in the sequel we refer to the reference [26].

Let I be some interval of real numbers and let
R LRI §

be a continuously differentiable function. Then for every set of initial

conditions x_j, X_j41, ..., Xg € I, the difference equation
X1 =f(xn,xn_1,...,xn_k),n=0, 1, ..., @)

has a unique solution {x,}” .
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Definition 1 (Equilibrium point). A point x € I 1is called an

equilibrium point of Equation (2) if

x=fxx, ..,x).
That is, x,, = x for n > 0, is a solution of Equation (2), or equivalently,
x 1s a fixed point of f.

Definition 2 (Stability). () The equilibrium point x of Equation (2) is
locally stable if for every ¢ > 0, there exists 0 > 0 such that for all
X_py Xyl --s X_1, X9 € I with

X_f —9_c|+|x_k+1 —El +...+|x0 —El < 8,
we have
|x, = x| < e forall n> - k.
(i1) The equilibrium point X of Equation (2) is locally asymptotically

stable if x is locally stable solution of Equation (2) and there exists

v > 0, such that for all x_;, x_;,1, ..., X_1, xg € I with
|x—k: - El + |x—k:+1 - fl Tt |x0 - fl <7
we have

lim x, = x.
n—>oo

(111) The equilibrium point x of Equation (2) is global attractor if for
all x_;, x_p4q, ..., X_1, X9 € I, we have

lim x, = x.
n—>oo

(iv) The equilibrium point x of Equation (2) is globally asymptotically
stable if X is locally stable, and x is also a global attractor of Equation

(2).
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(v) The equilibrium point X of Equation (2) is unstable if X is not

locally stable.

The linearized equation of Equation (2) about the equilibrium x 1is

the linear difference equation

k
of(x,,, Xy 15 ooy Xqp_1.
Yn+1 = Z f( n - nel n k)| Yn-i- (3)

0x,_; =
n—i |xn:xn_l:'”:xn_k:x

=0
Theorem A ([26]). Assume that p, g€ R and ke {0, 1, 2, ...}. Then
|pl +lal <1,

is a sufficient condition for the asymptotic stability of the difference

equation
Xpi1 T+ DX, +qxy_p =0, n=01,...

Remark. Theorem A can be easily extended to a general linear

equations of the form
Xpak + P1%pqp1 +---+ DX, =0, n=0,1, .., 4)

where p;, po, ..., pp € R and ke {l, 2, ..}. Then Equation (4) is

asymptotically stable provided that

k
Dbl < 1.
i=1

Consider the following equation:
Xn+l = g(xn’ Xn-1> xn—2)- (5)

The following theorem will be useful for the proof of our results in this

paper.
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Theorem B ([26]). Let [p, q] be an interval of real numbers and

assume that

g :p. ql’> > [p. al,

is a continuous function satisfying the following properties:

(@) glx, y, 2) is non-decreasing in x and y in [p, q] for each
z € [p, q], and is non-increasing in z € [p, q] for each x and y in [p, q].

®) If (m, M) € [p, qlx[p, q] is a solution of the system

M =g(M, M, m) and m = g(m, m, M),
then
m =M.

Then Equation (5) has a unique equilibrium x € [p, q] and every solution

of Equation (5) converges to x.

Definition 3 (Fibonacci sequence). The sequence {f,}, _, = {1, 2, 3,
5,8,13,...}, ie., fn =fma+fma m=20,fq9=0,f;=1 is called

Fibonacci sequence.

Many researchers have investigated the behaviour of the solution of
difference equations for instance, the solutions of the following difference
equation has been obtained as found in Abo-Zeid [5]

Axpq

Xpp] = 55— A—.
T B Cxpx,

Ahmed et al. [7] studied the periodicity character and the global stability.
Consequently, the solution of special case of the following recursive
sequence has been obtained.

o+ Bx, + 1,1
A+ an + an—l )

Xn+l =
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Elabbasy et al. [14] examined the boundedness, the global stability, and
periodicity character. Therefore, the solution of some special cases of the

difference equation has been determined

bx,,

X =ax, ————.
n+l n cxn/_'dxn—l

El-Moneam et al. [18] analyzed the periodicity character, the global

stability of the difference equation

bxp_j

Xp4l = Axn + an—k’ + an—i + dxk——ex
n—kx n-—i

The following problem was solved by Saleh and Alogeili [27]:

X
Xy = A+

Xn—k
The global attractivity for the recursive sequence was investigated as
found in Yalcinkaya et al. [33]

o+ Xy,
Xpel = 3 -

The global asymptotic stability of the difference equation was studied by
Zayed and El-Moneam [35]

Xpi1 = ax, — (bx,)/(cx, + dx,_;).

See also [1], [56], [34]. Other related results on rational difference
equations can be found in [1-33].

The study of difference equations has been growing continuously for
the last decade. This is largely due to the fact that difference equations
manifest themselves as mathematical models describing real life
situations in probability theory, queuing theory, statistical problems,
stochastic time series, combinatorial analysis, number theory, geometry,
electrical network, quanta in radiation, genetics in biology, economics,
psychology, sociology, etc. In fact, now it occupies a central position in
applicable analysis and will no doubt continue to play an important role

in mathematics as a whole.
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2. Dynamics of Equation (1)

Here we study the dynamics and behaviour of Equation (1) when the

constants o, B, v, and 8 are positive real numbers.

2.1. Local stability of Equation (1)

Here, we study the local stability character of the solutions of

Equation (1). Equation (1) has a unique equilibrium point

__ Bx?
X = 0x +— —,
VX + Ox

or,
®2(1 - a)(y+8) = px?,
if (1 - a)(y+ 8) # B, then the unique equilibrium point is x = 0.

Let f : (0, =)3—> (0, ) be a function defined by

flu, v, w) = av+wﬁ+¢éw' (6)
Accordingly, it follows that
fulu, v, w) = B
(yu + Eiw)2
folw, v, w) = OH%’
— Bouv

fw(u’ v, w) = —2
(yu + dw)
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Thus
hﬁ;ii%ZWEZF::_a”
f(& % )= a+ yE& -,
fo (&, %, %) = (71_35)2 .

The linearized equation of Equation (1) about x is
Yn4l T A2V + @ Yp_9 + AoYp—_g =0,

_ B ( L) __ B
Yn+1 T 8)2 Yp-1 H| O+ Y+ S Yn-2 (

Yn-4 = 0. (7)
(v +

Theorem 1. Assume that

B(y+38) < (1-a)y+9)? and o < 1.

Then the equilibrium point of Equation (1) is locally asymptotically stable.

Proof. It is follows by Theorem A that, Equation (7) is asymptotically
stable if

IwEZFP%Q+YESV¢wEZF|<L
and so

BS + oy + 8)2 + By + 8) + Pd < (v + 8)°.
Therefore,

285 + B(y + 8) < (y+ 8)% — aly + 8)%.
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Then
285 + By + BS < (1 — ) (v + 8)%.

%<(l—a).

—B(?:;)g) <(@1-a).

The proof is complete.
2.2. Global attractor of the equilibrium point of Equation (1)

The global attractively character of solutions of Equation (1) has been

investigated as follows:
Theorem 2. The equilibrium point x of Equation (1) is global

attractor if y(1 — o) # B.

Proof. Let p, g are real numbers and assume that g : [p, ¢I°— [p, ¢l

Buv

be a function defined by g(u, v, w) = av +
+ dw

, then we can easily
see that the function g(u, v, w) increasing in u, v and decreasing in w.
Suppose that (m, M) is a solution of the system

M = g(M, M, m) and m = g(m, m, M).

Then from Equation (1), we see that

_ M _ Bm?
M=oM+ o Tt ST
or,
~ B BMZ ~ B BmZ
MQA—0) = m M- =
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then
Y1 - a)M? + 81 — 0)Mm = BM?2, v — a)m? + 81 — a)Mm = pm?,
Subtracting we obtain
Y- ) (M? —=m®) = B(M? -m?), y1-a)+p.
Thus
M = m.

It follows by Theorem B that x is a global attractor of Equation (1) and

then the proof is complete.
2.3. Boundedness of solutions of Equation (1)
The boundedness of solutions of Equation (1) has been examined as

follows:

Theorem 3. Every solution of Equation (1) is bounded if (oc + %) <1.

Proof. Let {x,} be a solution of Equation (1). It follows from

n=-—3

Equation (1) that

anxn—2 < o, g + anxn—2 — (

Xp41 = WXp_9o +
VXn + 8xn—4 VX5

Then

Xpe1 S X,_9 forall n 2 0.

Then the subsequences {x3,} ", {x3n41} ,_o> (X3n+2},_o are decreasing

and so are bounded from above by M = max{x_,, x_3, X_g, X_1, Xg}.
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2.4. Numerical examples

For emphasizing the results of this section, we take some numerical
examples:
Example 1. In Figure 1 we consider x_, =3, x_3 = 8, x_g = 1.6,

X1 =2,xg=7and a =0.8,f=4,y=6,0="1.

plot of X 4= axX 2+(bx

140 T T T T T T T

120 i

80

40 i

20 b

Figure 1. This figure shows the dynamics of the solution of Equation
(1) wherever x_y =3,x_3 =8, x_9=16,x_1 =2,x9 =7 and a = 0.8,
B=4,7v=6,0="1.
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Example 2. This example shows the solutions when, x_4 =3, x_3 = 8,

X_9g=16,x1=2,%x9g=T7and a=0.5p=4,y=6,08=7 Figure 2.

plot of X 4= ax +(b

1 2 /(an- +dx

Xn-‘IXn-2) 1 n-4)

8 T T T T T T

70 80

Figure 2. Plot of solution of Equation (1) when we set x_4, =3, x_3 = §,

X_9=16,x1=2xg=Tand a=05PB=4,7=6,8="17.
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Example 3. See Figure 3 since x_, =13, x_3 =11, x_o = 1.6,
x_1 =02,x9=0.7 and « =0.3, =0.8, y =0.6, 5 = 0.4.
plot of X 1= axn_2+(bxn_ 1xn_2)/(cxn_ 1+dxn_4)
14 T T T T T T
121 .
10 .
8,
<
x
6_
4_
2_ —{
0 1 1 1 Il Il 1
0 10 20 30 40 50 60 70 80

Figure 3. This figure offer the behaviour of solutions of Equation (1)
when x_4 =13, x_3 =11, x_9 =16, x_1 = 0.2, x5 =0.7 and o = 0.3,
B=0.8,v=0.6,03=0.4.
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Example 4. Figure 4 illustrates the case we choose x_, =1.3,

x_3=11%x_9=6,x_1=02,x9=0.7 and . =0.3, =0.2,y=0.6,0 = 4.

plotofx =ax +(bx . x ycx . *dx )

1.4 T T T T T T T

04 T

021 ,

Figure 4. Draw the solution of Equation (1) while x_, =1.3, x_3 = 1.1,
X_9g =6,x_1=02,x9=07 and o =0.3, =0.2, y = 0.6, 5 = 4.

3. Special Cases of Equation (1)

In this section, we obtain the form of the solutions of Equation (1)
since the constants o, B, ¥, and & are integers numbers.

3.1. First equation

The following special case of Equation (1) has been studied

Xn-1¥n-2 (8)

X =X,_9 t+
n+l n-2 Xp_1 +%,_4 ’

where the initial conditions x_g4, x_3, X_g, x_;, and x; are arbitrary non

zero real numbers.
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Theorem 4. Let {x,};__, be a solution of Equation (8). Then for

n=0,12,..

feip + fei—1h j (f6i+2q + f6i+1k)
X _ = h )
bn-4 H(fe'z 1P+ fei—oh )\ fei+19 + feik

H

n—

k (f6l+4p + f6l+3h
fei+3P + fgiroh

X6n-3

( f6iq + fei-1k j
fei-1q + fei—2k )’

N
Il
(=)

H

n—

Xen-2 =T (
i

feiv1P + foih ) \ foir3q + feivok )’

I
S

H

n—

X6n-1 = P
i

feivoP + femh) (f6i+4q + f6i+3kj

(f6l+6p + f61+5h

(f6i+2q + f6i+1kj
f6i+5P + foivah

fei+19 + feik

I
S

H

n—

Xen =4
i

(f61+4p + f6l+3hj (f6i+6q + f6i+5k)

fei+sp + foivah )\ foiv5q + foivak )

I
S

n—-1

2p + h) (f6i+8p + f6i+7h) (f6i+4q + f6i+3k)
1=0

x6 1 = ( )
n p+h fei+7P + foiven ) \ foir3q + foi+2k

where x_4 =h,x_3g=k x_g=r,%49=p,% =q{fpt,__;=1{,01,
1,235,8 ...}, fp =0, 1 =1.

Proof. For n = 0 the result holds. Now suppose that n > 0 and that

our assumption holds for n — 2. That is,

n—2
Xen-9 = kH(fGin * f6i+3h) ( feiq + foiak j
" =0 feiraD + feivoh ) \ fei—19 + fei—ok

[\')

n—

X6p-8 =T (

feivoD + femh) (f6i+4q + f6i+3kj
feir1D + foih feir3q + feirok

N
Il
S



36 E. M. ELSAYED and N. H. ALOTAIBI

n—2
Yo = pH(fenep + f6i+5h] (f6i+2q + f6i+lk)
" L A\ FoivsD + foivalt ) \ fois1q + foik

-2
Y66 = G i—I (fei+4p + f6i+3hj (fsm;q + f6i+5k]

L A Ssirap + foivah )\ fois5q + foivak )’

9
. (21? + h) ﬁ (f6i+8p + f6i+7h) (f6i+4q + f6i+3’f)_
p+h ) A fsiap + foiveh )\ foir3q + foirok

Now, it follows from Equation (8) that

X6n-5

X6n—-6X6n-7

Xen_a = Xa,_7 +
6n-4 6n-1 X6n-6 T X6n-9

[\

n—

. (fenep + f6i+5hj (fsnzq + f6i+lkj

fei+sD + foivah )\ foir1a + foik

i=0

]

n—

(f6z+4p + f61+3hj [f6i+6q + f6i+5k)

fei+3D + foivah )\ foi+50 + foivak

Q
e

Q

(f6l+4p + f6L+3hj (fsnsq + f6i+5kj

A I\ Seirap + foivah )\ foivsq + foivak

l\')

n—

—

» (fewep + f6L+5h)[f6i+2q + f6i+1kj

fei+sD + foivah )\ foir1a + foik

[}

N k: (fel+4p + f6L+3h)( feiq + foi-1k j

X

S|l
Ni=
S

3 \SoivaP + foivoh )\ foi1q + foi-2k

2

.
- (f6i+6p + f6i+5h) (f6i+2q + f6i+1kj
fei+sP + foivah )\ foi19 + foik

1=0

2

n— n—2
foir6q + f6l+5kj (f6i+6p + f6i+5hj (f6i+2q + f6i+1kj
Il I]

q
f6i+59 + feivak feissP + foivah )\ foiv10 + foik

fei+69 + f6L+5k’j ( f6iq + fei-1k j
qH(f6L+5q + foivak kH f6i-19 + fei-2k

i
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n—2

» [fenep + f6i+5hj (fsnzq + f6i+lkj
L 2\ FoivsD + foivat )\ foinq + foik

n—2

(femsp + f6z+5hj (femzq + f6l+lkj
-0

bq

i f6l+5p + f61+4h f61+1q + f6L
+

f6l+6q + f61+5k
U fia + foinak
(f61+5q + f6L+4k\) ol L+5q 6i+4

fei+69 + feirsk f6‘ q + fei_1k
+ kH L =
fei—1q + fi—ok
n—

- (f6L+6p + f6z+5h)(f6i+2q + f6i+1kj
fei+sP + foivah )\ foiv10 + foik

[\')

n—

\..
Il
[e=]

[\')

I
=]

3

n—-2

(f6i+6p + f6i+5h) (f6i+2q + f6i+1k)

A I\ fsivsP + foiraht )\ foir1q + foik

[q +k B ( f6iq + fei-1k j(f6i+5q + f6i+4kj]

+

A I\ foiveq + foirsh )\ foi1q + foi-2k

[\')

n—
=D

3

(f6L+6p + f6z+5h) (f6i+2q + f6i+1kj
fei+sP + foivah )\ feiv10 + foik

I
S

n—2

¢ H [f6i+6p + f6i+5h) (fenzq + f6i+1k)
fei+s5D + foivah )\ foir1a + foik

f6n—7q + f6n—8k):|
[q e [fGn—(Sq + fon—7k

S

+ =

n—2
- p (f6L+6p + f6z+5h)(f6i+2q + f6i+1kj
A I\ feivsp + foivah )\ foi19 + foik
n—2

» (f6i+6p + f6i+5hj[f6i+2q + f6i+1k)
1=0

fei+sD + foivah )\ foi1a + foik

f6n—7q + f6n—8k :|
[1 ’ (f6n—6q + f6n—7k)

+

37
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n—2

- [fenep + f6i+5hj (fsnzq + f6i+lkj
1=0

=D

+

fei+s5D + foivah )\ foir1a + foik

fei+5D * foivah )\ foiv1a + foik

(fﬁn—6q + fon—7k + fon—79 + f6n—8k)
fon—6q + fon—7k

)
» h [f6i+6p + f6i+5hj (f6i+2q + f6i+lk)
1=0

[\

n—

[fenep + f6i+5hj (fsnzq + f6i+lkj
fei+s5D + foivah )\ foir1a + foik

\..
Il
[e=]

n—-2

» H [f6i+6p + f6i+5hj (f6i+2q + f6i+lk)

d L\ Foirsp + foisah )\ foir1a + foik

[f6n—5q + fen—ekj

fon—6q + fon—7k

n—2

b H(fenep + f6i+5h)[f6i+2q + f6i+lkj [1 . fon-69 + fon-7k

=bp

n—2
1=0

[

n—
=p

14

Il
(=)

Therefore

fei+s5D + foivah )\ foir1a + foik

1=0

[ fon—5q + fon—6k

fon-59 + fen—gk

(f6i+6p + f6i+5h] (f6i+2q + f6i+1k) + fon—6q + fon—7k
fei+sD + feivah )\ f6ir1q + foik fon-59 + fen—gk

(f6i+6p + f6i+5hj (f6i+2q + f6i+1k) [ fon-49 + f6n—5k:|‘
foissP + foivah )\ foiv1a + feik )| fon—54q + fen—ek

n-1
feip + fei_1h j[fe' 2q + feir1k
x 3 — h ( 1 15 1+ 1+ .
bn—4 g fei-1P + foi—2h )\ foi+19 + foik
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Also, from Equation (8), we see that

X6n—5%6n-6

Xegn_2 = Xgn_@g T+
6n-3 6n—-6 X6n5 + Xen_s

2

e
¢ (f6i+4p + f6i+3hj (fsnaq + f6i+5k]
fei+3D + foisah )\ foir5a + foivak

1=

(fewsp + f61+7hj (f6i+4q + f6i+3kj
feiv7D + foiveh )\ foi+3 + foi+ok

(femsp + f6l+7hj (f6i+4q + f6i+3kj
fei+7P + foiven )\ foiraq + foir2k

qﬁ [f6l+4p + f6L+3h] (f6i+6q + f6i+5kj

fei+3D + foisah )\ foir5a + foivak

(fewzp + f6L+1h) (f6i+4q + f6i+3kj
feiv10 + foih )\ foi+3q + foivok

=]

1=

n—2

T [fei+4p + f6i+3h)(f6i+6q + f6i+5kj
=0

fei+3D + foivah )\ foir5q + foivak

n-2
+ h) ¢ H (f6i+4p + f6i+3hj (fsnsq + f6i+5kj
h )" LA\ foirap + foiroh )\ f6is59 + foirak

+ 1=0
—2
(217 + h) i‘[(fe;wsp + f6i+7h)
n-2 (f61+7p + fGH_Ghj b+ h =0 f6i+7p + f6i+6h
feirsP + feir7h

\..
Il
[e=]

)
N h (f6i+2p + f6i+lh)
feiv1D + foih

1=0
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n—2

g (fei+4p + f6i+3h) (fenaq + f6i+5kj

fei+3D + foivah )\ foi+5a + foivak

1=

(f6l+4p + f6l+3h) (f6i+6q + foirsk
feivaP + foirah )\ foi+59 + foivak

)

(2p + h) N (fewzp + f61+lhj (f6i+7p + f6i+6hj
p+h fei+8P * foiz7h )\ fois1P + feih

1=0

=g T (fel+4p + f61+3h)(f6i+6q + f6i+5k)
1=0

fei+3P + feivah )\ foi+50 + foivak

n—2

(217 + hj (f61+4p + f6L+3h) (fensq + foivsk
1 L\ FoivsD + foivoh )\ foir5q + foivak

)

(Zp + hj N (2p + hj (fGn—5p + f6n—6hj
h p+h ) \fen—ap + fon—sh

q T (fel+4p + f61+3h)(f6i+6q + f6i+5k)

L A\ feivsp + foivoh )\ foir5q + foirak

n—-2

(f6i+4p + f6i+3hj (f6i+6q + f6i+5k)
-0

Q

fei+3D + foivah )\ foi+50 + foivak

[1 " f6n—5p + f6n—6h:|
fon—ab + fon_sh

+ l

n—2

_q H (f6i+4p + f6i+3h) (f6i+6q + f6i+5k)

fei+3P + feivah )\ foi+50 + foivak

i=

q H (f6i+4p + f6i+3hj (f&ureq + f6i+5k)

L L\ feirsp + foivah )\ foirsq + foivak

[f6n 4P + fon-5h + fon—5P + fon— 6}1
fon—ab + fon_sh
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n—2

q H [f6i+4p + f6i+3h) (f6i+6q + f6i+5kj

A 2\ FoivsP + foisoh )\ foir5q + foivak

n—-2

[f6i+4p + f6i+3hj (f6i+6q + f6i+5k)
0

Q

fei+3D + foivah )\ f6i+59 + foivak

|:f6n—3p + f6n—4h:|
f6n—4p + f6n—5h

i=

n—

2 )
(f6i+4p + f6i+3h) (fensq + f6i+5k) [1 N (fGn—4p + f6n—5h)
3\ SoixaD + foiv2h )\ foir5q + foivak fon—sp + fon—ah )]

q

1=

[ fen—3p + fen—sh

3]

n—

_ 4 [f6i+4p + f6i+3h)(f6i+6q + f6i+5kj + fon—aP + fon_sh
fei+3P + feiveh )\ fois5q + feivak fon—3p + fon—ah

1

Il
=]

.y - (f6i+4p + f6i+3h) (f6i+6q + f6i+5k) (fGn—2p + f6n—3hj.
0

foi+3D + foivoh )\ foir50 + foivak )\ fon-3p0 + fon—ah

1=
Therefore
e

1
(f6i+4p + f6i+3h)[ f6iq + foiak ]
3 \SoivaP + foivah )\ foi1q + foi-2k

Xep-3 =k

1=
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Also, from Equation (8), we see that

X6n-4X6n-5

Xegn_9 = Xg,n_5 +
6n-2 6n-5 Xen_a + Xgn_7

n—-2
_ (217 + h) [‘I[fewsp + f6z+7h] (f6i+4q + f6i+3k’)
p+h feiv7D + feiveh )\ foi+3q + foir2k

1=

l—*

n—

h

4o

3 ( feib + fei—1h j(feimq + f6i+1k)
fei-1p + fei—oh )\ fein1q + foik

( feip + fei_1h j(f6i+2q + f6i+lk)
fei-1P + foi—oh )\ fei+1q + foik

—

|II
(=]

1=0

n—2

(f6i+8p + f6i+7hj (f6i+4q + f6i+3k]
=0

L L\ Foivap + foiveh )\ foivsd + foivok
X

n—

i p H (fewep + f6;+5h) (f6i+2q + f6i+lkj
feivsP + foivah )\ f6i19 + foik

(2p+h)
+h

-2

=0

12

n—-2

(217 + h) [f6i+8p + f6i+7hj (f6i+4q + f6i+3k’)
p+h )X A\ foi7p + foiveh )\ foiv3q + foivok

-2
hr (21? + h) i‘l (f6i+8p + f6i+7hj (f6i+4q + f6i+3kj
p+h )3 3\ feiv1p + foireh )\ foir3q + foir2k

+

(fﬁnq + f6n—1k) ﬁ (fﬁi—lp + f6i—2hj [h (f6n+1q + fenkj
f6n+1q + f6nk =0 f6ip + f6i—1h f6nq + f6n—1k

-1 -2
Hn ( feiP + feiah j+ pHn (f6i+6p + f6i+5hj
A A\ Sfsi1p + foi-gh L L\ FoivsD + foivalt
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2
_ (217 + h) i‘l [f6i+8p + f6i+7hj (f6i+4q + f6i+3k’)
p+h )3 3\ Seivip + foiveh )\ foir3q + foirok

[ (Zp + h) o (fsnsp ¥ f6i+7h) [f6i+4q + foirak )]

p+h )X A\ foirp + foiveh ) foiraq + foivok

Hf& 1P + fei—gh Hf6L+6p+f6L+5h
L

n—2

fenq + 1o —1k)
h+ p( n n
fon+19 + fonk

foivsP + foival H feip + fei—1h
=0

1=0
2
Xon-2 = r(ZP + h) T (fewsp + f6l+7hj(f6i+4q + f6i+3k)
" p+h )l I\ feirip + foiveh )\ foirsq + foir2k
2
(21? + h) T (f6i+8p + f6i+7h) (f6i+4q + f6i+3k)
p+h )L A fois7p + foireh )\ foissq + foivok
+

f6nq + f6n—1k) h
e e )y
fon+19 + fenk

l\')

n—

2p+ h
x6n—2:r(p )

fei+8P * foir7h \( f6i+aq + foirsk
p+h

feiv1D + foireh )\ fei+3q + feiv2k

I
(=]

3

2
(217 + hj T (f6i+8p + f6i+7h) (f6i+4q + f6i+3k)
p+h ) A A fsiv7p + foiveh )\ foir3q + foisok

h(l I fGnq + f6n—lk)

f6n+lq + f6nk

+

n—2

Yoy = (217 + h) (f6i+8p + f6i+7hj (f6i+4q + f6i+3k)
" p+h )X A\ foivrp + foiveh ) foir3q + foivok

n—-2
H (fewsp + f6L+7hj (f6i+4q + f6i+3kj
A L\ Fsiv7p + foiveh )\ foiv3qd + foivok
f6n+1q + fGnk + f6nq + f6n lk:|

fen+19 + fenk

+

Az
{
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2
_ (217 + h) T (f6i+8p + f6i+7hj (f6i+4q + f6i+3k)
p+h )1 A feiv1p + foireh )\ foissq + foivok

r(2p+h
p+h

n—-2

) [f6i+8p + f6i+7h)(f6i+4q + f6i+3kj
1=0

fei+7P + foiveh )\ f6i+3q + f6is2k

fon+2a + fons1k
fen+19 + fenk

n-2

_ (217 + h) (f6i+8p + f6i+7hj (f6i+4q + f6i+3kj [1 . _fon19 + fenk }
p+h fei+7P + feiveh )\ f6i+3q + fois2k fon+29 + fon+1k

1=0

2
_ (217 + h) i‘l (f6i+8p + f6i+7hj (f6i+4q + f6i+3k)
p+h )3 3\ feivip + foiveh )\ foir3q + foirok

o [f6n+2q + fons1k + font19 + f6nk:|
fen+2a + fon+1k

n—2

(21? + h) (f6i+8p + f6i+7hj (f6i+4q + f6i+3kj |:f6n+3q + f6n+2k:|‘
p+h ) A\ feirip + foireh )\ foir3q + foivok )| fon+2d + fonk

Therefore

n-1
Yy = H (f6i+2p + f6i+lhj (f6i+4q + f6i+3k)'
" LA foimap + foih )\ foivsqd + foivok

Also, other formulas can be proved similarly. Hence the proof is

completed.
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Example 5. To illustrate this case, we choose x_, =1.23, x_g = 1.1,

X_g =5, x_1 =152, and xg = 0.9. We notice in the Figure 5.

plot of x X

n+1= Xn» 2+(Xn- 1Xn-2)/(xn- 1+ n-4)
450 T T T T T T

400

350

150 -

50

Figure 5. This figure presents the dynamics for solutions of (8) while

x_4 =123, x_3 =11, x_9g =5, x_; =1.52, and x3 = 0.9.
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Example 6. In Figure 6, we choose x_; = 6.23, x_g =11.1, x_o = 0.5,
x_; =1.52, and xo = — 9.9.

plotof X =X,y X, 4, )
500 T T T T T T
0 - -
-500 B
< -1000 - g
x
-1500
-2000 1
_2500 Il 1 1 1 Il 1 1
0 5 10 15 20 25 30 35 40

Figure 6. Sketch the behaviour of Equation (8) since x_, = 6.23,
x_g =11.1, x_g = 0.5, x_; =1.52, and x5 = — 9.9.

3.2. Second equation
A specific form of the solutions of the difference equation has been

provided

Xn-1%n—2 (9)

X =X,_9 t
n+l n-2 Xy 1 — Xp_4 ’

where the initial conditions x_4, x_3, x_9, x_1, and x; are arbitrary non

zero real numbers with x_, # x_;.
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Theorem 5. Let {x,},__, be a solution of Equation (9). Then for
n=0,1,2,..

Xgy_4 = h T (f3z+1p f3i- lh)(f3i+2q - fgik)

H

1 M\ fsiap = fsi-3h )\ fiq = fai-2k )’
n-1
ten_s = k (f3L+3P f31+1h)(f3i+1q - f3i—1k)
" L M\ fsiap = fsiah )\ fsiaq = fi-gk
n-1
Yy = 7 (f3i+2p - f3ih)(f3i+3q - f3i+1kj
" L M\ fsip = faimoh )\ f3i19 = f3i-1k
n-1
Yoy 1 = D (f3i+4p - f3i+2hj(f3i+2q - f3ikj
i A\ fsivop = f3ih )\ f3iq = fsi-ok
n-1
U (f3L+3p f3l+lhj(f3i+4q - f3i+2k)
b LW fiap - fiah )\ faiveq - fuik

H

n—

2 h
x6n+1=r(l§) hj

(f31+5p f3l+3h)(f3i+3q - f3i+1kj
f3i+3D = faiv1h )\ f3i119 = fsiik )’

I
S

[}

where x_y =h,x_ 3=k xg9=r,%1=p,% =q¢ {fn},_1=1-110,
1,1,2,3,5,8,...}.

Proof. The proof is similar to the proof of Theorem 4 and therefore it

will be omitted.
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Example 7. Assume that x_4 =13, x_3 =7, x_9 =5, x_; =12, and

x9 = 9. See Figure 7.

x10° Plotof X, 4= X * 0K X VK 4% )
3 T T T T T
25
oL
1.5F
1L
< osf
ok
0.5
RS
15 -
2 I I I I I I I
0 5 10 15 20 25 30 35 40

Figure 7. This figure shows the dynamics of the solution of Equation (9)

wherever x_, =13, x_3 =7, x_9g =5, x_; =12, and xy = 9.

3.3. Third equation

The solution of the following special case of Equation (1) has been

obtained

Xn-1%n-2 (10)

X =X,_9 —
n+l n-2 Xy 1+ %, 4 s

where the initial conditions x_4, x_3g, x_9, x_1, and x( are arbitrary non

zero real numbers:
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Theorem 6. Let {x,} __, be a solution of Equation (10). Then for
n=0,1,2,..

H

n—

. (f3i+2p + f3i+3hj( f3:q + f3i11k )
f3i+3D * f3i1ah )\ f3i419 + f3i42k

X6n+1

{..
Il
S

-1

§

X6n-4 = h

fi—op + f3i—1h) (fgi—lq + fgik)

1 fimap + fsih )\ f5iq + fsiak )’

n—

(
(

H

f3ip + f3i1h j(fgi—zq + f3i—1k)
faivs1D + faivoh )\ fsi21q + faik )

1=0
n—-1
Xen-2 =T f3i_1p+f3ih)( f3i9 + fsink j
" =0 f3zp + f3i+1h f3i+1q + f3i+2k ’
n—-1

X6n-1 = P
[3

(f3i+1p + f3i+2hj (f3i—1q - f3ikj
A\ Szivop + frivsh )\ f3i9 = faink )’

n-1

g ( f3ip + f3inh j(f3i+1q + f3i+2k)‘
oy f3i+1P + f3iveh )\ f3ir2q + foiv3k

i

Proof. The proof is similar to the proof of Theorem 4 and therefore it

will be omitted.
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Example 8. For x_4 =13, x_3 =7, x_9 =5, x_; =12, and x5 = 9.

See Figure 8.

Plotof X =X o Xn X 4% )
14 T T T T T T

12 q

Figure 8. Plot of solution of Equation (10) when we set x_, =13, x_3 =7,

X_9g =b,x_1 =12, and xg = 9.

3.4. Fourth equation
The following special case of Equation (1) has been obtained is

follows:

X =Xy_9 —
n+l n-2 Xp_1 —Xp_4 ’

where the initial conditions x_4, x_3, x_9, x_1, and x; are arbitrary non

zero real numbers with x_, # x_; and x_3 # x.
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Theorem 7. Let {x,},__, be a solution of Equation (11). Then every

solution of Equation (11) is unbounded. Moreover {xn}::_3 takes the form

k n n-1 - h n n-1
=g (27 =252 (0"
h n AN k n n
on-2 = r(h—p) (qq ) > Men-1 = p(k—q) (%) ’

- n n h n+l iy n
o =258 (8] s -{at5) ()

Proof. For n = 0 the result holds. Now suppose that n > 0 and that

our assumption holds for n —1. That is,

k n-1 n—2 _h n-1 n—2

e =5 Eg) (R) 0 o258 (E)
~ h n-1 q—k n-1 ~ k n-1 p n-1
- (itp) () e i5ig) (R)

p—h n—l(g)n—l ~ ( h )n(q_k)n—l
q( p ) K)o T TN Tp) Uy '

Now, it follows from Equation (11) that

X6n—6

X6n—6%X6n-7

X6n-4 = Xep-7 —
X6n—-6 ~ X6n-9
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()t ")

Il
S
7\
ol
HES
Q
N—
S
AR
VR
>
N———
S
iR
1
ol
HES
Q
L 1

Therefore

k n n-1
e = o) (7]

Also, from Equation (11), we see that

X6n—5%6n-6

X6n-3 = Xe6n-6 —
X6n—5 — X6n-8

D k

gyt L L
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Therefore

_h n n-1
= 250§

Also, we can prove the other relations by similar way, the proof is

completed.
Example 9. Figure 9 shows the solution when x_, = 0.13, x_3 = 0.1,

X_9 = 0.15, x_; = 0.2, and xy = 0.29.

plot of X 1™ X X VX )
3 T T T T T

Figure 9. This figure shows the behaviour of solutions of Equation (11)
when x_y = 0.13, x_3 = 0.1, x_5 = 0.15, x_; = 0.2, and x; = 0.29.
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