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Abstract

In this paper, we deal with polar and solid topologies in separated dual pairs

(E(X), E(Y)) of vector-valued sequence spaces over a non-archimedean valued
field K, especially we study the natural topology Na. We give a relation between
Schauder basis of (E(X), ) and Schauder basis of (X, ;) jeN, where 7;

are topologies, which we define in the paper. Furthermore, we investigate some
properties of the GA(E(X), E(X)A) and BA(E(X), E(X)A) topologies, A is a

scalar sequence space over K.
1. Introduction

The study of non-archimedean (n.a) scalar sequence spaces was first

attempted by Monna [10] and Dorleyn [1]. They obtained the basic set-
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theoretical results about perfect sequence spaces as well as the properties
in the weak topology. In [6], De Grande De-Kimpe gave a
characterization of the natural topology Na over an n.a perfect sequence
space; this topology was also studied by Garling in the classical case and
noted o, [2]. In the present paper, some properties of this topology are

generalized on a sequence space E(X) over a topological vector space X

in paragraph 2, we give also some results concerning polar and solid

topology T on E(X). Relations between Schauder basis of (E(X), T) and
Schauder basis of (X, 'rj) J € N, where 7; are topologies, which we

define in the paper and investigate.

In [13], Ruckle constructed and studied the GS(T, TS), BS(T, TS),

and Po-topologies, S and T are two scalar sequence spaces over a field
K(K=Ror K=0C) and T9 = {(1;); € o(K): (A ); € S for all (;);
e T'}. These classes of topologies include the topologies studied by Kéthe

and Toeplitz [9] and Garling [2]. In [4], Hassani and Babahmed gave a
generalization of Kothe-Toeplitz duals based of a separated duality of n.a
Banach spaces. In paragraph 3 of this work, we give a generalization of
some result of [4] and [6] for the locally K-convex sequence spaces over an
n.a topological vector spaces.

Throughout this paper, K is an n.a non trivially valued complete field
with valuation |.|, X and Y are two n.a topological vector spaces over K
(or K vector spaces) that are in separated duality (X, Y). The duality
theory for locally K-convex spaces can be found more extensively in [3],
[16], and [18].

A nonempty subset A of a K-vector space X is called K-convex, if
A +py+vyz e A, whenever x,y,ze A A pyeK, |A|<L|p|<],
|y|<1, and A+ p+y =1. Ais said to be absolutely K-convex, if hx + py
e A, whenever x, y e A, A, pne K, |A| <1, |u|<1. For a nonempty set
A c X, its absolutely K-convex hull ¢y(A) is the smallest absolutely
K-convex set that contains A. If A is a finite set {x, ..., x,}, we

sometimes write cq(xq, ..., x, ) instead of cy(A).
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A topological vector space X over K is called locally K-convex space, if

X has a neighbourhood base of zero consisting of locally K-convex sets.

A subset A of a locally K-convex space X is compactoid, if for each
neighbourhood U of zero, there exist xy, ..., x,, € X such that A c U +
co(xy, ..., x, ). An absolutely K-convex subset A of X is said to be
c-compact, if every convex filter on A has a clusterpoint on A.

An absolutely K-convex subset of a locally K-convex space X is called
K-closed, if for every x € X, the set {|A|: L € K, Ax € A} is closed in
| K |. If the valuation on K is discrete, every absolutely K-convex set A is

K-closed. If K has a dense valuation, an absolutely K-convex set A is
K-closed, if and only if from x € E, hx € A for all A e K, |A| <1, it

follows that x € A. Intersections of K-closed sets are K-closed. For an
absolutely K-convex set A, the K-closed hull of A is the smallest subset of
X, that is, K-closed and contains A, it is denoted by K.(A4). If K is

discrete, we have K.(A) = A and if K is dense, K.(A)=N{AA : 1 € K
and |A| > 1} ([3] p. 220). For each absolutely K-convex subset A of Y,

KC(ZG(Y’X)) = A" ([3], Corollary 4.3, p. 233). A subset A of Y is said to
be X-closed, if for every y € Y \ A, there exits x € X such that
|(x, ¥)| = 1 and [(x, A)| < 1. Intersections of X-closed sets are X-closed.
For a subset A of Y, the X-closed hull X (A) of A is the smallest X-closed

subset of Y that contains A. For each subset A of Y, X.(A) = A” ([3],

Proposition 2.5, p. 224). Using these two results and by [3], Theorem 4.2,
p- 233, we have: For all absolutely K-convex subset A of Y, A is X-closed,
if and only if, A is K-closed and o(Y, X)- closed.

A sequence (e;);

;. is a Schauder basis for X, if every x € X can be

written uniquely as x = Zilkixi, where the coefficient functionals

fj + x = A; are continuous.
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Let A be a family of o(Y, X)- bounded subsets of Y such that
(a) A 1s directed by inclusion,
(b) Y =Ugcua 4,
(c) there exists Ly € K, |Ag| > 1 such that AgA € A, forall A e A.

A topology T on X is called polar topology of A-convergence, if T has
a fundamental system of zero-neighbourhood consisting of {A° /A € A}.

For further information about polar topology of A-convergence and

general properties of locally K-convex spaces, we refer to [3], [16], and
[18].

(o(X), T74(X)) = the linear space of all sequences in X endowed with
the product topology T.,(X), which is generated by the family of n.a
seminorms (py, ),en, pe(p)s Pn(¥) = p(x,) for all ¥ =(x,), € o(X) and
all p e (P), if X is a locally K-convex space and (P) is a family of n.a
seminorms, which define its topology; this space is noted o(K) (or w, for

short) in case when X = K. A sequence space over X is a subspace of

o(X).
We define the following sequence spaces over X:

co(X) = {(x1), € o(X) : (x},),converges to zero},
o(X) ={(xp)p € o(X): (x), converges in X},
o(X) = {(x ), € o(X) : there exists kg e N:x, =0 forall &>k},
m(X) = {(x ), € o(X): (x});, is bounded in X}.
Over m(X), we define the sequence of n.a seminorms (p),c(p) by:
p(x) = supy, p(xy ) for all x = (xp, ), € m(X).

Let 7,(X) be the topology on m(X) defined with the sequence of n.a

seminorms (p),¢(p)-
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If Ac o(X), the B-dual of A is the subspace of o(Y), which is
define by AP ={(y,), e o(Y):lim,(x,, y,) =0 for all (x,), € A}. A is
called perfect, if APP = A. If A is perfect, then ¢(X)c A. For all

A c o(X), AP is perfect. We define BP, if B  o(Y) in the same way.

Let E(X) and E(Y) be two sequence spaces on X and Y, respectively,

such that E(Y)c E(X)?, we define on the pair (E(X), E(Y)), the

[>e}

following duality ((x,),, (¥4),) = D _(%n, ¥,) for all (x,), € E(X)
and all (y,,)

that ¢(X) c E(X) and ¢(Y) c E(Y), this duality is separated.

n=1

€ E(Y). In this paragraph, we consider this duality such

n

For every j > 1, we consider the following linear maps:
X X
[15 : E(X) - X, 87 : X > E(X),
(xp), P x;, x = 8;(x),

J

where 3 ; (x) is the sequence with x in the j-th place and 0’s elsewhere.
We define also H}/ and 6}(.

The net (x! )ic; in E(X) is called TK-convergent, if for every j >1,

).,

is convergent in (X, 7 j ), where 7 is the initial topology on X
e

J

associated with the map 65( .

For every y = (y,), € E(X)’, we consider wy(x) = sup, [, ¥p)l
and v, (x) = |z::1(xn, yn)| for every x e E(X), then w, and v, are two

n.a seminorms over E(X), and we have for every y e E(X)P, vy < w,.

Let Na and T be the topologies over E(X) generated by the family of

n.a seminorms (wy ), gxp and (v, ),cpx)p. respectively. Na is the
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natural topology studied by De Grande De-Kimpe in the particular case
of n.a scalar sequences [6], it is also the o, (7, T")-topology studied by

Garling in the classical case (K = R or K = () [2].

A subset D of o(X) is said to be solid, if for every ¥ = (x;,), € D and
a = (ay), € ® such that |a;| <1 for all &, we have aXx = (azxy), € D.

The solid hull S(D) of D is the smallest solid set of sequence containing
D.

A topology on E(X), with respect to the duality <E(X ), E(X )B >, will
be called solid, if the elements of the determining family of weakly

bounded subsets of E(X)? are solid sets.

A sequence space (E, 7 ) on X, is called an X-space, if the inclusion
map: (E, 1) = (o(X), 7,(X)) is continuous; it is called AX-space, if for

nl _ X, ] = (1, X9, «oey X, 0, ... ); it is

every x = (x;), € E, lim,_,, al
called PX-space, if for all net (x' ); in E, (x* ); converges to 0in (E, tg),
if and only if for all j > 1, the net (l_[f((xi ))Z converges to 0 in X. And it is

called SPX-space, if for all sequence (x"), in E, (x"), converges to 0 in
(E, 7g ), if and only if for all j > 1, the sequence (Hf(x” ))n converges

to 0 in X. It is obvious that (o(X), 7,(X)) is a PX-space and every PX-

space is an SPX-space.

If p is a non-archimedean seminorm over X, Bp(O, 1) is the set

{x e X : p(x) <1}

2. The 1o and Na-Topologies on E(X)

Proposition 1. T = G(E(X ), E(X )B); where o is the weak topology
on E(X).

Proof. Obvious. O
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Lemma 1. If E(X) is perfect, then it is weakly sequentially complete.

Proof. By Proposition 1 and ([4], Theorem 2.1, p. 117). O

Proposition 2. If E(X) is perfect, then every weakly bounded subset
of E(X) is strongly bounded.

Proof. The weakly closed subsets of E(X) are weakly sequentially

complete by Lemma 1. Then apply the non-archimedean analogue of
Banach-Mackey ([11], p. 124). O

Corollary 1. If E(X) is perfect, then all the polar topologies on E(X)

yield the same bounded subsets.

Lemma 2. If E(X) is perfect, then the solid hull of a finite subset of
EXP is 7o(E(X)P, E(X))-bounded.

Proof. It suffices to prove that S(y) is o-bounded for every y e

EX)P. Let y = (y, ) € E(X)P, then for every x = (x), ) € E(X) and
every a = (ay), € ® such that |a,| <1 for all k, we have v,(oy) <

wy () < +o0. O

Lemma 3. If E(X) is perfect, then for every c-bounded and solid
subset A of E(X)°, the polar A° of A in the duality <E(X), E(X)B> is
given by:

A" = {x = (x,) € B(X)/wy(x) <1 for all y e A}(= NycsBy, (0, 1).
Proof. Obvious. O
Proposition 3. The Na topology on E(X) is a polar topology.

Proof. Let 7 be the polar topology of M -convergence on E(X), M
standing for the family of the solid hull of a finite subsets of E(X )B , then

t = Na, since for every y e E(X)?, S(y) = Bwy (0, 1) (Lemma 3). O
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Remark 1. The topology Na on E(X) is a polar and solid topology.
It is also the coarsest solid and polar topology on E(X).

Proposition 4. If E(X) is perfect, then it is Na-sequentially

complete.

Proof. It suffices to use Lemma 1, Proposition 3, and ([3], Theorem
3.2, p. 230). O

Proposition 5. If E(X) is perfect, then the topology Na on E(X) is

compatible with the duality <E(X), E(X)B>.

Proof. Na is a polar topology.

— s p °
For evey 5 = (3,),  EGOF, 07 = | K[ SO0 ) ’E(X))H .
Corollary 4.3, p. 233) and we have (S( ) (E(X E(X))J

o{E(XP, BX)) bounded, BQXP =U_, oK (S( oy, E(x>)] .

cE(
s([EXP, EX)) . . B .
S( ) is closed in E(X)" equipped with the topology
s (E(X)P, E(X)). soitis E(X)- closed.

Furthermore, for every y and z in E(X)?, we have:

(S( e (E(X) EX))J UK, {S( j° (E(X) E(X))]

——|E(X)P, E(X
&[S0 lecx?. = ”],
and for every A € K :

2] =12 K(S< jlece? E(X))J (s(x ) (E(X)B’E(X))j.
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Therefore, if we take

EXP, E(X)

A = {KC[TA)G( )j tAc E’(X)B and A is finished},

so Na is a polar topology of A-convergence, where A is formed by a
G(E(X)ﬁ, E(X))-bounded and E(X)-closed subsets of E(X)’. Then by
Theorem 4.3, p. 233 of [3], Na 1is compatible with the duality
<E(X), E(X)B>. O

Proposition 6. Let A c E(X), then if A is Na-bounded, then S(A)
is Na-bounded.

Proof. Obvious. O

Proposition 7. Let T be a polar topology in E(X) such that E(X) is
perfect, then for every A c E(X), if A is 7-bounded, then S(A) is
T-bounded.

Proof. A is t-bounded = A is Na-bounded (Corollary 1 and
Proposition 3) = S(A) is Na-bounded (Proposition 6) = S(A) is
7-bounded (Corollary 1 and Proposition 3). O

Corollary 2. If E(X) is perfect, then B(E(X), E(X)B), the strong
topology on E(X), is a polar and solid topology.

Proof. Obvious. O

Lemma 4. Let (X, 1) be a topological vector space, (X,Y) be a
separated duality, and A be a compactoid subset of X.

If (y,), is a T-equicontinuous sequence of Y, which converges

pointwise to y, then the sequence (y, ), converges toy uniformly on A.

n

Proof. ([16], Lemma 10.6, p. 220). O

The following proposition is an obvious adaptation of the one of
Proposition 14 of [6].
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Proposition 8. Let A be a compactoid subset of (E(X), Na), then for
all y = (yp)y, € E(X)B, we have lim;, Squ:(xk)eAka, yr)| = 0.

Remark 2. Assume that K is spherically complete and let T be a

locally K-convex and compatible topology with the duality
<E(X), E(X)B> on E(X). Then, for every absolutely K-convex, bounded

and c-compact subset of (E(X), 7) and for every y = (v,) € E(X)?,

lim,, supx=(xk)eA|<xn’ Yn)l = 0.
Proof. By Proposition 8 and ([15], Theorem 9, o < B, p. 139) and
([5], Proposition 3, p. 177). O
Lemma 5. For every j>1, l‘[f is (6(E(X), E(Y)),o(X,Y))- continuous

and 8% is (o(X, Y), o(E(X), E(Y)))- continuous.

Proof. For every j > 1, (Hf)*(Y) c E(Y) and (85()*(E(Y)) c Y, then
XY XY .
the lemma holds by ([14], p. 128), (l_[j ) and (Sj ) are the adjoint maps

of Hf and 85(, respectively. O

Theorem 1. If E(X) is perfect and (e, ), is a Schauder basis of

n

Xs = (X, o(X,Y)), then for every polar, solid and compatible topology T
with the duality (E(X), E(Y)),(8;(e,)), ; is a Schauder basis of

(E(X), 7).
Proof. It suffices to prove the result for the Na topology. So take

x = (xp);, € E(X). Then, forall j>1,x; = l_[f(x)e X, s0 x;j = Z:zlk]ﬁen

in X, since (e, ), is a Schauder basis of X, therefore, for all j>1,

X; = 6¥5(x;) = 7 #6%(e,) in (B(X), o(E(X), E(Y))), since 5% is

(o(X,Y), o(E(X), E(Y)))- continuous (lemma before). Let y = (y,), €
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o0

E(Y), then wy(ZleMé%(en )) =|{x;j, yj)| > 0. Hence, ijl(znﬂ

AS j(e,)) is convergent in (E(X), Na). Consequently, every element

x € E(X) can be written uniquely as x = Z;ilz::l k];lSj(en ).

On the other hand, for every n, j >1, let f,; : (E(X), Na) > K

N N s, j
x = Z;=lznzl7‘n61(en) > .

Then, for all n, j 21, f,; = f, o [1¥, [I¥ is (o(E(X), E(Y)), o(X, Y))-
continuous by lemma before and (f,), is the weak Schauder basis
associated with the basis (e, ), ([7], Lemma 3, p. 402), then f,; is
continuous. O

Proposition 9. If E(X) is perfect, then for every y € E(X)B, S(y) is
compactoid in (E(X)B, Na).

Proof. Let y = (y;,), € E(X)P, then for every x = (x;,), € E(X),
there exists ng € N such that sup;s,[(x;, ;)| < 1. For every i > 1, put
y' = 5;(y;) and let z = (Apy;), with (), € o(K) such that for all
k 21, |Ay| < 1. Then, for all i > ngy, z - i ¢ wa(O, 1), where

il = (21, 295 ..., 2;,0,...) and so z € Lol wa(O, 1).

Then, S(y)<co(y, ..., y™0 )+ B, (0,1), which proves the proposition.
O

Corollary 3. If E(X) is perfect, then the Na topology is weaker than
the polar topology of M-convergence, M standing for the family of all

compactoid subsets of (E(X)B, Na).
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This inequality is not strict (see [17], Proposition 3.2.9, p. 212).

Proposition 10. If (x)_ is a Schauder basis of (E(X), 7), then for

n

every j > 1, (l_[f(xn ))n is a Schauder basis of (X, I ), where I is the

final topology on X associated with the map Hf .

Proof. Let j > 1, then for every x € X, 65((35) € E(X). Hence, there

exists (/,), e o(K) such that Sf(x) = Z:zl A x™ in (E(X), 7). Then

n
X (sX ) NP ) mXon
x = TN @)= 37 w0 em), M
since [15 : (E(X), 1) > (X, TH].) is continuous.
Further, it is easy to see that the representation of x is unique and

that the coefficient-functionals f, : (X , T]‘[j) - K, x = Z:ZI A Hf (x™)

> AJ, are continuous because f, o Hf is continuous

nx
(B(X), 1) ———(X, 7y, ) K,

®© n *® X (.0
anlknx > anlxn X (") - k).
Thus (Hf(xn ))n is a Schauder basis of (X, I ) O

Remark 3. For all j=>1, if Hf is (T, 'rj)-continuous, then
(Hff(xn ))n is a Schauder basis of (X, 7;), where 7; is the initial

topology on X associated with the map 85( . This is true in particular case

when 7 is solid and polar topology of A-convergence, since l_[f (A°) c

(MY (4)) forall 4 < 4
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Lemma 6. Let v be a locally K-convex and polar topology on E(X)
and j > 1, such that for all subset A of E(Y), which is E(X)- closed,
H}/(A) is X-closed. Then if T is compatible with the duality
(E(X), E(Y)), then Tj is compatible with the duality (X, Y).
Proof. 7 is a polar topology of A-convergence, A standing for the
family of absolutely K-convex, o(E(Y), E(X))-bounded and E(X)- closed
subsets of E(Y) ([3], Theorem 4.3, p. 233). H}I is (o(E(Y), E(X)),

o(Y, X))- continuous, then for all A € A, H}/ (A) is absolutely K-convex,

o(Y, X)-bounded and X-closed, hence 7; is compatible with the duality

(X, Y) ([3], Theorem 4.3, p. 233). m

Theorem 2. Let T be a locally K-convex and polar topology on E(X),
which is compatible with the duality (E(X), E(Y)) and there is j > 1,

such that H}X is (7, 7;)- continuous and for all subset A of E(Y), which
is E(X)-closed, l_[}/(A) is X-closed, then if (x"), is a Schauder basis of

(E(X), ), then (l_[f(xn ))n is a Schauder basis of X5 = (X, o(X, Y)).

Proof. By Remark 3, (Hf(x" ))n is a Schauder basis of (X, ;). But,

since 7; is compatible with the duality (X, Y) (lemma before), we have

o < 7;. Therefore, (l_[f{(x” ))n is a Schauder basis of X, = (X, o(X, Y)).
O

Remark 4. Theorem before is true, if we replace the condition Hf 1s

(7, 7;)- continuous, by 7 is solid.

3. Topologies on Sequence Spaces

Let A be a sequence space over a field K, the A dual of E(X) (= E,
for short) is the subset of o(Y) defined as:
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EMN = {(yp), € oY) : ({x, Y )), € A for all (x,), € E},
E is called A perfect, if EM - E.

We define also F for Fa sequence space on Y.
The proof of the following proposition is elementary:
Proposition 11. (1) For every scalar sequence space A containing

o, o(X)* = o(Y).

(2) For every sequence space E on X, and every scalar sequence space
A,

G) E c EM,

(i) EN is A perfect.

(3) For every sequence space E on X, and every sequence spaces A and
A onK,if A < A, then E» < E2.

(4) For every sequence spaces E and F on X, and every sequence space
A onK,if E c F, then F*» < E*.

Let (P) be a family of n.a seminorms, which defines the locally

K-convex topology of scalar sequence space A, for all y =(y,), € EA
and all p e (P), we define on E, the family of n.a seminorm p, as

follows: For all x = (x,,), € E, py(x) = p(((x,, ¥,)),)-

Then, for every non empty subset U of E A, the family of n.a semi-

norms (p, )yeU, pe(P) define an n.a locally K-convex topology on E

denoted by o, (E, U).

Example 1. (a) The space A = c¢s (the space of all scalar sequences

x = (x,),, for which anlxn is convergent) coincides with the space

¢o(K), then E* = EP and if we equip A with the n.a seminorm
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o((x, )n):‘Z::lxn, the o4 (E, U)-topology is defined by the n.a

seminorms (v, )yeU’ where U c EP and Os (E, EB): G(E, Eﬁ). If we

equip A with the wusual maximum norm, we obtain that

oA (E, EA) = Na. So all the study carried out in the paper about the
spaces (E, oA (E, EA)) can be applied to the space (E(X), Na).
(b) If A =bs (the space of all scalar sequences x = (x;);, for which

supn|zzzlxk| is finite) equipped with the n.a seminorm p((xy),) =

supn|zzzlxk|, then E® is the y- dual of E, and the o,,(E, U)- topology

is defined by the family of n.a seminorms (w, ) where U < E? and

yeU>

we have o(E, U) = o,(E, U) topology studied by Garling in the scalar

and classical case [2], we have also A = m(K) and the norm p coincides

with the usual supremum norm considered in m(K) and op,(E, U) =
Na, if U c EP.
For every y e E(X)", we define the linear map:
fy 1 E > A,
x = (x,), 2 (X5 Y0 )

Proposition 12. For every yeU, the linear map f, is (c,(E,U),7)-

continuous; where T is the topology on A.
Proof. Obvious. O
Proposition 13. If A is a K-space, then (E, o (E, U)) is a K-space.
Proof. Obvious. O
Remarks 5. (a) A net (x')._; is a Cauchy net in (E, o, (E, U)), if

and only if for every y = (v, ), € U, (xiy)id is a Cauchy net in A.
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(b) A net (xi)id converges to x in (E, o, (E, U)), if and only if for
every y = (¥, ), € U, the net (xiy)id converges to xy in A; where zt =

fy(z) = (2, t,)),, forevery ¢t = (¢,), € U and every z = (2,), € E.

We find the definitions given by Hassani and Babahmed for
sequences in ([4], Definition 2.1, p. 114).

Proposition 14. If oc A and A is an AK-space, then
(E, oo(E, U)) is an AX-space.

Proof. Obvious. O

Proposition 15. If A is an AK-space such that ¢ c A and

(E, 6, (E, U)) is sequentially complete, then E is A-perfect and E = U™.
Proof. U ¢ E* = E c EM < UM

Conversely, let x = (x,,), € U, then for all n > 1, x["l ¢ E because

o(X)c E.

n

,, converges to xy in A, then

For every y e U, the sequence ((xy)[n])
(x[n])n is a Cauchy sequence in (E, o, (E, U)), which is sequentially

complete, therefore the sequence (x[n])n converges to x in (E, o, (E, U))

andso x € E.

Hence, E = U" = EM. O

Theorem 3. E(X) is perfect, if and only if ¢(x) c E(X) and E(X) is
weakly sequentially complete.

Proof. The necessary condition is Lemma 1.

Sufficiency, let A = ¢y(K) endowed with the usual maximum norm,
then A i1s an AK-space, ¢ < A and GA(E, EB) = Na (Example 1(a) of
p. 206). E is o-sequentially complete, then (E, Na) is sequentially

complete ([3], Theorem 3.2, p. 230). Therefore, the conclusion holds by
proposition before. O
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Theorem 4. Let A be an SPK-space and contains the space ¢. Then:

() If E is A-perfect, then E is o, (E, EA)- sequentially complete.

(i1) EN s G\ (EA, E) sequentially complete.

Proof. (i) Let (x"), be a Cauchy-sequence in (E, G (E, EA)), then
for all y € EN and all j > 1, (I1j of,(x")), is a Cauchy-sequence in K
and since ¢(Y) c E*, wehaveforall y e Y andall j > 1, (<x;l, y>) isa

n

Cauchy-sequence in K. Therefore, for every j > 1, there exists x; € X
such that the sequence (x? )n converges to x; in X, = (X, o(X, Y)) ([4],
Lemma 2.3, p. 115).

Let x = (x; )j, then for every y € E*, we have (x"y), = A and for
all j >1, the sequence ([I;((x" —x)y)), converges to 0 in K and so

(x"y), converges to xy in A. Hence, xy e A so x € EM = E, and

(x™),, converges to x in (E, G (E, EA))
(1) E A s A- perfect, then it suffices to use (i). O

Remark 6. If A =cs or bs or I', we find Theorem 2.1 of ([4],
Theorem 2.1, p. 117).

Theorem 5. Let A be a PK-space, which contains the space ¢ and
X, be complete, then:

(1) If E is A- perfect, then (E, oA (E, EA)) is complete.
i) (BN, o, (B, E)) is complete.

Proof. (i) Let (x®),.; be a Cauchy-net in (£, o, (E, E*), then for

all yeY and all j>1, (<x;x, y>) is a Cauchy-net in K. Therefore, for
[0
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every j > 1, there exists x; € X such that the sequence (x;x) converges
o

to x; in X, (X is complete). Then (x®),.; converge to x = (x;); in

(£, o, (B, BY)).

(1) E A s A- perfect, then it suffices to use (i). O

Let A be a subset of E, then A is o, (E, U)-bounded, if and only if for
every y € U, yA is bounded in A. The o-boundedness, B-boundedness,
and y-boundedness of ([4], p. 118) are a particular case of

oa(E, U)-boundedness.

A subset A of E is called strongly bounded, if for every o (E A E)
bounded subset B of EA, AB i1s bounded in A, where
AB = {xy = ((x,, yp)), /% = (x,), € A and y = (y,), € B}.
AB = Uyery(A)-
It is obvious that strongly bounded sets are o, (E, U)-bounded.
Proposition 16. If A is an SPK-space, then all o (E, EA)- bounded
subset in E is strongly bounded in E.

Proof. Suppose A was a o, (E, EA)-bounded subset of E, which is
not strongly bounded. Then, there would be a o, (E AE ) bounded subset
Bof E® and an n.a seminorm p e (P) such that p(AB) is not bounded.
Let (a™), be a sequence in A and (b" ), be a sequence in B such that for
every n > 1,

p(a”®") > o™, @)
where ¢ is the number defined in ([18], p. 251).

An increasing subsequence of integers Ny, Ny, Ng, ... can be defined

by induction such that:
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Forevery i > 2 andevery n e N:1<n < N;_q,
_Ni n -1
Y SUupPpcB p(a b) <0 (3)

o™i supgeq plab™) < o™ (4)
Let (X,),.; = K such that for all n e Z, |A,| = 0" ([18], p. 251),

then the series Z N.bNi convergestoa b € E A with respect to the

>1 -
.. A . A .

GA(E ,E) topology. This is because E” 1is GA(E ,E)- sequentially

complete by Theorem 4 (ii) and for each seminorm ¢ € (P) and each

x € E, we have:

Forall m > 1, Zilq(;LNibei)
= 2 o Migleh™)
<3 oV supgep alxd)

+o0 -
< (ZHQ L) suppcp q(xb)

< +oo.

Forall n > 1, let a, = aN”, then

p(a,b) = p(Z;:x_NiaNnbNij
> p(k,NnaN”bN”)— Z:llg_Nip(aN"bNi)
S )
But z?;lg_Nl( nbN) Z o by (@) and P 0Np

[@Mnp¥i) < > e by @)



212 A. ELL AMRANT et al.

1 . ]
Therefore, p(a,b) > o Nno?Nn — Z” ot - Z+°° =

=1 i=n+1

+ .
> oMVn — Z:;Q*L +o "

2
> oNn —#uf”.

But, this leads to a contradiction of the o, (E, EA)- boundedness of A in
E. O

For U a subset of E™, the B, (E, U) topology on E is determined by

the family of n.a seminorms (py4 )pe(P),AeA’ where A standing for the
family of the GA(EA, E)-bounded and absolutely K-convex subsets of

E™ and for every A € A and every x € E, p4(x) = supgc4 p(xa). We

define in the same way, the [, (EA, U)-topology for Uc E. If A =1! (
resp., cs; resp., bs), we find the seminorms apg (resp., Bg; resp., yg)
studied by Hassani and Babahmed ([4], p. 118).

Proposition 17. Suppose that ¢ c A, ¢(X) c E, and (EA, BA(EA, E))
is an AK-space. A sequence (x"), in E is o, (E, EA)- Cauchy, if and only
if it is GA(E, EA)- bounded and for every j =1, the sequence (x;’)n is
o(X, Y)- convergent in X.

Proof. Let (x"), be a Cauchy sequence in (E, oA (E, EA)), then it is
bounded and for every y in Y and every j e N, §;(y) € EMe = A) so
(<x’-1, y>)n is a Cauchy sequence in K, which is complete, then (x? )n is

j
o(X, Y)- convergent in X.

Conversely, let (x"), be a sequence in E, which is GA(E, EA)-

bounded and for every j > 1, the sequence (x?) is o(X, Y)- convergent
n

inX. Let y = (y,), € E*, ¢ =0 and p e (P). Since (EA, [SA(EA, E)) is
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an AX-space, there is ngy such that pB(y - y[n]) < ¢ for n > ng, where

B = {(x"), }. On the other hand, (x;l) is o(X, Y)- convergent in X for
n

all j > 1, then there exists n; € N such that for all m, n > n;,

p((x" —x™)y) < max (p(
max (PB

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]

plxmy)rol - (zmyyrol) < e,

Then for every m, n > n;, we have:

p((xmy)["O] -x™y

st

€. O

IA

x"y - (x”y)[”(’]), p((x”y)[”O] - (x’”y)[”O]),)
y

IA
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