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Abstract 

In this paper, we deal with polar and solid topologies in separated dual pairs 
( ) ( )YEXE ,  of vector-valued sequence spaces over a non-archimedean valued 

field K, especially we study the natural topology .Na  We give a relation between 

Schauder basis of ( )( )τ,XE  and Schauder basis of ( ) ,, N∈jX jτ  where jτ  

are topologies, which we define in the paper. Furthermore, we investigate some 

properties of the ( ) ( )( )Λ
Λσ XEXE ,  and ( ) ( )( )Λ

Λβ XEXE ,  topologies, Λ  is a 
scalar sequence space over K. 

1. Introduction 

The study of non-archimedean ( )an.  scalar sequence spaces was first 
attempted by Monna [10] and Dorleyn [1]. They obtained the basic set-
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theoretical results about perfect sequence spaces as well as the properties 
in the weak topology. In [6], De Grande De-Kimpe gave a 
characterization of the natural topology Na  over an n.a perfect sequence 
space; this topology was also studied by Garling in the classical case and 
noted γσ  [2]. In the present paper, some properties of this topology are 

generalized on a sequence space ( )XE  over a topological vector space X 
in paragraph 2, we give also some results concerning polar and solid 
topology τ  on ( ).XE  Relations between Schauder basis of ( )( )τ,XE  and 
Schauder basis of ( ) jj jX ττ where,, N∈  are topologies, which we 

define in the paper and investigate. 

In [13], Ruckle constructed and studied the ( ) ( ),,,, SS TTSTTS βσ  
and -βϕ topologies, S and T are two scalar sequence spaces over a field 

( )CKKK /== orR  and {( ) ( ) ( ) ( )iiiiiii
S SKT µ∈µλω∈λ= allfor:  

}.T∈  These classes of topologies include the topologies studied by Köthe 
and Toeplitz [9] and Garling [2]. In [4], Hassani and Babahmed gave a 
generalization of Köthe-Toeplitz duals based of a separated duality of n.a 
Banach spaces. In paragraph 3 of this work, we give a generalization of 
some result of [4] and [6] for the locally K-convex sequence spaces over an 
n.a topological vector spaces. 

Throughout this paper, K is an n.a non trivially valued complete field 
with valuation X,.  and Y are two n.a topological vector spaces over K 
(or K vector spaces) that are in separated duality ., YX  The duality 
theory for locally K-convex spaces can be found more extensively in [3], 
[16], and [18]. 

A nonempty subset A of a K-vector space X is called K-convex, if 
,Azyx ∈γ+µ+λ  whenever ,1,1,,,,,, ≤µ≤λ∈γµλ∈ KAzyx  

,1≤γ  and .1=γ+µ+λ  A is said to be absolutely K-convex, if yx µ+λ  
,A∈  whenever .1,1,,,, ≤µ≤λ∈µλ∈ KAyx  For a nonempty set 

,XA ⊂  its absolutely K-convex hull ( )Ac0  is the smallest absolutely        
K-convex set that contains A. If A is a finite set { },,,1 nxx …  we 
sometimes write ( )nxxc ,,10 …  instead of ( ).0 Ac  
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A topological vector space X over K is called locally K-convex space, if 
X has a neighbourhood base of zero consisting of locally K-convex sets. 

A subset A of a locally K-convex space X is compactoid, if for each 
neighbourhood U of zero, there exist Xxx n ∈,,1 …  such that +⊂ UA  

( ).,,10 nxxc …  An absolutely K-convex subset A of X is said to be            

c-compact, if every convex filter on A has a clusterpoint on A. 

An absolutely K-convex subset of a locally K-convex space X is called 
K-closed, if for every ,Xx ∈  the set { }AxK ∈λ∈λλ ,:  is closed in 

.K  If the valuation on K is discrete, every absolutely K-convex set A is 

K-closed. If K has a dense valuation, an absolutely K-convex set A is        
K-closed, if and only if from AxEx ∈λ∈ ,  for all ,1, ≺λ∈λ K  it 

follows that .Ax ∈  Intersections of K-closed sets are K-closed. For an 
absolutely K-convex set A, the K-closed hull of A is the smallest subset of 
X, that is, K-closed and contains A, it is denoted by ( ).AKc  If K is 

discrete, we have ( ) AAKc =  and if K is dense, ( ) { KAAKc ∈λλ= :∩  

and }1;λ  ([3] p. 220). For each absolutely K-convex subset A of ,Y  
( )( ) DDAAK XY

c =σ ,  ([3], Corollary 4.3, p. 233). A subset A of Y is said to 

be X-closed, if for every ,\ AYy ∈  there exits Xx ∈  such that 

1, ;yx  and .1, ≤Ax  Intersections of X-closed sets are X-closed. 

For a subset A of Y, the X-closed hull ( )AXc  of A is the smallest X-closed 

subset of Y that contains A. For each subset A of ( ) DDAAXY c =,  ([3], 

Proposition 2.5, p. 224). Using these two results and by [3], Theorem 4.2, 
p. 233, we have: For all absolutely K-convex subset A of Y, A is X-closed, 
if and only if, A is K-closed and ( )-, XYσ closed. 

A sequence ( )iie  is a Schauder basis for X, if every Xx ∈  can be 

written uniquely as ,1 iii xx λ= ∑∞
=

 where the coefficient functionals 

jj xf λ6:  are continuous. 
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Let A  be a family of ( )-, XYσ bounded subsets of Y such that 

(a) A  is directed by inclusion, 

(b) ,AY A A∈= ∪  

(c) there exists 1, 00 >λ∈λ K  such that ,0 A∈λ A  for all .A∈A  

A topology τ  on X is called polar topology of -A convergence, if τ  has 

a fundamental system of zero-neighbourhood consisting of { }.A∈AAD  

For further information about polar topology of -A convergence and 
general properties of locally K-convex spaces, we refer to [3], [16], and 
[18]. 

( ( ) ( )) =ω ω XX τ,  the linear space of all sequences in X endowed with 

the product topology ( ),Xωτ  which is generated by the family of n.a 

seminorms ( ) ( ) ( ) ( )nnpnn xpxpp =∈∈ ,, PN  for all ( ) ( )Xxx nn ω∈=  and 

all ( ),P∈p  if X is a locally K-convex space and ( )P  is a family of n.a 

seminorms, which define its topology; this space is noted ( )Kω  (or ,ω  for 
short) in case when .KX =  A sequence space over X is a subspace of 
( ).Xω  

We define the following sequence spaces over X: 

( ) {( ) ( ) ( ) },zerotoconverges:0 kkkk xXxXc ω∈=   

  ( ) {( ) ( ) ( ) },inconverges: XxXxXc kkkk ω∈=  

   ( ) {( ) ( ) :XxX kk ω∈=ϕ  there exists 0:0 =∈ kxk N  for all },0kk ≥  

    ( ) {( ) ( ) ( ) }.inboundedis: XxXxXm kkkk ω∈=  

Over ( ),Xm  we define the sequence of n.a seminorms ( ) ( )P∈pp  by: 

( ) ( ) ( ) ( ).allforsup Xmxxxpxp kkkk ∈==  

Let ( )X∞τ  be the topology on ( )Xm  defined with the sequence of n.a 

seminorms ( ) ( ).P∈pp  
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If ( ),XA ω⊂  the -β dual of A is the subspace of ( ),Yω  which is 

define by {( ) ( ) ( ) }.allfor0,lim: AxyxYyA nnnnnnn ∈=ω∈=β  A is 

called perfect, if .AA =ββ  If A is perfect, then ( ) .AX ⊂ϕ  For all 

( ) βω⊂ AXA ,  is perfect. We define ,βB  if ( )YB ω⊂  in the same way. 

Let ( )XE  and ( )YE  be two sequence spaces on X and Y, respectively, 

such that ( ) ( ) ,β⊂ XEYE  we define on the pair ( ) ( )( ),, YEXE  the 

following duality ( ) ( ) nnnnnnn yxyx ,, 1∑∞
=

=  for all ( ) ( )XEx nn ∈  

and all ( ) ( ).YEy nn ∈  In this paragraph, we consider this duality such 

that ( ) ( )XEX ⊂ϕ  and ( ) ( ),YEY ⊂ϕ  this duality is separated. 

For every ,1≥j  we consider the following linear maps: 

( ) ( ),:,: XEXXXE X
j

X
j →δ→∏  

( ) ( ),, xxxx jjnn δ66  

where ( )xjδ  is the sequence with x in the j-th place and 0’s elsewhere.  

We define also Y
j∏  and .Y

jδ  

The net ( ) Ii
ix ∈  in ( )XE  is called TK-convergent, if for every ,1≥j  

( )
Ii

i
jx

∈
 is convergent in ( ),, jX τ  where jτ  is the initial topology on X 

associated with the map .X
jδ  

For every ( ) ( ) ,β∈= XEyy nn  we consider ( ) nnny yxxw ,sup=  

and ( ) nnny yxxv ,1∑∞
=

=  for every ( ),XEx ∈  then yw  and yv  are two 

n.a seminorms over ( ),XE  and we have for every ( ) ., yy wvXEy ≤∈ β  

Let Na  and 0τ  be the topologies over ( )XE  generated by the family of 

n.a seminorms ( ) ( )β∈ XEyyw  and ( ) ( ) ,β∈ XEyyv  respectively. Na  is the 



A. EL AMRANI et al. 198

natural topology studied by De Grande De-Kimpe in the particular case 

of n.a scalar sequences [6], it is also the ( )-, γ
γσ TT topology studied by 

Garling in the classical case ( )CKK /== orR  [2]. 

A subset D of ( )Xω  is said to be solid, if for every ( ) Dxx kk ∈=  and 

( ) ω∈α=α kk  such that 1≤αk  for all k, we have ( ) .Dxx kkk ∈α=α  

The solid hull ( )DS  of D is the smallest solid set of sequence containing 
D. 

A topology on ( ),XE  with respect to the duality ( ) ( ) ,, βXEXE  will 

be called solid, if the elements of the determining family of weakly 

bounded subsets of ( )βXE  are solid sets. 

A sequence space ( )EE τ,  on X, is called an X-space, if the inclusion 

map: ( ) ( ( ) ( ))XXE E ωω→ ττ ,,  is continuous; it is called AX-space, if for 

every ( ) [ ] [ ] ( );,0,,,,,lim, 21 …… n
nn

nii xxxxxxExx ==∈= ∞→  it is 

called PX-space, if for all net ( )i
ix  in ( )i

ixE,  converges to 0 in ( ),, EE τ  

if and only if for all ,1≥j  the net ( )( )iiX
j x∏  converges to 0 in X. And it is 

called SPX-space, if for all sequence ( )n
nx  in ( )n

nxE,  converges to 0 in 

( ),, EE τ  if and only if for all ,1≥j  the sequence ( )( )nnX
j x∏  converges 

to 0 in X. It is obvious that ( ( ) ( ))XX ωω τ,  is a PX-space and every PX-
space is an SPX-space. 

If p is a non-archimedean seminorm over ( )1,0, pBX  is the set 

( ){ }.1: ≤∈ xpXx  

2. The 0τ  and -Na Topologies on ( )XE  

Proposition 1. ( ) ( )( );,0
βσ= XEXEτ  where σ  is the weak topology 

on ( ).XE  

Proof. Obvious.   
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Lemma 1. If ( )XE  is perfect, then it is weakly sequentially complete. 

Proof. By Proposition 1 and ([4], Theorem 2.1, p. 117).   

Proposition 2. If ( )XE  is perfect, then every weakly bounded subset 

of ( )XE  is strongly bounded. 

Proof. The weakly closed subsets of ( )XE  are weakly sequentially 

complete by Lemma 1. Then apply the non-archimedean analogue of 
Banach-Mackey ([11], p. 124).   

Corollary 1. If ( )XE  is perfect, then all the polar topologies on ( )XE  

yield the same bounded subsets. 

Lemma 2. If ( )XE  is perfect, then the solid hull of a finite subset of 

( )βXE  is ( ) ( )( )-,0 XEXE βτ bounded. 

Proof. It suffices to prove that ( )yS  is -σ bounded for every ∈y  

( ) .βXE  Let ( ) ( ) ,β∈= XEyy kk  then for every ( ) ( )XExx kk ∈=  and 

every ( ) ω∈α=α kk  such that 1≤αk  for all k, we have ( ) ≤αyvx  

( ) .+∞≺ywx   

Lemma 3. If ( )XE  is perfect, then for every -σ bounded and solid 

subset A of ( ) ,βXE  the polar DA  of A in the duality ( ) ( )βXEXE ,  is 

given by: 

{ ( ) ( ) ( ) } ( )( ).1,01 ywAyyn BAyallforxwXExxA ∈=∈≤∈== ∩D  

Proof. Obvious.   

Proposition 3. The Na  topology on ( )XE  is a polar topology. 

Proof. Let τ  be the polar topology of -M convergence on ( ) M,XE  

standing for the family of the solid hull of a finite subsets of ( ) ,βXE  then 

,Na=τ  since for every ( ) ( ) ( )1,0, ywBySXEy =∈ β D  (Lemma 3).   
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Remark 1. The topology Na  on ( )XE  is a polar and solid topology. 
It is also the coarsest solid and polar topology on ( ).XE  

Proposition 4. If ( )XE  is perfect, then it is -Na sequentially 

complete. 

Proof. It suffices to use Lemma 1, Proposition 3, and ([3], Theorem 
3.2, p. 230).  

Proposition 5. If ( )XE  is perfect, then the topology Na  on ( )XE  is 

compatible with the duality ( ) ( ) ., βXEXE  

Proof. Na  is a polar topology. 

For every ( ) ( ) ( ) ( ) ( ) ( )( ) D
D

















=∈=

βσβ XEXE
cnn ySKySXEyy ,,  ([3], 

Corollary 4.3, p. 233) and we have ( ) ( ) ( )( )







 βσ XEXE
c ySK ,  is 

( ) ( )( )-, XEXE βσ bounded, ( ) ( ) ( ) ( ) ( )( )








=

β

β
σ

∈
β XEXE

cXEy ySKXE ,
∪  and 

( ) ( ) ( )( )







 βσ XEXE
c ySK ,  is closed in ( )βXE  equipped with the topology 

( ) ( )( ),, XEXE βσ  so it is ( )-XE closed. 

Furthermore, for every y and z in ( ) ,βXE  we have: 

( ) ( ) ( )( ) ( ) ( ) ( )( )















 ββ σσ XEXE
c

XEXE
c zSKySK ,,

∪  

 { }( ) ( ) ( )( ) ,, ,








⊂

βσ XEXE
c zySK  

 and for every :K∈λ  

( ) ( ) ( )( ) ( ) ( ) ( )( ) .1 ,,








λ=








⋅λλ

ββ σσ XEXE
c

XEXE
c ySKySK;  
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Therefore, if we take 

( ) ( ) ( )( ) ( ) ,finishedisand:,









⊂







= βσ β

AXEAASK XEXE
cA  

so Na  is a polar topology of -A convergence, where A  is formed by a 

( ) ( )( )-, XEXE βσ bounded and ( )-XE closed subsets of ( ) .βXE  Then by 
Theorem 4.3, p. 233 of [3], Na  is compatible with the duality 

( ) ( ) ., βXEXE    

Proposition 6. Let ( ),XEA ⊂  then if A is -Na bounded, then ( )AS  

is -Na bounded. 

Proof. Obvious.   

Proposition 7. Let τ  be a polar topology in ( )XE  such that ( )XE  is 

perfect, then for every ( ),XEA ⊂  if A is -τ bounded, then ( )AS  is          
-τ bounded. 

Proof. A is -τ bounded ⇒  A is -Na bounded (Corollary 1 and 

Proposition 3) ( )AS⇒  is -Na bounded (Proposition 6) ( )AS⇒  is                   
-τ bounded (Corollary 1 and Proposition 3).   

Corollary 2. If ( )XE  is perfect, then ( ) ( )( ),, ββ XEXE  the strong 

topology on ( ),XE  is a polar and solid topology. 

Proof. Obvious.   

Lemma 4. Let ( )τ,X  be a topological vector space, YX ,  be a 

separated duality, and A be a compactoid subset of X. 

If ( )nny  is a -τ equicontinuous sequence of Y, which converges 

pointwise to y, then the sequence ( )nny  converges to y uniformly on A. 

Proof. ([16], Lemma 10.6, p. 220).   

The following proposition is an obvious adaptation of the one of 
Proposition 14 of [6]. 
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Proposition 8. Let A be a compactoid subset of ( )( ),, NaXE  then for 

all ( ) ( ) ,β∈= XEyy kk  we have ( ) .0,suplim =∈= kkAxxk yxk  

Remark 2. Assume that K is spherically complete and let τ  be a 
locally K-convex and compatible topology with the duality 

( ) ( )βXEXE ,  on ( ).XE  Then, for every absolutely K-convex, bounded 

and c-compact subset of ( )( )τ,XE  and for every ( ) ( ) ,β∈= XEyy n  

( ) .0,suplim =∈= nnAxxn yxk   

Proof. By Proposition 8 and ([15], Theorem 9, ,β⇔α  p. 139) and 

([5], Proposition 3, p. 177).   

Lemma 5. For every X
jj ∏≥ ,1  is ( ) ( )( ) ( )( )-,,, YXYEXE σσ continuous 

and X
jδ  is ( ) ( ) ( )( )( )-,,, YEXEYX σσ continuous. 

Proof. For every ( ) ( ) ( )YEYj X
j ⊂∏≥

∗
,1  and ( ) ( )( ) ,YYEX

j ⊂δ
∗

 then 

the lemma holds by ([14], p. 128), ( )∗∏X
j  and ( )∗δX

j  are the adjoint maps 

of X
j∏  and ,X

jδ  respectively.   

Theorem 1. If ( )XE  is perfect and ( )nne  is a Schauder basis of 

( )( ),,, YXXX σ=σ  then for every polar, solid and compatible topology τ  

with the duality ( ) ( ) ( ( )) jnnj eYEXE ,,, δ  is a Schauder basis of 

( )( )., τXE  

Proof. It suffices to prove the result for the Na  topology. So take 

( ) ( ).XExx kk ∈=  Then, for all ( ) ,,1 Xxxj X
jj ∈∏=≥  so n

j
nnj ex λ= ∑∞

=1  

in σX  since ( )nne  is a Schauder basis of ,σX  therefore, for all ,1≥j  

( ) ( )n
X
j

j
nnj

X
jj exX δλ=δ= ∑∞

=1  in ( ) ( ) ( )( )( ),,, YEXEXE σ  since X
jδ  is 

( ) ( ) ( )( )( )-,,, YEXEYX σσ continuous (lemma before). Let ( ) ∈= nnyy  
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( ),YE  then ( ( )) .0,1 →=δλ∑∞
= jjnj

j
nny yxew  Hence, (∑∑ ∞

=≥ 11 nj  

( ))nj
j
n eδλ  is convergent in ( )( )., NaXE  Consequently, every element 

( )XEx ∈  can be written uniquely as ( ).11 nj
j
nnj ex δλ= ∑∑ ∞

=
∞
=

 

 On the other hand, for every ,1, ≥jn  let ( )( ) KNaXEfnj →,:  

( ) .
11

j
nnj

j
nnj

ex λδλ= ∑∑ ∞

=

∞

=
6  

Then, for all X
j

X
jnnj ffjn ∏∏=≥ ,,1, D  is ( ) ( )( ) ( )( )-,,, YXYEXE σσ  

continuous by lemma before and ( )nnf  is the weak Schauder basis 

associated with the basis ( )nne  ([7], Lemma 3, p. 402), then njf  is 

continuous.   

Proposition 9. If ( )XE  is perfect, then for every ( ) ( )ySXEy ,β∈  is 

compactoid in ( )( )., NaXE β  

Proof. Let ( ) ( ) ,β∈= XEyy kk  then for every ( ) ( ),XExx kk ∈=  

there exists N∈0n  such that .1,sup 0 ≤≥ iini yx  For every ,1≥i  put 

( )ii
i yy δ=  and let ( )kkk yz λ=  with ( ) ( )Kkk ω∈λ  such that for all 

.1,1 ≤λ≥ kk  Then, for all [ ] ( ),1,0,0 xw
i Bzzni ∈−≥  where 

[ ] ( )…… ,0,,,, 21 i
i zzzz =  and so [ ] ( ).1,00

xw
n Bzz +∈   

Then, ( ) ( ) ( ),1,0,, 01
0 xw

n ByycyS +⊂ …  which proves the proposition. 

  

Corollary 3. If ( )XE  is perfect, then the Na  topology is weaker than 

the polar topology of -M convergence, M  standing for the family of all 

compactoid subsets of ( )( )., NaXE β  
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This inequality is not strict (see [17], Proposition 3.2.9, p. 212). 

Proposition 10. If ( )n
nx  is a Schauder basis of ( )( ),, τXE  then for 

every ( )( )nnX
j xj ∏≥ ,1  is a Schauder basis of ( ),, jX ∏τ  where j∏τ  is the 

final topology on X associated with the map .X
j∏  

Proof. Let ,1≥j  then for every ( ) ( )., XExXx X
j ∈δ∈  Hence, there 

exists ( ) ( )Kn
j
n ω∈λ  such that ( ) nj

nn
X
j xx λ=δ ∑∞

=1  in ( )( )., τXE  Then 

( )( ) ( ),
1

nX
j

j
nn

X
j

X
j xxx ∏λ=δ∏= ∑∞

=
 (1) 

since ( )( ) ( )jXXEX
j ∏→∏ ττ ,,:  is continuous. 

Further, it is easy to see that the representation of x is unique and 

that the coefficient-functionals ( ) ( )nX
j

j
nnn xxKXf j ∏λ=→ ∑∞

=∏ 1,,: τ  

j
nλ6  are continuous because X

jnf ∏D  is continuous 

( ( )( ) ( ) ,,, KXXE n
j

X
j f  → → ∏

∏
ττ  

( ) ).
11 n

nX
jnn

n
nn

xx λ∏λλ ∑∑ ∞

=

∞

=
66  

Thus ( )( )nnX
j x∏  is a Schauder basis of ( )., jX ∏τ   

Remark 3. For all ,1≥j  if X
j∏  is ( )-, jττ continuous, then 

( )( )nnX
j x∏  is a Schauder basis of ( ),, jX τ  where jτ  is the initial 

topology on X associated with the map .X
jδ  This is true in particular case 

when τ  is solid and polar topology of -A convergence, since ( ) ⊂∏ DAX
j  

( )( )DAY
j∏  for all .A∈A  



TOPOLOGIES ON SEQUENCE SPACES IN … 205

Lemma 6. Let τ  be a locally K-convex and polar topology on ( )XE  

and ,1≥j  such that for all subset A of ( ),YE  which is ( )-XE closed, 

( )AY
j∏  is X-closed. Then if τ  is compatible with the duality 

( ) ( ) ,, YEXE  then jτ  is compatible with the duality ., YX  

Proof. τ  is a polar topology of -A convergence, A  standing for the 
family of absolutely K-convex, ( ) ( )( )-, XEYEσ bounded and ( )-XE closed 

subsets of ( )YE  ([3], Theorem 4.3, p. 233). Y
j∏  is ( ( ) ( )( ),, XEYEσ  

( ))-, XYσ continuous, then for all ( )AA Y
j∏∈ ,A  is absolutely K-convex, 

( )-, XYσ bounded and X-closed, hence jτ  is compatible with the duality 

YX ,  ([3], Theorem 4.3, p. 233).   

Theorem 2. Let τ  be a locally K-convex and polar topology on ( ),XE  
which is compatible with the duality ( ) ( )YEXE ,  and there is ,1≥j  

such that X
j∏  is ( )-, jττ continuous and for all subset A of ( ),YE  which 

is ( )-XE closed, ( )AY
j∏  is X-closed, then if ( )n

nx  is a Schauder basis of 

( )( ),, τXE  then ( )( )nnX
j x∏  is a Schauder basis of ( )( ).,, YXXX σ=σ  

Proof. By Remark 3, ( )( )nnX
j x∏  is a Schauder basis of ( )., jX τ  But, 

since jτ  is compatible with the duality YX ,  (lemma before), we have 

.jτ≤σ  Therefore, ( )( )nnX
j x∏  is a Schauder basis of ( )( ).,, YXXX σ=σ  

 

Remark 4. Theorem before is true, if we replace the condition X
j∏  is 

( )-, jττ continuous, by τ  is solid. 

3. Topologies on Sequence Spaces 

Let Λ  be a sequence space over a field K, the Λ  dual of ( )XE  (= E, 

for short) is the subset of ( )Yω  defined as: 
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{( ) ( ) ( ) ( ) },allfor,: ExyxYyE nnnnnnn ∈Λ∈ω∈=Λ  

E is called Λ  perfect, if .EE =ΛΛ  

We define also ΛF  for F a sequence space on Y. 

The proof of the following proposition is elementary: 

Proposition 11. (1) For every scalar sequence space Λ  containing 

( ) ( )., YX ω=ϕϕ Λ  

(2) For every sequence space E on X, and every scalar sequence space 
,Λ  

(i) ;ΛΛ⊂ EE  

(ii) ΛE  is Λ  perfect. 

(3) For every sequence space E on X, and every sequence spaces Λ  and 

∆  on K, if ,∆⊂Λ  then .∆Λ ⊂ EE  

(4) For every sequence spaces E and F on X, and every sequence space 

Λ  on K, if ,FE ⊂  then .ΛΛ ⊂ EF  

Let ( )P  be a family of n.a seminorms, which defines the locally                 

K-convex topology of scalar sequence space ,Λ  for all ( ) Λ∈= Eyy nn  

and all ( ),P∈p  we define on E, the family of n.a seminorm yp  as 

follows: For all ( ) ( ) (( ) ).,, nnnynn yxpxpExx =∈=  

Then, for every non empty subset U of ,ΛE  the family of n.a semi-
norms ( ) ( )P∈∈ pUyyp ,  define an n.a locally K-convex topology on E 

denoted by ( )., UEΛσ  

Example 1. (a) The space cs=Λ  (the space of all scalar sequences 
( ) ,nnxx =  for which nn x∑ ≥1  is convergent) coincides with the space 

( ),0 Kc  then βΛ = EE  and if we equip Λ  with the n.a seminorm 
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(( ) ) ,1 nnnn xxp ∑+∞
=

=  the ( )-, UEcsσ topology is defined by the n.a 

seminorms ( ) ,Uyyv ∈  where β⊂ EU  and ( ) ( ).,, ββ σ=σ EEEEcs  If we 

equip Λ  with the usual maximum norm, we obtain that 

( ) ., NaEE =σ Λ
Λ  So all the study carried out in the paper about the 

spaces ( )( )Λ
Λσ EEE ,,  can be applied to the space ( )( )., NaXE  

(b) If bs=Λ  (the space of all scalar sequences ( ) ,iixx =  for which 

k
n
kn x∑ =1sup  is finite) equipped with the n.a seminorm (( ) ) =kkxp  

,sup 1 k
n
kn x∑ =

 then ΛE  is the -γ dual of E, and the ( )-, UEbsσ topology 

is defined by the family of n.a seminorms ( ) ,Uyyw ∈  where γ⊂ EU  and 

we have ( ) ( )UEUEbs ,, γσ=σ  topology studied by Garling in the scalar 

and classical case [2], we have also ( )Km=Λ  and the norm p coincides 

with the usual supremum norm considered in ( )Km  and ( ) =σ UEbs ,  

,Na  if .β⊂ EU  

For every ( ) ,Λ∈ XEy  we define the linear map: 

,: Λ→Efy  

( ) ( ) ., nnnnn yxxx 6=  

Proposition 12. For every ,Uy∈  the linear map yf  is ( ( ) )-,, τUEΛσ  

continuous; where τ  is the topology on .Λ  

Proof. Obvious.   

Proposition 13. If Λ  is a K-space, then ( ( ))UEE ,, Λσ  is a K-space. 

Proof. Obvious.   

Remarks 5. (a) A net ( ) Ii
ix ∈  is a Cauchy net in ( ( )),,, UEE Λσ  if 

and only if for every ( ) ( ) Ii
i

nn yxUyy ∈∈= ,  is a Cauchy net in .Λ  
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(b) A net ( ) Ii
ix ∈  converges to x in ( ( )),,, UEE Λσ  if and only if for 

every ( ) ,Uyy nn ∈=  the net ( ) Ii
i yx ∈  converges to xy in ;Λ  where =zt  

( ) ( )nnnt tzzf ,=  for every ( ) Utt nn ∈=  and every ( ) .Ezz nn ∈=  

We find the definitions given by Hassani and Babahmed for 
sequences in ([4], Definition 2.1, p. 114). 

Proposition 14. If Λ⊂ϕ  and Λ  is an AK-space, then 
( ( ))UEE ,, Λσ   is an AX-space. 

Proof. Obvious.   

Proposition 15. If Λ  is an AK-space such that Λ⊂ϕ  and            

( ( ))UEE ,, Λσ  is sequentially complete, then E is -Λ perfect and .Λ= UE  

Proof. .ΛΛΛΛ ⊂⊂⇒⊂ UEEEU  

Conversely, let ( ) ,Λ∈= Uxx nn  then for all [ ] Exn n ∈≥ ,1  because 

( ) .EX ⊂ϕ  

For every ,Uy ∈  the sequence ( )[ ]( )nnxy  converges to xy in ,Λ  then 
[ ]( )nnx  is a Cauchy sequence in ( ( )),,, UEE Λσ  which is sequentially 

complete, therefore the sequence [ ]( )nnx  converges to x in ( ( ))UEE ,, Λσ  

and so .Ex ∈  

Hence, .ΛΛΛ == EUE   

Theorem 3. ( )XE  is perfect, if and only if ( ) ( )XEx ⊂ϕ  and ( )XE  is 
weakly sequentially complete. 

Proof. The necessary condition is Lemma 1. 

Sufficiency, let ( )Kc0=Λ  endowed with the usual maximum norm, 

then Λ  is an AK-space, Λ⊂ϕ  and ( ) NaEE =σ β
Λ ,  (Example 1(a) of             

p. 206). E is -σ sequentially complete, then ( )NaE,  is sequentially 
complete ([3], Theorem 3.2, p. 230). Therefore, the conclusion holds by 
proposition before.   
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Theorem 4. Let Λ  be an SPK-space and contains the space .ϕ  Then: 

(i) If E is -Λ perfect, then E is ( )-, Λ
Λσ EE sequentially complete. 

(ii) ΛE  is ( )-, EEΛ
Λσ sequentially complete. 

Proof. (i) Let ( )n
nx  be a Cauchy-sequence in ( )( ),,, Λ

Λσ EEE  then 

for all Λ∈ Ey  and all ( ( ))n
n

yj xfj D∏≥ ,1  is a Cauchy-sequence in K 

and since ( ) ,Λ⊂ϕ EY  we have for all Yy ∈  and all ( )
n

n
j yxj ,,1≥  is a 

Cauchy-sequence in K. Therefore, for every ,1≥j  there exists Xx j ∈  

such that the sequence ( )
n

n
jx  converges to jx  in ( )( )YXXX ,, σ=σ  ([4], 

Lemma 2.3, p. 115). 

Let ( ) ,jjxx =  then for every ,Λ∈ Ey  we have ( ) Λ⊂n
n yx  and for 

all ,1≥j  the sequence ( (( ) ))n
n

j yxx −∏  converges to 0 in K and so 

( )n
n yx  converges to xy in .Λ  Hence, Λ∈xy  so ,EEx =∈ ΛΛ  and 

( )n
nx  converges to x in ( )( ).,, Λ

Λσ EEE  

(ii) ΛE  is -Λ perfect, then it suffices to use (i).   

Remark 6. If cs=Λ  or bs or ,1l  we find Theorem 2.1 of ([4], 
Theorem 2.1, p. 117). 

Theorem 5. Let Λ  be a PK-space, which contains the space ϕ  and 

σX  be complete, then: 

(i) If E is -Λ perfect, then ( )( )Λ
Λσ EEE ,,  is complete. 

(ii) ( )( )EEE ,, Λ
Λ

Λ σ  is complete. 

Proof. (i) Let ( ) Ix ∈α
α  be a Cauchy-net in ( )( ),,, Λ

Λσ EEE  then for 

all Yy ∈  and all ( )
α

α≥ yxj j ,,1  is a Cauchy-net in K. Therefore, for 
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every ,1≥j  there exists Xx j ∈  such that the sequence ( )
α

α
jx  converges 

to jx  in σX  ( σX  is complete). Then ( ) Ix ∈α
α  converge to ( ) jjxx =  in 

( )( ).,, Λ
Λσ EEE   

(ii) ΛE  is -Λ perfect, then it suffices to use (i).   

Let A be a subset of E, then A is ( )-, UEΛσ bounded, if and only if for 

every yAUy ,∈  is bounded in .Λ  The -α boundedness, -β boundedness, 
and -γ boundedness of ([4], p. 118) are a particular case of 

( )-, UEΛσ boundedness. 

A subset A of E is called strongly bounded, if for every ( )-, EEΛ
Λσ  

bounded subset B of ABE ,Λ  is bounded in ,Λ  where 

 { ( ) ( ) ( ) }.and, ByyAxxyxxyAB nnnnnnn ∈=∈===  

( ).AfAB yBy∈= ∪  

It is obvious that strongly bounded sets are ( )-, UEΛσ bounded. 

Proposition 16. If Λ  is an SPK-space, then all ( )-, Λ
Λσ EE bounded 

subset in E is strongly bounded in E. 

Proof. Suppose A was a ( )-, Λ
Λσ EE bounded subset of E, which is 

not strongly bounded. Then, there would be a ( )-, EEΛ
Λσ bounded subset 

B of ΛE  and an n.a seminorm ( )P∈p  such that ( )ABp  is not bounded. 

Let ( )n
na  be a sequence in A and ( )n

nb  be a sequence in B such that for 

every ,1≥n  

( ) ,2nnnbap �;  (2) 

where �  is the number defined in ([18], p. 251). 

An increasing subsequence of integers …,,, 321 NNN  can be defined 

by induction such that: 
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For every 2≥i  and every ,1: 1−≤≤∈ iNnn N  

( ) ,sup in
Bb

N bapi −
∈

− �� ≺  (3) 

( ) .sup in
Aa

N abpi −
∈

− �� ≺  (4) 

Let ( ) Knn ⊂λ ∈Z  such that for all n
nn �=λ∈ ,Z  ([18], p. 251), 

then the series i
i

N
Ni b−≥

λ∑ 1  converges to a Λ∈ Eb  with respect to the 

( )EE ,Λ
Λσ  topology. This is because ΛE  is ( )-, EEΛ

Λσ sequentially 
complete by Theorem 4 (ii) and for each seminorm ( )P∈q  and each 

,Ex ∈  we have: 

For all ( )i
i

N
N

m

i
xbqm −=

λ≥ ∑ 1
,1  

( )ii NNm

i
xbq−

=∑= �
1

 

( )xbqBb
Nm

i
i

∈
−

=∑≤ sup
1
�  

( )xbqBb
i

i ∈
−+∞

=






≤ ∑ sup

1
�  

.+∞≺  

For all ,1≥n  let ,nN
n aa =  then 

( ) 





 λ= −

+∞

=∑ in
i

NN
Nin bapbap

1
 

( ) ( )ininn
n

NNNn

i
NN

N bapbap −−

=− ∑−λ≥ �
1

1
 

( ).
1

ini NNN
ni

bap−+∞

+=∑− �  

But ( ) in
i

NNNn
i

ini bap −−
=

−−
= ∑∑ �� 1

1
1

1 ≺  by (4) and piN
ni

−+∞
+=∑ �1  

( ) i
ni

NN in ba −+∞
+=∑ �1≺  by (3). 
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Therefore, ( ) i
ni

in

i
NN

n nnbap −+∞

+=
−−

=
− ∑∑ −−≥ ����

1

1

1
2  

ni
i

Nn −−+∞

=
+−≥ ∑ ���

1
 

 .1
2

nNn −+
−

−≥ �
�
��  

But, this leads to a contradiction of the ( )-, Λ
Λσ EE boundedness of A in 

E.   

For U a subset of ,ΛE  the ( )UE,Λβ  topology on E is determined by 

the family of n.a seminorms ( ) ( ) ,, AP ∈∈ ApAp  where A  standing for the 

family of the ( )-, EEΛ
Λσ bounded and absolutely K-convex subsets of 

ΛE  and for every A∈A  and every ( ) ( ).sup, xapxpEx AaA ∈=∈  We 

define in the same way, the ( )-, UEΛ
Λβ topology for .EU ⊂  If 1l=Λ  ( 

resp., cs; resp., bs), we find the seminorms Bα  (resp., ;Bβ  resp., Bγ ) 
studied by Hassani and Babahmed ([4], p. 118). 

Proposition 17. Suppose that ( ) ,, EX ⊂ϕΛ⊂ϕ  and ( )( )EEE ,, Λ
Λ

Λ β  

is an AK-space. A sequence ( )n
nx  in E is ( )-, Λ

Λσ EE Cauchy, if and only 

if it is ( )-, Λ
Λσ EE bounded and for every ,1≥j  the sequence ( )

n
n
jx  is 

( )-, YXσ convergent in X. 

Proof. Let ( )n
nx  be a Cauchy sequence in ( )( ),,, Λ

Λσ EEE  then it is 

bounded and for every y in Y and every ( ) ( )Λ⊂ϕ∈δ∈ ΛEyj j,N  so 

( )
n

n
j yx ,  is a Cauchy sequence in K, which is complete, then ( )

n
n
jx  is 

( )-, YXσ convergent in X. 

Conversely, let ( )n
nx  be a sequence in E, which is ( )-, Λ

Λσ EE  

bounded and for every ,1≥j  the sequence ( )
n

n
jx  is ( )-, YXσ convergent 

in X. Let ( ) 0, ;ε∈= ΛEyy nn  and ( ).P∈p  Since ( )( )EEE ,, Λ
Λ

Λ β  is 
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an AX-space, there is 0n  such that [ ]( ) ε− ≺n
B yyp  for ,0nn ≥  where 

{( ) }.n
nxB =  On the other hand, ( )

n
n
jx  is ( )-, YXσ convergent in X for 

all ,1≥j  then there exists N∈1n  such that for all m, ,1nn ≥  

( )[ ] ( )[ ]( ) .00 ε− ≺nmnn yxyxp  

Then for every ,, 1nnm ≥  we have: 

(( ) ) ( )[ ]( ) ( )[ ] ( )[ ]( )
( )[ ]( ) 









−
−−≤−

yxyxp
yxyxpyxyxpyxxp mnm

nmnnnnnmn
0

000 ,,max  

[ ]( )( )ε−≤ ,max 0n
B yyp  

.ε≤   
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