Journal of Mathematical Sciences: Advances and Applications
Volume 64, 2021, Pages 1-19

Available at http://scientificadvances.co.in

DOI: http://dx.doi.org/10.18642/jmsaa_7100122161

EXISTENCE AND CONTINUOUS DEPENDENCE
OF THE LOCAL SOLUTION OF NON-HOMOGENEOUS
KdV-K-S EQUATION IN PERIODIC
SOBOLEV SPACES

YOLANDA SILVIA SANTIAGO AYALA
and SANTIAGO CESAR ROJAS ROMERO

Facultad de Ciencias Matematicas
Universidad Nacional Mayor de San Marcos
Av. Venezuela Cdra. 34, Lima 01

Lima

Pert

e-mail: ysantiagoa@unmsm.edu.pe

srojasr@unmsm.edu.pe

2020 Mathematics Subject Classification: 356G10, 35Q53, 47D06, 35B40.

Keywords and phrases: uniqueness solution, KdV-Kuramoto-Sivashinsky equation, non-
homogeneous equation, periodic Sobolev spaces, Fourier theory, calculus in Banach spaces.
Received November 25, 2020

© 2021 Scientific Advances Publishers

This work is licensed under the Creative Commons Attribution International License
(CC BY 3.0).
http://creativecommons.org/licenses/by/3.0/deed.en_US




2 Y. S.S. AYALA and S. C. R. ROMERO

Abstract

In this article, we prove that initial value problem associated to the non-
homogeneous KdV-Kuramoto-Sivashinsky (KdV-K-S) equation in periodic

Sobolev spaces has a local solution in [0, 7] with 7 > 0, and the solution has

continuous dependence with respect to the initial data and the non-
homogeneous part of the problem. We do this in an intuitive way using Fourier

theory and introducing a C,-semigroup inspired by the work of Iorio [2] and

Ayala and Romero [8].

Also, we prove the uniqueness solution of the homogeneous and non-
homogeneous KdV-K-S equation, using its dissipative property, inspired by the
work of Iorio [2] and Ayala and Romero [9].

1. Introduction

First, we want to comment that from Theorem 3.1 in [7], we have that
the KdV-K-S homogeneous problem is globally well posed and, in addition
to the inequality (3.2) in [7], we have the continuous dependence of the
solution of homogeneous problem. In this work, in Theorem 3.2, we will
prove the existence and uniqueness of the local solution for the non-
homogeneous problem, and from inequality (3.8), we will get the
continuous dependence of the solution with respect to the initial data and

respect to the non-homogeneous part.

Thus, in both homogeneous and non-homogeneous cases, the
estimatives are made from the explicit form of the solution, that is, by
applying the Fourier transform to the respective equation.

Another result in this work is about the dissipative property of the

homogeneous problem and some estimates of it, using differential
calculus in Hype,. This is included in Theorem 3.3 which we will develop
in Subsection 3.2. So, using Theorem 3.3, we deduce the results of

continuous dependence and uniqueness of solution for both homogeneous

and non-homogeneous problems, respectively.

Finally, we obtain the continuous dependence and uniqueness of
solution for the non-homogeneous case, applying the corresponding
properties from [7].
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We cite some works about KdV-K-S equation [1], [3] and for
dissipative properties of systems [4].

Our article is organized as follows. In Section 2, we indicate the
methodology used and cite the references used. In Section 3, we proved

the main results.

Finally, in Section 4, we give the conclusions of our study.
2. Methodology

As a theoretical framework in this article we use the existence and
regularity results of [7]. Also, we use the references [2], [6], [7], [8], [9],
[10] and [5] for the Fourier theory in periodic Sobolev spaces, and
differential and integral calculus in Banach spaces.

3. Main Results

First, using the Fourier transform, we will prove that the non-
homogeneous problem has a unique solution and it continuously depends

respect to the initial data and the non-homogeneity.

Second, we will study the uniqueness of the solution for homogeneous
case using another technique that involves the dissipative property of the
problem.

Finally, we will remark two additional ways leading to the continuous
dependence of the solution for the non-homogeneous problem.

3.1. The non-homogeneous problem (PCF) is locally well posed

Theorem 3.1. Let ¢ Hpep,5€ R,u>0, Fe C([0,T], Hye, ), where

T > 0, {S(t)};5o the semigroup of class C, of homogeneous case (F = 0),

introduced in the Theorem 3.2 from [3], and

t
u,(t) = jo S(t - 7)F(7)d-r,



4 Y. S.S. AYALA and S. C. R. ROMERO

then u, € C([0, T], Hpey )N c([o, 71, Hgg;*) and satisfies

ou, + aiup + u(aiup + aﬁup) = F(t)e HS}

per >
3.1)
with the derivative given by
. ||up(t+h)—up(t) 3 4 9 _
%12% ” A + 03Uy, + WU, +oxu,) - F(t) » =0. (3.2

Proof. We remark that S(t —1)F(v)e Hy,,., Ve (0,¢) and T S(t —7)F(7)

t
is continuous in [0, ¢] then EIJOS(t —T)F(1)dT € Hpey.

up(t)=

Now, we will prove u,, € C([0, T'], Hye, ), that s, [[u,(t +h)—u,(t)|, = 0
when A — 0.

Let h >0

t+h

wy(t+h) - uy(t) = I S(t + h - 7)F(t)dr— j; S(t — 1)F(7)dr

0

- j;{sa +h =)= St - TF(7)dr

t+h
+ J' S(t + h — 7)F(7)dr,
t
taking the norm | - [, we obtain

Jtpt + 1) =, @), < ;{S(t +h— 1) = S(t - F()da],

Il =

t+h
+ ||L S(t + h - 7)F(r)dr],.

122=
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Using the M-Test of Weierstrass, we get

t
b J. ISE + h - 7)F(r) - S(t - 7)F ()|, dr
0
t
<LJ~ :e_t<£:i
*sr), T swrTy

since 36 > 0 such that:

<—,vre(0,1).

if ol <3, then |SEt+h-T)F(r)- Sk -1FO, <5

S

per> We obtain

Using the mean value Theorem in H
1 t+h
- I St + h - )F(r)dr — S(0)F(t) = F(t),
t
when A — 0. Then

t+h 1 t+h
J' St+h-F()dr = h 7 J' S(t + h — 7)F(r)dr — 0,
t = t
—0

—F(t)

when A — 0. So, we have

t+h
I J' S(t + h - 1)F(v)dx|, - 0,
t

when & — 0. That is, I < % whenever |h| < §*.

Therefore, [[u, (¢ +h) —u,(t)|, < I + I3 < ¢ whenever |A| < min{3, 5}

From definition of u,(¢) we have u,(0) = 0.

»l
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Now, we will prove that 30,u,(t) in Hpe,. In effect,

per-

up(t +h)—uyt)
=71),

4
h
1 { HhS(t +h—-1)F(t)dr - J; S(t - T)F(T)dT}

t+h

1 t
=5 {J.O{S(t +h-T1)F(t)- St - 7)F(7)}dT + J. St +h - T)F(’r)dT}

t
+h
-7] ; {S+h-F() - St -nF}dr + 4 | : S+ h - D)F(x)dr.

s—4

per » We obtain

Using the mean value Theorem in H
1 t+h
ﬂ St + h - 7)F(r)dr — S(0)F(t) = F(1), (3.3)
t

when A — 0.

Since

St+h-1)F(t)- St -7)F(1)
h

converges uniformly to 9,{S(¢ — 7)F(7)} in Hggf, VT e [0, ], we obtain

that

dr

ESE+h-1)F(t)- St -1)F(1)
Jo h

converges to Iéat{S(t - T)F(7)}dT when h — 0.



EXISTENCE AND CONTINUOUS DEPENDENCE ... 7

Now, we remark that 9,{S(t — 7)F (1)} = (- 03 — (0% +92))S(t — 7)F(r)

in Hpg, . Since ( - af; —u(of + 8% )) is a closed operator, then
t t

I (- 2% —p(@% +02))S(t - 1F()dr = (- 83 — (a2 + 92 ))I S(t - 7)F(v)dr.
0 0

Therefore,

I;at{S(t CD)F()bdr = (- 3% — u(d? + 92 ))L:S(t — 1)F(7)dr.

up(t)=

That is,

J‘tS(t +h-T1)F(t)- St -T1)F(7)

. . dr — (=95 —n(dy + 93 )u,y(t), (3.4)

when A — 0.

Finally, in His, using (3.3) and (3.4), we get

o upt+h)-u,@)
3lim —P——— P = (=07 — u(9y +07)u, (1) + F(t).
atup(t):
Using that |07 f]|._,, <|fl,, Ym e Z*, Vf € Hy,, we obtain

l9guep (¢ + R) = 9yuup ()],
= (=93 — w3 + 03 )up(t + )+ F(t +h)
—{(=93 — 1@ + )y ®) + FO),_,
<|F@+h) - F@)|,_, +[( =03 - @3 +92) {u,yt + h) - u, O}, _,
<|F@+h) = FOll,_y + ] - 03{up @+ 1) = up O},

+ | = mda{uyt + h) = uy @Y,y + | - mO2{u, (t + 1) —u, Y,
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<|F@+h) = F@)|_y +upt+h)—u,®),_,

Wy &+ h) = uy @), + wupy + ) - up @),y

Since u,(t) € Hpey C Hgg} c Hf,grz, then

|02 + h) = 9,1, (1)

<|F@+h) = F@)|,_y + Q@ +20)|uy+h)-u,®), =0,
when A — 0.

S

Now, since F' 1is continuous in H gg;* and u, 1s continuous in H .,

then 0,u,, is continuous in Hggf for t € [0, T], thatis, d,u, € C([0, T],

HS—4 )

per
Therefore, u, € C([0, T], Ho )N CL([0, T, High). O

Theorem 3.2. Let ¢ € Hpep,5€ R, 0 >0, Fe C([0, T], Hpe, ), where

T > 0, and {S(t)};5o the semigroup of class C, of contraction in Hy, as

in Theorem 3.1, then

(1) The function

t
uF (1) = S0 + jo S(t — 1)F(v)dr, t € [0, T] (3.5)

up(t)=

belongs to C([0, T, Hye, )N CY([0, T, Hiy') and

per

(2) uF(t) is the unique solution of

—4
Up + Uyyy T+ “(uxxxx + Uyy )=F(t)e ngr >

(PF) (3.6)
u(0) = 0,



EXISTENCE AND CONTINUOUS DEPENDENCE ... 9

with the derivative given by

: t+h)—ult
}1le ult +h) - ult) F Uy + WM Ugpy + Uyy ) — F(2)
—0 h

0. (3.7

(3) Let vje Hpey, Fj € C([0, T], Hper ), j=1,2. The map v — u is
continuous in the following sense. Let u; and ug the corresponding

solutions to initial data ¥; and v9, and with non-homogeneity F, and

Fy, respectively. Then

et @) = uo @)l < 01 — ol + TIFy - Faf, 5y, t € [0, T, (3.8)

sup | -u v — vol|. + T|[F;, — F- , 3.9

o [OPT]" 1(E 2 || < [l 2|| 17 - 2||oo,s—4 3.9
ey —usll,, ¢:=

B () = Do O,_y < (0 + 20) s (6) = ug @) + |1y = Fall, ;. t € [0, T,
< (1 +2u) fJuy - u2||oo’s +|F - F2||oo,s—4
< @+ 20y —wolly + [+ 20T +1][|Fy - Fa, 4

(3.10)

where we have used the notation

Il , = S ||h N, he C0, T1, Hper ). (3.11)

Proof. We work the following steps:
(1) Let u(t) = u¥ @) = S@t)o + u,(t), we will prove that u e C([0, T},
Hper )N c(lo, 71, ngf). In effect, as S()o e C([0, T], Hye,) and

up(Jo e C([0, T], Hpe, ), then u() = S()p +u,() € C([0, T, Hyper ).
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Moreover, as S(-Jo € C([0, + ), Hf,g;*) and u,()e c([o, T],H;gf),

then u() = S()o +u,() e c(lo, 11, ng_f)-

(2) We will prove that u is the solution of (PCF ). In effect, we know

that 39,S(t)0 and 30,u,(t) in ng_f, then

up(t)=

= — 33wy () — w(@uy () + 9%uy (1))
— Ou, () — (@31 (1) + A3u,y (1) + F ()
= — 03 {up ) + 1, (1)} - WO {up () + upy ()}
+ 02{up () + u, (1)} + F(1)
= — 33ult) - p(tult) + 92ulr)) + F(t)

in H ;g;l, where uy, () is solution of the homogeneous equation (P,).

(8) Also, u(0) = up,(0) +up,(0) = 0 +0 = 0.

(4) Let vj € Hpe, and F; € C([0, T], Hpe, ) for j =1, 2, then
t
u;(t) = St; + j S(t - 7)F;(v)dr
0

is solution of (P, ) with initial data u;(0) = S(OW; = v;, for j =1, 2.

Then

)= us(0) = SO ~va}+ [ S= 1)) - Fy(rllar
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From where we obtain, for ¢t < T:

Jia®) = (0, < IS@101 — 9ol + [ 186 =) i (7) - Fy(of
< vy = vol, + [ IF (D) - Fy(0)] dr

t
< oy = vy, + Fi(r)- F j d
ey — v, TES'[lol’pTJl 1(7) = Fo (1) &

<oy —wolly + T~ sup |F(7) = Fo(r)],.
<0, T']

Therefore,

sup g (8) = ug(@)lly < by = val, + T - sup |F(1) = F(r)|,-
telo, T Tel0, T]

(5) On the other hand, in H ng , we have
Btuj(t) = atuh,j(t) + atup’j
=[-03 - n(o; +a§)]uh,j +[ - 9% —p(oy +a§)]up,j + Fj(t)
= [ =03 @y +0)lu; + F;(1),
for j =1, 2. So,
o (t) = d,us(t) = [ - 0F —n(9x +93){un —up}+{F () - F(0)}.
Taking norm, we obtain
102 (6) = Qgun(®)];_y =193 — (@5 +93)Huy — ug} + {Fy(t) - Fo(e)},_,

<03t —uply_y +uloxfin —usll,_,

+ o~ ugll_y + @) - ),y
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Using [0y'¥[l,_,, < ¥, for m =1,2,3 and Hp,, H}S)e_]} c Hf,grz, we

get

0511 (8) = Ogug )] 4_y < g —uglly_y +mlug — uzl
+ Wy —ugfl_g + |[F1() - Fo(0)]5_y
<1+ 20wy —ugls + | FL(@) - Falt)],_y

< (1 +20) g (@) = ug @]l + sup | F1(2) = Fo(@)],_y
tel0, T']

< @+ 20 = ugll, o + 151 = Fall, sy

< (1 + 2“) ”wl - W2||s + [(1 + Zu)T + 1] ||F1 - F2 "00,8—4'

O

Remark 3.1. Inequality (3.8) says that the solution of the non-
homogeneous problem (PCF ) continuously depends on the initial data

and the non-homogeneity F.
Corollary 3.1. (PCF) has a unique solution.
Proof. This follows by applying inequality (3.8) with »; = y9 and
F =F,. O
Corollary 3.2. The unique solution of (PCF) is
oo

uF (t, x)= Z e_{_ik3+“(k2—1)k2}t$ (k) eik:x

k=—c0

'O (iR} ) ik
+I Ze e ’ F (k, 7)€" drT.
0,
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3.2. Dissipative property of the homogeneous problem

Let u > 0, s € R and the homogeneous problem
w e C([0, »), Hyer) N CH([0, ), Hyy')
(P.)| 9w + 3w + u(@iw + 02w) = 0 e H;gf
w(0) = 6 € Hf)er'

Theorem 3.3. Let w the solution of (P,) with initial data ¢ € Hye,,

then we obtain the following results:
D) )2, = - 2n < 22w(t) + Isuw(t), w(t) >5_4< 0.
@ ®l,_ <o,y <[, ¢ 0.
Proof. As Hy, C Hggf then the following expressions are well
defined: < d,w, w >;_4 and < w, d,w >4_4.
So, we have
Alw®?_, =9, < wlt), w(t) >4
= < Qw(t), wt) >s_g + < w(t), Jw(t) >4_4
= 2Re < w(t), w(t) >4_4. (3.12)

For the other hand,

“+oco
<w+dtw, w>, 4 = 2n Z (1+%2 ) {92w+0kw (k) }w (k)

k=—c0

—+oo -

:2nz (1+82 ) K2 (B2 -1)w (k) w (k)
Pl T

:2nz (1+52 )5 M (k) |w ()] . (3.13)

k=—c0
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We remark that the series in (3.13) is convergent since M(k)sk4 <

(k) <(1+k%)*, Vke Z and w () e HS,,.

Moreover, as

0,if ke {-1, 0, 1},
M(k) =
(k% -1)>0,if ke Z-1{-1,0,1},

and M(k) =12, Vk e Z —{-1, 0, 1}, then the convergent series (3.13) is

positive.

That is,
< 2w + dtw, w >,_4> 0.

So, we have

- < 02w +dtw, w >,_4< 0. (3.14)
Also, we obtain
+o0 o e
<w, w>, 4 = 27:2( 1+5% )™ 33w (k) w (k)
k:oo
~+o0 N —
= ZnZ( 1+k2 )™ k) w (k) w (k)
k=c0
+o00 N
=— i2nz (1+2 )P * B lw®) . (3.15)
k=—o0
b=

Now, we will prove that the series of the equality (3.15) is convergent. In

effect, using the inequality: |I<:|3 < |I<:|8 = (|I<:|2 P} <@+%%)* and w(t) e HS

per>

we have
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400 —+o0
Z (182 ) 1P w )P < Z (182 ) kP |w ()2
fk=—o0 k=—o0

“+oo

<Y ()T (1R ) [w k) P

k=—o0

“+oo

15

=Y (R P @B = o o O <=

k=—c0

Then the series is convergent, that is,

< 3w, w >, 4=~ ib, with b e R.

(3.16)

From (3.12), using J,w = —u(aiw + aiw) - aiw, u > 0, the inequality

(3.14) and the equality (3.16), we get
Aw)l?_y = 2Re < duw(t), w(t) >5_4
= 2Re < — wW(d2w(t) + dtw(t)) - 3w(t), w(t) >4_4

= 2uRe {- < O3w(t) + d3w(t), w(t) >5_4}
- 2Re < a;”;w(t), w(t) >4
= — 2uRe < 02w(t) + 0%w(t), w(t) >5_4 — 0

=-2uRe < aﬁw(t) + aiw(t), w(t) >4

Therefore, ||w(t)||§_ 4 1s not increasing. Then, ||w(t)||§_ 4 < ||w(0)||2

As (Jw®)|y_y = [wO)s_y) (o@)ll;_y + w(0)]|;_,) < O, we have
fw®)s_y < [w(0)],_y < [0(0),, ¥t > 0.

That is, [w(t)|,_y < [0]s_y < 0], Y2 > 0.

s-4°

vt 2 0.
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Corollary 3.3 (Continuous dependence of the solution of (P,)). Let u

and v solutions of (P,) with initial data ¢, and ¢y in Hye,, respectively.

Then the following assertions hold:
9y |Jult) — v(t)||§_4 =-2u < a,%{u(t) —o(@)} + 9t {ult) — v(®)}, w(t) - v(t) >4_4< 0,
and
@) = v@)llg_y < 101 = P2llg—y < 01 =02, 20 (3.17)
Proof. Define w := u — v then w satisfies:
d,w + 05w + p{oZw + dtw} = 0,
w(0) = 01 — 5.
We conclude using the Theorem 3.3. O

Corollary 3.4 (Uniqueness of solution of (P,)). (P,) has a unique
solution.

Proof. In effect, let © and v solutions of (P,) with the same initial
data, thatis, ¢; = ¢g = 0.

From (3.17), we obtain [u(t)-v(t)|,_, <[0]|; = 0. Then, [[u(t)-v(t)|,_, = 0.

So, u(t) = v(t), vVt = 0, thatis, u = v. O

3.3. Continuous dependence and uniqueness solution of (PcF) by

Theorem 3.3

The Theorem 3.3 will allow us to prove the following results.

Corollary 3.5 (Continuous dependence of the solution of (PCF )). Let

u and v solutions of (PF') with initial data ¢, and 0y in Hpey,
respectively. Then u — v is solution of (P,) with initial data ¢; — ¢9 and

satisfies:



EXISTENCE AND CONTINUOUS DEPENDENCE ... 17
0 luet) — v(zt)||§_4 = 20 < 02{ul(t) — v(t)} + O {u(t) — v(t)}, ult) — vlt) >4_4 <O,
and
@) = v@)ls_y <101 = P2lls_y < 01 = 2ll- (3.18)
Proof. It is an immediate consequence from Theorem 3.3. O
Corollary 3.6 (Uniqueness solution of (PCF ). (PCF ) has a unique
solution.

Proof. In effect, let u and v solutions of (PCF ) with the same initial

data, that is ¢; =09 = € Hser, then using the Corollary 3.5, we have

u — v is solution of (P,) with initial data 0 and [[u(t) - v(t)[,_, < [0[, = O.

I
=

Therefore, [u(t) - v(t)|,_, = 0. Thus, u(t) = v(t), vt > 0, thatis, u =

O

3.4. Continuous dependency and uniqueness solution of (PCF)

through results from [7]

In this subsection, we will use results from [7] to prove the following

corollary:

Corollary 3.7 (Continuous dependency of the solution of (PCF )). Let

u and v solutions of (PI') with initial data ¢, and 0y in Hyey,
respectively. Then u — v is solution of (P,) with initial data ¢; — ¢9 and

satisfies:
leelt) = v@)ll < [0y — 92y, ¢ € [0, T, (3.19)

Jee(t) = v@)]|,. < Clloy = 0|, V7 e R, e (0, T]. (3.20)
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Proof. From [7]: inequality (3.2) and inequality of Theorem 3.1, we

conclude. O

Remark 3.2. As a consequence of the Corollary 3.7, taking ¢; = 0g,

we obtain the uniqueness of solution of the problem (PCF ).

4. Conclusion

From our study of the KdV-K-S equation in periodic Sobolev spaces,
for the homogeneous (P,) and non-homogeneous (PCF ) case, we have

obtained the following results:

(1) In Theorem 3.2, using the Fourier transform, we proved that the
non-homogeneous problem (PCF ) is locally well posed in compacts,
obtaining continuous dependence with respect to the initial data and the

non-homogeneity.

(2) We showed the dissipative property of the homogeneous problem,
where an estimate for the norm of global solution was obtained, which
allowed us to deduce the continuous dependence (with respect to the

initial data) and uniqueness solution of (P,).

(3) We prove the continuous dependence respect to the initial data,

and uniqueness solution of (PCF ) by using Theorem 3.3.

(4) We prove the continuous dependence respect to the initial data,

and uniqueness solution of (PCF ) by using results from [7].

(5) In this paper, we have obtained results that can be applied to the
KdV-K-S models with two parameters, and these promote the analysis of

the corresponding convergence.
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