
Journal of Mathematical Sciences: Advances and Applications 

Volume 64, 2021, Pages 1-19 

Available at http://scientificadvances.co.in 

DOI: http://dx.doi.org/10.18642/jmsaa_7100122161 

2020 Mathematics Subject Classification: 35G10, 35Q53, 47D06, 35B40. 

Keywords and phrases: uniqueness solution, KdV-Kuramoto-Sivashinsky equation, non-

homogeneous equation, periodic Sobolev spaces, Fourier theory, calculus in Banach spaces. 

Received November 25, 2020 

 2021 Scientific Advances Publishers 

This work is licensed under the Creative Commons Attribution International License            

(CC BY 3.0). 

http://creativecommons.org/licenses/by/3.0/deed.en_US 

Open Access 
 

 

 

EXISTENCE AND CONTINUOUS DEPENDENCE  

OF THE LOCAL SOLUTION OF NON-HOMOGENEOUS 

KdV-K-S EQUATION IN PERIODIC  

SOBOLEV SPACES 

YOLANDA SILVIA SANTIAGO AYALA  

and SANTIAGO CESAR ROJAS ROMERO 

Facultad de Ciencias Matemáticas 

Universidad Nacional Mayor de San Marcos 

Av. Venezuela Cdra. 34, Lima 01 

Lima 

Perú 

e-mail: ysantiagoa@unmsm.edu.pe 

 srojasr@unmsm.edu.pe 

 

 



Y. S. S. AYALA and S. C. R. ROMERO 2 

Abstract 

In this article, we prove that initial value problem associated to the non-

homogeneous KdV-Kuramoto-Sivashinsky (KdV-K-S) equation in periodic 

Sobolev spaces has a local solution in [ ]T,0  with ,0>T  and the solution has 

continuous dependence with respect to the initial data and the non-

homogeneous part of the problem. We do this in an intuitive way using Fourier 

theory and introducing a semigroup-oC  inspired by the work of Iorio [2] and 

Ayala and Romero [8]. 

Also, we prove the uniqueness solution of the homogeneous and non-

homogeneous KdV-K-S equation, using its dissipative property, inspired by the 

work of Iorio [2] and Ayala and Romero [9]. 

1. Introduction 

First, we want to comment that from Theorem 3.1 in [7], we have that 

the KdV-K-S homogeneous problem is globally well posed and, in addition 

to the inequality (3.2) in [7], we have the continuous dependence of the 

solution of homogeneous problem. In this work, in Theorem 3.2, we will 

prove the existence and uniqueness of the local solution for the non-

homogeneous problem, and from inequality (3.8), we will get the 

continuous dependence of the solution with respect to the initial data and 

respect to the non-homogeneous part. 

Thus, in both homogeneous and non-homogeneous cases, the 

estimatives are made from the explicit form of the solution, that is, by 

applying the Fourier transform to the respective equation. 

Another result in this work is about the dissipative property of the 

homogeneous problem and some estimates of it, using differential 

calculus in .per
sH  This is included in Theorem 3.3 which we will develop 

in Subsection 3.2. So, using Theorem 3.3, we deduce the results of 

continuous dependence and uniqueness of solution for both homogeneous 

and non-homogeneous problems, respectively. 

Finally, we obtain the continuous dependence and uniqueness of 

solution for the non-homogeneous case, applying the corresponding 

properties from [7]. 
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We cite some works about KdV-K-S equation [1], [3] and for 

dissipative properties of systems [4]. 

Our article is organized as follows. In Section 2, we indicate the 

methodology used and cite the references used. In Section 3, we proved 

the main results. 

Finally, in Section 4, we give the conclusions of our study. 

2. Methodology 

As a theoretical framework in this article we use the existence and 

regularity results of [7]. Also, we use the references [2], [6], [7], [8], [9], 

[10] and [5] for the Fourier theory in periodic Sobolev spaces, and 

differential and integral calculus in Banach spaces. 

3. Main Results 

First, using the Fourier transform, we will prove that the non-

homogeneous problem has a unique solution and it continuously depends 

respect to the initial data and the non-homogeneity. 

Second, we will study the uniqueness of the solution for homogeneous 

case using another technique that involves the dissipative property of the 

problem. 

Finally, we will remark two additional ways leading to the continuous 

dependence of the solution for the non-homogeneous problem. 

3.1. The non-homogeneous problem ( )F
cP  is locally well posed 

Theorem 3.1. Let ([ ] ),,,0,0,, perper
ss HTCFsH ∈>µ∈∈φ R  where 

( ){ } 0,0 ≥> ttST  the semigroup of class oC  of homogeneous case ( ),0=F  

introduced in the Theorem 3.2 from [3], and 

( ) ( ) ( ) ,:
0

τττ dFtStu
t

p −= ∫  
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then ([ ] ) ([ ] )4
per

1
per ,,0,,0 −∈ ss

p HTCHTCu ∩  and satisfies 

( ) ( )

( ) ,00

,4
per

243

=

∈=∂+∂µ+∂+∂ −

p

s
pxpxpxpt

u

HtFuuuu
 (3.1) 

with the derivative given by 

( ) ( )
( ) ( ) .0lim

4

243

0
=−∂+∂µ+∂+

−+

−
→

s

pxpxpx
pp

h
tFuuu

h

tuhtu
 (3.2) 

Proof. We remark that ( ) ( ) ( )tHFtS s ,0,per ∈∀∈− τττ  and ( ) ( )τττ FtS −֏  

is continuous in [ ]t,0  then ( ) ( )

( )

.per

:

0

s

tu

t
HdFtS

p

∈−∃

=

∫
��� ���� ��
τττ  

Now, we will prove ([ ] ),,,0 per
s

p HTCu ∈  that is, ( ) ( ) 0→−+
spp tuhtu  

when .0→h  

Let 0>h  

( ) ( ) ( ) ( ) ( ) ( ) ττττ−ττ dFtSdFhtStuhtu
tht

pp −−+=−+ ∫∫
+

00
 

( ) ( ){ } ( ) ττττ dFtShtS
t

−−−+= ∫0
 

( ) ( ) ,τττ dFhtS
ht

t
−++ ∫

+
 

taking the norm 
s

⋅  we obtain 

( ) ( ) ( ) ( ){ } ( )
������� �������� ��

=

−−−+≤−+ ∫
:

0

1I

s

t

spp dFtShtStuhtu ττττ  

( ) ( ) .

:2

����� ������ ��
=

+
−++ ∫

I

s

ht

t
dFhtS τττ  
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Using the M-Test of Weierstrass, we get 

( ) ( ) ( ) ( ) τττττ dFtSFhtSI
s

t

−−−+≤ ∫0
1  

 ,
2222 0

����
=≤=≤ ∫ T

T

T

t
d

T

t

τ  

since 0>δ∃  such that: 

if ,δ<h  then ( ) ( ) ( ) ( ) ( ).,0,
2

t
T

FtSFhtS
s

∈∀<−−−+ τττττ

�
 

Using the mean value Theorem in ,per
sH  we obtain 

( ) ( ) ( ) ( ) ( ),0
1

tFtFSdFhtS
h

ht

t
=→−+∫

+
τττ  

when .0→h  Then 

( ) ( ) � ( ) ( )

( )

,0
1

0

→−+⋅=−+

→

+

→

+

∫∫
����� ������ ��

tF

ht

t

ht

t
dFhtS

h
hdFhtS ττττττ  

when .0→h  So, we have 

( ) ( ) ,0→−+∫
+

s

ht

t
dFhtS τττ  

when .0→h  That is, 
22
�

<I  whenever .∗δ<h  

Therefore, ( ) ( ) �<+≤−+ 21 IItuhtu
spp  whenever { }.,min ∗δδ<h   

From definition of ( )tup  we have ( ) .00 =pu  
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Now, we will prove that ( )tupt∃∂  in .per
sH  In effect, 

( ) ( )

h

tuhtu pp −+
 

( ) ( ) ( ) ( )








−−−+= ∫∫
+

ττττττ dFtSdFhtS
h

tht

00

1
 

{ ( ) ( ) ( ) ( )} ( ) ( )








−++−−−+= ∫∫
+

ττττττττ dFhtSdFtSFhtS
h

ht

t

t

0

1
 

{ ( ) ( ) ( ) ( )} ( ) ( ) τ.τττττττ dFhtS
h

dFtSFhtS
h

ht

t

t

−++−−−+= ∫∫
+11

0
 

Using the mean value Theorem in ,4
per

−sH  we obtain 

( ) ( ) ( ) ( ) ( ),0
1

tFtFSdFhtS
h

ht

t
=→−+∫

+
τττ  (3.3) 

when .0→h  

Since 

( ) ( ) ( ) ( )
h

FtSFhtS ττττ −−−+
 

converges uniformly to ( ) ( ){ }ττ FtSt −∂  in [ ],,0,4
per tH s ∈∀−

τ  we obtain 

that 

( ) ( ) ( ) ( )
τ

ττττ

d
h

FtSFhtSt −−−+
∫0

 

converges to ( ) ( ){ } τττ dFtSt

t
−∂∫0

 when .0→h  
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Now, we remark that ( ) ( ){ } ( ( )) ( ) ( )ττττ FtSFtS xxxt −∂+∂µ−∂−=−∂ 243  

in .4
per

−sH  Since ( ( ))243
xxx ∂+∂µ−∂−  is a closed operator, then 

( ( )) ( ) ( ) ( ( )) ( ) ( ) .
0

243243

0
ττττττ dFtSdFtS

t

xxxxxx

t

−∂+∂µ−∂−=−∂+∂µ−∂− ∫∫  

Therefore, 

( ) ( ){ } ( ( )) ( ) ( )

( )

.

:

0

243

0 ��� ���� ��
=

−∂+∂µ−∂−=−∂ ∫∫
tu

t

xxxt

t

p

dFtSdFtS ττττττ  

That is, 

( ) ( ) ( ) ( )
( ( )) ( ),243

0
tud

h

FtSFhtS
pxxx

t

∂+∂µ−∂−→
−−−+

∫ τ

ττττ

 (3.4) 

when .0→h  

Finally, in ,4
per

−sH  using (3.3) and (3.4), we get 

( ) ( )

( )

( ( )) ( ) ( ).lim 243

0
tFtu

h

tuhtu
pxxx

tu

pp

h

pt

+∂+∂µ−∂−=
−+

∃

=∂

→ ���� ����� ��
 

Using that ,,, per
s

sms
m
x HfZmff ∈∀∈∀≤∂ +

−  we obtain 

( ) ( )
4−∂−+∂

sptpt tuhtu  

( ( )) ( ) ( )htFhtupxxx +++∂+∂µ−∂−= 243  

{( ( )) ( ) ( )
4

243
−+∂+∂µ−∂−−

spxxx tFtu  

( ) ( ) ( ( )) { ( ) ( )}
4

243
4 −− −+∂+∂µ−∂−+−+≤

sppxxxs
tuhtutFhtF  

( ) ( ) { ( ) ( )}
4

3
4 −− −+∂−+−+≤

sppxs
tuhtutFhtF  

{ ( ) ( )} { ( ) ( )}
4

2
4

4
−− −+∂µ−+−+∂µ−+

sppxsppx tuhtutuhtu  
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( ) ( ) ( ) ( )
14 −− −++−+≤

spps
tuhtutFhtF  

( ) ( ) ( ) ( ) .
2−−+µ+−+µ+

sppspp tuhtutuhtu  

Since ( ) ,2
per

1
perper

−− ⊂⊂∈ sss
p HHHtu  then 

( ) ( )
4−∂−+∂

sptpt tuhtu  

( ) ( ) ( ) ( ) ( ) ,021
4

→−+µ++−+≤ − spps
tuhtutFhtF  

when .0→h  

Now, since F  is continuous in 4
per

−sH  and pu  is continuous in ,per
sH  

then ptu∂  is continuous in 4
per

−sH  for [ ],,0 Tt ∈  that is, ([ ],,0 TCupt ∈∂  

).4
per

−sH  

Therefore, ([ ] ) ([ ] ).,,0,,0 4
per

1
per

−∈ ss
p HTCHTCu ∩  □ 

Theorem 3.2. Let ([ ] ),,,0,0,, perper
ss HTCFsH ∈>µ∈∈φ R  where 

,0>T  and ( ){ } 0≥ttS  the semigroup of class oC  of contraction in sHper  as 

in Theorem 3.1, then 

(1) The function 

( ) ( ) ( ) ( )

( )

[ ]TtdFtStStu

tu

t
F

p

,0,:
0

∈−+φ=

=

∫
��� ���� ��

τττ  (3.5) 

belongs to ([ ] ) ([ ] )4
per

1
per ,,0,,0 −ss HTCHTC ∩  and 

(2) ( )tuF  is the unique solution of 

( )
( ) ( )

( ) ,0

,4
per

φ=

∈=+µ++ −

u

HtFuuuu
P

s
xxxxxxxxxtF

c  (3.6) 
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with the derivative given by 

( ) ( )
( ) ( ) .0lim

40
=−+µ++

−+

−→ s
xxxxxxxxx

h
tFuuu

h

tuhtu
 (3.7) 

(3) Let ([ ] ) .2,1,,,0, perper =∈∈/ jHTCFHv s
j

s
j  The map uv →/  is 

continuous in the following sense. Let 1u  and 2u  the corresponding 

solutions to initial data 1v/  and ,2v/  and with non-homogeneity 1F  and 

,2F  respectively. Then 

( ) ( ) [ ],,0,
4,212121 TtFFTvvtutu

sss
∈−+/−/≤− −∞   (3.8) 

[ ]
( ) ( ) ,sup

4,2121

:

21
,0

,21

−∞

=−

∈
−+/−/≤−

∞

ss

uu

s
Tt

FFTvvtutu

s

���� ����� ��

 (3.9) 

( ) ( ) ( ) ( ) ( ) [ ],,0,21
4,2121421 TtFFtutututu

ssstt ∈−+−µ+≤∂−∂ −∞−  

( )
4,21,2121 −∞∞ −+−µ+≤

ss
FFuu  

( ) ( )[ ] ,12121
4,2121 −∞−+µ++/−/µ+≤

ss
FFTvv  

(3.10) 

where we have used the notation 

[ ]
( ) ([ ] ).,,0,sup per

,0
,

r
r

Tt
r HTChthh ∈=

∈
∞  (3.11) 

Proof. We work the following steps: 

(1) Let ( ) ( ) ( ) ( ),: tutStutu p
F +φ==  we will prove that ([ ],,0 TCu ∈  

) ([ ] ).,,0 4
per

1
per

−ss HTCH ∩  In effect, as ( ) ([ ] )sHTCS per,,0∈φ⋅  and 

( ) ([ ] ),,,0 per
s

p HTCu ∈φ⋅  then ( ) ( ) ( ) ([ ] ).,,0 per
s

p HTCuSu ∈⋅+φ⋅=⋅  
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Moreover, as ( ) ([ ) )4
per

1 ,,0 −∞+∈φ⋅ sHCS  and ( ) ([ ] ),,,0 4
per

1 −∈⋅ s
p HTCu  

then ( ) ( ) ( ) ([ ] ).,,0 4
per

1 −∈⋅+φ⋅=⋅ s
p HTCuSu  

(2) We will prove that u is the solution of ( ).F
cP  In effect, we know 

that ( )φ∃∂ tSt  and ( )tupt∃∂  in ,4
per

−sH  then 

( ) ( )
( )

( )tutStu pt

tu

tt

h

∂+φ∂=∂

=
���

 

( ) ( ( ) ( ))tututu hxhxhx
243 ∂+∂µ−∂−=  

 ( ) ( ( ) ( )) ( )tFtututu pxpxpx +∂+∂µ−∂− 243  

{ ( ) ( )} ( { ( ) ( )}tutututu phxphx +∂µ−+∂−= 43  

  { ( ) ( )}) ( )tFtutu phx ++∂+ 2  

( ) ( ( ) ( )) ( )tFtututu xxx +∂+∂µ−∂−= 243  

in ,4
per

−sH  where ( )⋅hu  is solution of the homogeneous equation ( ).cP  

(3) Also, ( ) ( ) ( ) .0000 φ=+φ=+= ph uuu  

(4) Let s
j Hv per∈/  and ([ ] )s

j HTCF per,,0∈  for ,2,1=j  then 

( ) ( ) ( ) ( ) τττ dFtSvtStu j

t

jj −+/= ∫0
 

is solution of ( )jF
cP  with initial data ( ) ( ) ,00 jjj vvSu /=/=  for .2,1=j  

Then 

( ) ( ) ( ) { } ( ) ( ) ( ){ } .21
0

2121 ττττ dFFtSvvtStutu
t

−−+/−/=− ∫  
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From where we obtain, for :Tt <  

( ) ( ) ( ) { } ( ) ( ) ( ){ } ττττ dFFtSvvtStutu
s

t

s 21
0

22121 −−+/−/≤− ∫  

( ) ( ) τττ dFFvv
s

t

s 21
0

21 −+/−/≤ ∫  

[ ]
( ) ( ) τττ

τ

dFFvv
t

s
T

s ∫−+/−/≤
∈ 0

21
,0

21 sup  

[ ]
( ) ( ) .sup 21

,0
21 s

T
s FFTvv ττ

τ

−⋅+/−/≤
∈

 

Therefore, 

[ ]
( ) ( )

[ ]
( ) ( ) .supsup 21

,0
2121

,0
s

T
ss

Tt
FFTvvtutu ττ

τ

−⋅+/−/≤−
∈∈

 

(5) On the other hand, in ,4
per

−sH  we have 

( ) ( ) jptjhtjt ututu ,, ∂+∂=∂  

 [ ( )] [ ( )] ( )tFuu jjpxxxjhxxx +∂+∂µ−∂−+∂+∂µ−∂−= ,
243

,
243  

 [ ( )] ( ),243 tFu jjxxx +∂+∂µ−∂−=  

for .2,1=j  So, 

( ) ( ) [ ( )]{ } ( ) ( ){ }.2121
243

21 tFtFuututu xxxtt −+−∂+∂µ−∂−=∂−∂  

Taking norm, we obtain 

( ) ( ) [ ( )]{ } ( ) ( ){ }
42121

243
421 −− −+−∂+∂µ−∂−=∂−∂

sxxxstt tFtFuututu  

{ } { }
421

4
421

3
−− −∂µ+−∂≤

sxsx uuuu  

{ } ( ) ( ) .
421421

2
−− −+−∂µ+

ssx tFtFuu  
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Using ,
sms

m
x vv /≤/∂ −  for 3,2,1=m  and ,2

per
1

perper
−− ⊂⊂ sss HHH  we 

get 

( ) ( )
ssstt uuuututu 21121421 −µ+−≤∂−∂ −−  

( ) ( )
421221 −− −+−µ+

ss
tFtFuu  

( ) ( ) ( )
4212121 −−+−µ+≤

ss
tFtFuu  

( ) ( ) ( )
[ ]

( ) ( )
421

,0
21 sup21 −

∈
−+−µ+≤ s

Tt
s tFtFtutu  

( )
4,21,2121 −∞∞ −+−µ+≤

ss
FFuu  

( ) ( )[ ] .12121
4,2121 −∞−+µ++/−/µ+≤

ss
FFTvv  

□ 

Remark 3.1. Inequality (3.8) says that the solution of the non-

homogeneous problem ( )F
cP  continuously depends on the initial data 

and the non-homogeneity .F  

Corollary 3.1. ( )F
cP  has a unique solution. 

Proof. This follows by applying inequality (3.8) with 21 vv /=/  and 

.21 FF =  □ 

Corollary 3.2. The unique solution of ( )F
cP  is 

( ) { ( ) } � ( )
3 2 21

,
i tF i xu t x e e

+∞
− − +µ −

=−∞

= φ∑ k k k k

k

k  

{ ( ) } ( )� ( )
3 2 21

0
, .

t
i t i xe F e d

+∞
− − +µ − −

=−∞

+ ∑∫
k k k k

k

k
τ

τ τ  
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3.2. Dissipative property of the homogeneous problem 

Let R∈>µ s,0  and the homogeneous problem 

( )

([ ) ) ([ ) )

( )

( ) .0

0

,,0,,0

per

4
per

243

4
per

1
per

s

s
xxxt

ss

c

Hw

Hwwww

HCHCw

P

∈φ=

∈=∂+∂µ+∂+∂

∞∞∈

−

−∩

 

Theorem 3.3. Let w the solution of ( )cP  with initial data ,per
sH∈φ  

then we obtain the following results: 

(1) ( ) ( ) ( ) ( ) .0,2 4
422

4
≤>∂+∂<µ−=∂ −− sxxst twtwtwtw  

(2) ( ) .0,
44

≥φ≤φ≤ −− ttw
sss

 

Proof. As 4
perper

−⊂ ss HH  then the following expressions are well 

defined: 4, −>∂< st ww  and ., 4−>∂< stww  

So, we have 

( ) ( ) ( ) 4
2

4
, −− ><∂=∂ stst twtwtw  

( ) ( ) ( ) ( ) 44 ,, −− >∂<+>∂<= stst twtwtwtw  

( ) ( ) .,Re2 4−>∂<= st twtw  (3.12) 

For the other hand, 

( ) { 	 ( ) } � ( )42 4 2 42
4, 2 1

s
xx x s xw w w w w w

+∞
−

−

=−∞

< ∂ + ∂ > = π + ∂ + ∂∑
k

k k k  

( ) ( )

( )

� ( ) � ( )42 2 2

:

2 1 1
s

M

w w

+∞
−

=−∞ =

= π + −∑ �����
k k

k k k k k  

( ) ( ) � ( )4 222 1 .
s

M w

+∞
−

=−∞

= π +∑
k

k k k  (3.13) 



Y. S. S. AYALA and S. C. R. ROMERO 14 

We remark that the series in (3.13) is convergent since ( ) 4M ≤ ≤k k  

( ) ( )4 42 21 , Z≤ + ∀ ∈k k k  and ( ) per .sw t H∈  

Moreover, as 

( )
{ }

( ) { }





−−∈>−

−∈
=

,1,0,1if,01

,1,0,1if,0

22 Z

M

kkk

k

k  

and ( ) { },1,0,1,12 −−∈∀≥ ZM kk  then the convergent series (3.13) is 

positive. 

That is, 

.0, 4
42 ≥>∂+∂< −sxx www  

So, we have 

.0, 4
42 ≤>∂+∂<− −sxx www  (3.14) 

Also, we obtain 

( )
	

( ) � ( )43 2 3
4, 2 1

s
x s xw w w w

+∞
−

−

=∞

< ∂ > = π + ∂ ⋅∑
k

k k k  

( ) ( ) � ( ) � ( )4 322 1
s

i w w

+∞
−

=∞

= π + ⋅∑
k

k k k k  

( ) � ( )4 22 3

:

2 1 .
s

b

i w

+∞
−

=−∞

=

= − π +∑
���������������k

k k k  (3.15) 

Now, we will prove that the series of the equality (3.15) is convergent. In 

effect, using the inequality: ( ) ( )424283
1 kkkk +≤=≤  and ( ) ,per

sHtw ∈  

we have 
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 ( ) � ( ) ( ) � ( )4 42 3 22 3 21 1
s s

w w

+∞ +∞
− −

=−∞ =−∞

+ ≤ +∑ ∑
k k

k k k k k k  

( ) ( ) � ( )4 4 22 21 1
s

w

+∞
−

=−∞

≤ + +∑
k

k k k  

( ) � ( ) ( ) 222 1
1 .

2

s
s

w w t

+∞

=−∞

= + = < ∞
π∑

k

k k  

Then the series is convergent, that is, 

.with,, 4
3

R∈−=>∂< − bibww sx   (3.16) 

From (3.12), using ( ) ,0,342 >µ∂−∂+∂µ−=∂ wwww xxxt  the inequality 

(3.14) and the equality (3.16), we get 

( ) ( ) ( ) 4
2

4
,Re2 −− >∂<=∂ stst twtwtw  

( ( ) ( )) ( ) ( ) 4
342 ,Re2 −>∂−∂+∂µ−<= sxxx twtwtwtw  

{ ( ) ( ) ( ) }4
42 ,Re2 −>∂+∂<−µ= sxx twtwtw  

( ) ( ) 4
3 ,Re2 −>∂<− sx twtw  

( ) ( ) ( ) 0,Re2 4
42 −>∂+∂<µ−= −sxx twtwtw  

( ) ( ) ( ) .0,Re2 4
42 ≤>∂+∂<µ−= −sxx twtwtw  

Therefore, ( ) 2
4−s

tw  is not increasing. Then, ( ) ( ) .0,0
2

4
2

4
≥∀≤ −− twtw

ss
 

As ( ( ) ( ) ) ( ( ) ( ) ) ,000
4444

≤+− −−−− ssss
wtwwtw  we have 

( ) ( ) ( ) .0,00
44

≥∀≤≤ −− twwtw
sss

 

That is, ( ) .0,
44

≥∀φ≤φ≤ −− ttw
sss

 □ 
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Corollary 3.3 (Continuous dependence of the solution of ( )cP ). Let u 

and v solutions of ( )cP  with initial data 1φ  and 2φ  in ,per
sH  respectively. 

Then the following assertions hold: 

( ) ( ) ( ) ( ){ } ( ) ( ){ } ( ) ( ) ,0,2 4
422

4
≤>−−∂+−∂<µ−=−∂ −− sxxst tvtutvtutvtutvtu  

and 

( ) ( ) .0,214214
≥φ−φ≤φ−φ≤− −− ttvtu

sss
  (3.17) 

Proof. Define vuw −=:  then w satisfies: 

{ }

( ) .0

,0

21

423

φ−φ=

=∂+∂µ+∂+∂

w

wwww xxxt
 

We conclude using the Theorem 3.3.  □ 

Corollary 3.4 (Uniqueness of solution of ( )cP ). ( )cP  has a unique 

solution. 

Proof. In effect, let u and v solutions of ( )cP  with the same initial 

data, that is, .21 φ=φ=φ  

From (3.17), we obtain ( ) ( ) .00
4

=≤− − ss
tvtu  Then, ( ) ( ) .0

4
=− −s

tvtu  

So, ( ) ( ) ,0, ≥∀= ttvtu  that is, .vu =  □ 

3.3. Continuous dependence and uniqueness solution of ( )F
cP  by 

Theorem 3.3 

The Theorem 3.3 will allow us to prove the following results. 

Corollary 3.5 (Continuous dependence of the solution of ( )F
cP ). Let 

u and v solutions of ( )F
cP  with initial data 1φ  and 2φ  in ,per

sH  

respectively. Then vu −  is solution of ( )cP  with initial data 21 φ−φ  and 

satisfies: 
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( ) ( ) ( ) ( ){ } ( ) ( ){ } ( ) ( ) ,0,2 4
422

4
≤>−−∂+−∂<µ−=−∂ −− sxxst tvtutvtutvtutvtu  

and 

( ) ( ) .214214 sss
tvtu φ−φ≤φ−φ≤− −−   (3.18) 

Proof. It is an immediate consequence from Theorem 3.3.  □ 

Corollary 3.6 (Uniqueness solution of ( )F
cP ). ( )F

cP  has a unique 

solution. 

Proof. In effect, let u and v solutions of ( )F
cP  with the same initial 

data, that is ,per21
sH∈φ=φ=φ  then using the Corollary 3.5, we have 

vu −  is solution of ( )cP  with initial data 0 and ( ) ( ) .00
4

=≤− − ss
tvtu  

Therefore, ( ) ( ) .0
4

=− −s
tvtu  Thus, ( ) ( ) ,0, ≥∀= ttvtu  that is, .vu =  

  □ 

3.4. Continuous dependency and uniqueness solution of ( )F
cP  

through results from [7] 

In this subsection, we will use results from [7] to prove the following 

corollary: 

Corollary 3.7 (Continuous dependency of the solution of ( )F
cP ). Let 

u and v solutions of ( )F
cP  with initial data 1φ  and 2φ  in ,per

sH  

respectively. Then vu −  is solution of ( )cP  with initial data 21 φ−φ  and 

satisfies: 

( ) ( ) [ ],,0,21 Tttvtu
ss

∈φ−φ≤−   (3.19) 

( ) ( ) ( ].,0,,21 TtrCtvtu
sr

∈∈∀φ−φ≤− R   (3.20) 
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Proof. From [7]: inequality (3.2) and inequality of Theorem 3.1, we 

conclude.  □ 

Remark 3.2. As a consequence of the Corollary 3.7, taking ,21 φ=φ  

we obtain the uniqueness of solution of the problem ( ).F
cP  

4. Conclusion 

From our study of the KdV-K-S equation in periodic Sobolev spaces, 

for the homogeneous ( )cP  and non-homogeneous ( )F
cP  case, we have 

obtained the following results: 

(1) In Theorem 3.2, using the Fourier transform, we proved that the 

non-homogeneous problem ( )F
cP  is locally well posed in compacts, 

obtaining continuous dependence with respect to the initial data and the 

non-homogeneity. 

(2) We showed the dissipative property of the homogeneous problem, 

where an estimate for the norm of global solution was obtained, which 

allowed us to deduce the continuous dependence (with respect to the 

initial data) and uniqueness solution of ( ).cP  

(3) We prove the continuous dependence respect to the initial data, 

and uniqueness solution of ( )F
cP  by using Theorem 3.3. 

(4) We prove the continuous dependence respect to the initial data, 

and uniqueness solution of ( )F
cP  by using results from [7]. 

(5) In this paper, we have obtained results that can be applied to the 

KdV-K-S models with two parameters, and these promote the analysis of 

the corresponding convergence. 
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