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Abstract

This article presents a novel system of flow equations that models the pressure
deficit of a reservoir considered as a triple continuous medium formed by the
rock matrix, vugular medium and fracture. In non- conventional reservoirs, the
velocity of the fluid particles is altered due to physical and chemical
phenomena caused by the interaction of the fluid with the medium, this
behaviour is defined as anomalous. A more exact model can be obtained with
the inclusion of the memory formalism concept that can be expressed through
the use of fractional derivatives. Using Laplace transform of the Caputo
fractional derivative and Bessel functions, a semi-analytical solution is reached
in the Laplace space.

1. Introduction

The modelling of an oil reservoir is of paramount importance, since it
allows to take decisions that can improve the extraction of hydrocarbons.
Over the years, various approaches have been used to obtain a more
comprehensive model of the fluid behaviour within the reservoir through
the interpretation of pressure deficit. Here is presents a new semi-
analytical solution of a system of partial fractional differential equations
of flows coupled in a system with triple porosity and triple permeability
using Caputo type temporary fractional derivatives. This system 1is
reduced by Laplace transforms to one where each equation can be see as a
Bessel type of the second type. This system is solved in the Laplace space
using algebraic method, the necessary definitions and concepts are given
previously such that fractional calculus, Bessel equations and Laplace

transforms.
2. Previous Works

As mentioned above, many approximations have been developed to
model correctly the fluid behaviour in an oil reservoir. Warren & Root in
[1] proposed equations where they considered that matrix and the

fractures systems had an Euclidean structure.
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From this approach, Chang and Yortsos in [2] presented a
formulation where a fractal fracture in an Euclidean matrix is considered.
Camacho-Velazquez et al. in [3] take up this issue again, and proposed a
model of double porosity in naturally fractured vugular sites. In their
model they make use of a fractional order Caputo-type derivative, which
has already been proposed in flow models by Metzler et al. as can be seen
in [4]. Camacho-Velazquez et al. in their article [5] generalized a classical
flow equation to one that considers the medium as the union of two or
three porous media (fractured, vugular and matrix media for the latter

case).

Classical models are constructed from the principle of conservation of
the mass of each of the fluids involved in the same media and the Darcy’s
law for fluid in porous media as illustrated by Ertekin in [6]. Martinez-
Salgado et al. [7] developed a model for a triadic medium with triple
porosity and triple permeability using Caputo fractional derivatives for
time and Weyl fractional derivatives for space. In [8-12], fractional
derivatives were used in the search of complex roots of non-linear
equations by the fractional iterative methods. Martinez et al. solved in
[13] and [14] numerically diffusion equations with Riesz fractional
derivative in space by radial-based functions. The equation with
fractional derivative uses a fractional Darcy’s law deduced by Le Mehaute
as seen in [15] in the same way that appears in Raghavan’s article, [16],
where the order of fractional derivatives is expressed in terms of the
Hausdorff dimension of the medium. Furthermore, taking the fractional
Darcy’s law, the order can be obtained from data [17] or through inverse
problems [18].
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3. Methods

The classical model assumes that the properties of rock and fluids are
stable, the hydrodynamics of the flow of fluids in the porous medium is
adequately described by Darcy’s law, the geometry of the reservoir is of

the Euclidean type.

The basis of the model is found in the continuity equation and Darcy’s
law for a flow through a porous medium, as illustrated in [19] and [20],
these equations can be expressed as

a(apte) + V- plpg) = pY,

q = —ﬁk(p) (Vp - pgVD), 1)

where 0 is the volumetric content of the fluid; ¢ = (q1, g2, g3) is the flow
of Darcy; with its spatial components (x, y, z), ¢ is the time; p is the
density of the fluid; p is the dynamic viscosity of the fluid; g is the

gravitational acceleration, Y 1is a source term and represents a volume
contributed by fluid per unit volume of porous medium in the unit of
time; p is the pressure; D is the depth as a function of spatial
coordinates, generally assimilated to the vertical coordinate z; k£ is the

permeability tensor of the porous medium, 6(p) and k(p) are

characteristics of the fluid dynamics of the medium.

The general equation of fluid transfer is obtained by combining the

equations as in [21]:

@ =V p| ﬁ k(p)(Vp — pgVD)] + pY.

This differential equation contains two dependent variables, namely,
the moisture content 6 and the fluid pressure p, which are related. For

this reason, the saturation S(p) is defined as

8(p) = 0(p)S(p), 2)
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where ¢ is the total porosity of the medium. The specific capacity is

defined by

_dpeS) _ o dp o das
C(p) = dp —¢Sdp+dep+p¢dp, (3)

in consequence

X9 _ cp)®. @
In the classical model, the particles move smoothly in the medium, giving
a relationship mean square displacement linear with time, this movement
1s said to be Markovian because it does not depend on previous positions
and is represented by a Gaussian diffusion equation. This relationship
does not exist in the anomalous diffusion that is altered due to particle
entrapment, pore throat closure, fractures, which gives a non-linear
relationship, it is said that this is non-Markovian because the movement

depends on the previous time or previous position Equation (6).
(xz yoct (5)
(x2)oct°°;oc;t1 (6)

in the case that 0 < o < 1 it is said to be a subdiffusion, and if o« > 1 is a
superdiffusion [4]. The memory formalism can be expressed as a
modification of Darcy’s law, through the fractional derivative Caputo, see
(14), this equation can explain the diffusion in a case where the effects of

past events exist [22]:

Ky 0% op(x, 1)
Bogplte dx

v(x, t) = — , (7

o 1s a parameter, Raghavan and Chen [22] has directly addressed
estimates for o : 0.56 < o < 0.91 and 0.77 < o < 0.94 for fractures and

matrix of rock, respectively. Considering cylindrical coordinates and
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assuming the well axis passes through the origin, the application of the

conservation of mass principle to a control volume:
19 0
- , t) = - , t), 8
L2 0, 1) = ge 2 plr, 1) ®)

where ¢ is the porosity of the medium, and r is the distance from the well
center. On substituting the left-hand side of Equation (8) for v(r, t); we

obtain the partial differential equation for transient diffusion under

subdiffusive flow to be

10 (k1o op(r,t)) . 9
r ar (E; atl_a ar - q)Cgp(r, t) (9)

Since E it does not depend on r, the above equation becomes

7% (19 (k1ap(r,e))) . 0
FyE (7§(E7 o = dc = p(r, 1), (10)

then applying the Riemann-Liouville integral: ;<J “=1 to both sides,

applying the Equation (16) is obtained:

10 (k1adp(rt))
__[__T) = q)cat—ocp(r, t). (11)

3.1. Fractional calculus

There are several definitions of fractional derivative: the most
widespread is that of Riemann-Liouville, we will only provide the
definition of the derivative Caputo because it is the one we will use, a
very complete reference in the area can be consulted in the book by
Baleanu et al. [23]. The left-sided fractional integral of Riemann-Liouville

of order o is defined as

t
L TOf () = ﬁjo (t - 1" f(t)de, o > 0, (12)
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where the convention ;J O=71 (identity operator) and the semigroup

property:
T4 TP =, I8 g =, g% o B> 0. (13)

We define the left-sided Caputo fractional derivative of order o > 0 as

the operator ,DY such that ,DIf(¢) :=,J" " D™f(t), with D = diic
hence
T(m = “J. f p.+1m m-l<u<m,
Wr(r) —
DO =1 ( (14)
_f t)’ W=m,
dt™
withm=|a]+1ifoa¢ N,m=oaif a e N.
In particular, when 0 < o < 1, then
D% =, J'*D. (15)
The above equation implies
1 “DEf(t) = (o 4 DS (£) = JDF() = f(2) - £(0). (16)

The fractional derivative Caputo satisfies the property that it is zero
when is applied to a constant. Another important property is that you can

apply a Laplace transform:

m-1
L{,DEf@); s} = s*F (s) s (o),
k=0
m-1<nu<k, (17)

where

7o) = £ir@ys s = | :e-stf(t)dt, seC,
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and

F®0*) = lim £(t).

t—0"
3.2. Bessel functions

The following differential equation of second order

2dly,  dy

12 i (z2 + vz)y =0, (18)

z

where v is a real constant is called the modified Bessel equation, the
solutions to the above equation are called modified Bessel functions which

take the following form:

Ko - (5) el Lta), 19

2 sin(vm)

where I,(z) are the modified Bessel functions of the first type, it is noted
that I, and I_,-form a set of solutions for the Equation (18) and the

Equation (19) it is known as the modified Bessel function of the second

type. Some properties of the modified Bessel function of the second type

are:
d v
—K,(0z) = — 0K,_4(0z) - — K (az), (20)
dz z
LK (02) = - 0K, (02) + L K, (02). 21)
dz v v+l z v

3.3. Flow equation (fractional time derivative)

Let’s assume the Equation (11) that represents the fluid, where the

medium is a whole, so we have

% 9 (r a_p), 22)
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where the derivative expression on the left denotes the fractional

derivative Caputo of order o € R, with dimensionless variables, the

Equation (22) is

0%pp 1 9 dpp
0C pa. P =KD 7%(7“D arp j (23)
where
2nhk(p: — k
pp=#,tl)=t 3 ,rD=L, (24)
QoBou deru Tw

where ¢ represents the porosity (dimensionless), ¢ represents the
compressibility of the medium in units of Pal, k represents the

permeability of the medium with units of mz, p represents the fluid
pressure in the middle with units of Pa, u is the viscosity of the fluid
with units of Pa -s, ¢ represents the time in units of s, r represents the
distance of the well in units of m, r,, is a reference parameter: well
radius with units of m, A is the well thickness measured in m, p; is the

initial reservoir pressure, the value of @ is the flow rate with units of

m?s™! and B, is the fluid factor (dimensionless).

3.4. Laplace transform

The Laplace transform applied to the Equation (23) gives the
following result using the Equation (17)

oz _ 1 9 ( dpp
u'pp = - arD (I”D arD , U > 0, (25)

where pp(tg) = 0, because p = p;, in t = ¢.
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3.4.1. Bessel functions

The spatial derivatives to be developed in the Equation (25) present

the following form:

9*p 9 _
3 pzD +71p PD _ rBu®pp =0, (26)
arD arD

which is a Bessel equation, so the solution is
Pp = AKy(Brp). 27)

By substituting the Equation (27) into the Equation (25) and considering
the Equations (20) and (21) to find the value of B, we have

B=+Vu® u>o0 28)

The Equation (27) when considering the value of B, Equation (28) is
pp = AKy(rpVu®). (29)

In the Equation (29) B = -Vu® is discarded because the modified Bessel

function of second type is not defined for negative values.
3.4.2. Border conditions

To find the solution to the Equation (23), the following boundary

condition is considered:

9D -1 (30)

Substituting the Equation (29) in Equation (30) generates the following:

A= %[x/u_“Kl(\/u_“)]_l, (31)
Bp =+ [Nu® Ky (V) Ko (rpu®). (32
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Therefore, the value of the pressure at the boundary of the well (rp =1)

is in the space of Laplace:

1_7D|rD:1 = %[\/U_OCKN*/U_O()]_IKO(\/LL_O‘). (33)

4. Flow Equation with Triple Porosity and Triple

Permeability with Fractional Time Derivative

From the classical transfer equations, Martinez-Salgado et al. in [7]
proposes a system of coupled flow equations with triple porosity and

triple permeability, which have the following form.

We consider the following notation:

9
cs, = Li, with s; = m, f, v,
q)S]_ apS]_

ASISZ (p) = psl - psg P

9 kpm1d( 0
Pm _ 7—(1‘ g;'l)+amfAfm(p)+avavm(p), (34)

dpf k19 ( op
e 7_(’" a_rfj = @A (D) + ap Ay (D), (35)

aa_)”) - amuAvm (p) - aquvf (p)’ (36)

where ¢,,, 07, 0, represent the porosities of the soil matrix, the fractured
medium, and the vugular medium respectively in wunits of
m3/m3; Cm» Cf» C, represent the compressibility in each porous medium
in units of pa_l; Kms k¢, k, represent the permeability of each porous
medium with units of m2; DPm> Df» Py represent the fluid pressure in

each medium porous with units of Pa; p is the viscosity of the fluid with
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units of Pa-s; a,r, ap,, ap are the transfer terms in the matrix-
fracture, matrix-void, and fracture-vortex interfaces respectively with
units of Pa~ls7!, ¢ represents the time in units of s and r represents the

distance to the well in units of m.
4.1. A dimensionalization of the flow equations

In order to handle the Equations (34), (35) and (36) in an easier way,
the dimensionlessness of variables is applied. The dimensionlessness is a
technique commonly used to make the parameters or variables in an
equation have no units, to rank the possible values of a variable or a
constant in order that its value is known and thus more manipulable. The
system of Equations (34), (35) and (36) takes, after applying the

dimensionlessness, the following form:

%) 1 9 %)
PDm. _ K (7' la)f;mj+}meAfm(pD)+7Lvavm(pD)’

m atD - ®™m EE
(37)
(Df atD - E% D arD _}\'mfAfm(pD)—i_lvavf(pDL (38)
apD 1 0 apD
@, atDU =Ky, EE(}" arDv — }"mUAUm(pD)_ }‘vavf(pD), (39)
with

O, =1-0r -, (40)
Km :l—Kf—KU, (41)

where

051y
P51 T Gt + 0ref + 00, f,v, (42)
. W

rD_’”w’Ksl_Km+Kf+KU’31_f’U’ (43)
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2
Qs 59 M0

Moy = K + kf + ky

, §189 = mf, mu, fu, (44)

- 2mhlky, + kp + k) (i - pj)
Poj = Qo Bou ’

(45a)

t(k,, + kr + ky)

tp = (45D)

uruz)(q)mcm + ¢fcf + q)vcv ) .

The Equations (42)-(45) represent the dimensionless variables, it can be
verified that these variables do not have units; in the Equation (44) the

value of r,, is a reference parameter, in this case the radius of the well, in
order that the variable rp has the minimum value equal to 1, with units

of m. In the Equation (45), the value of A represents the thickness of the

oil field with units of m; p; is the pressures in the different porous

media, where j = m, f, v; p; is the initial pressure in the field; the value

of @, is the flow rate with units of m?s~! and B is the fluid formation

factor (dimensionless).
4.2. The system with fractional derivative

From the system of equations with dimensionless variables
(37)-(39), using the equation of flow with fractional time derivative (23),

we express a system with a fractional time derivative:

Op,

oPm p 1 9 ( o
athDm = ngﬁ(r arDij"_)‘mfAfm(pD)'i'kvavm(pD)a
D

(46)

By
3" ppy 1 9 9Py
=N o\ oy ) et 2 ¢ Ao (o)

(47)



68 B. F. MARTINEZ-SALGADO et al.

By
mva Ppy _ 1 3( 9Py

atBU v E% D arD ) - A'vavm(pD ) - A'vavf(pD ),
D

(43)

where the variables shown in the Equations (46)-(48) have the same
meaning as the Equations (42)-(44). By means of the Laplace transform

and with the use of the Equation (17), the following system is reached:

1 4 (r D pm

mmuﬁmﬁDm = Kn EE ard j + A'mfAfm(ﬁD ) + A'vavm(ﬁD ),

(49)
o™ By = ii(rD @J dof A (Bp) + A pyhos (B ).
rp orp arg
(50)
0, u*Bp, =K, %%(r ag_)’gv) = ApvBom (Pp) = A Ay (PD )5
(51)

where the variables shown in the Equations (46)-(48) have the same

meaning as those where pp,,, ppsf and pp, represent the Laplace
transforms of the variables pp,, pps and pp,. After developing

Equations (49)-(51), it is easy to see that they comply with the form of a

Bessel equation and therefore their solutions, as in the case

Bm =Bs =By =1, they are
ﬁDm = AK()(OU‘D), (52)
ﬁDf = BKo((XJ‘D), (53)

Ppy = CKy(arp). (54)
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In order to simplify the successive equations, the following terms are
defined:

my(u) = uBm(om + M+ Ao (55a)
My = Ay, (55b)
ms = Ay, (55¢)
my(u) = uchof + Amp + A py, (56a)
ms = Mg, (56b)
mg(u) = uBU(oU + Ay + A gy (56¢)

As a result of replacing the Equations (52)-(54) in the system shown
in (49)-(51) and making use of the definitions shown by (55)-(56), we have
the following:

Ko(orp) {A[x,,0% = my ]+ By, +Cpp, } = 0, (57)
Ky(arp){Amg + Blxsa® - my]+ Cmsz} = 0, (58)
Ko(orp){Amg + Bms + C[x,02 — mg]} = 0. (59)

Since the modified second-species Bessel functions have an
asymptotic behaviour, that is, they never take the value of zero, then the
system shown in the Equations (57)-(59) can be expressed as follows:

Kmoc2 -m my mg A 0

mo Kf(xz — My mg B|=|0]|. (60)

mg mg Kv(xz — Mg C 0
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The Equation (60) is used to find the values of A, B, and C. Keeping

this in mind, we note two principal cases: the determinant of the matrix
3x3 or it is different from zero. The first case gives us the trivial
solution A = B = C = 0. Linear algebra is known to have a solution to
the equation if and only if the determinant equals zero. The second case,
where the determinant is equal to zero, we obtain the equation of degree

six that follows:
6 4
KK K,00 = [k, (kpmg + kymy ) + Kpic,my o
+ [k,,mymg — Kmmg + (kpmg + K,my )my — Kvm% - Kfmg’](xz

- mymymg + mlmg + m%mG + 2momgmg + m§m4 = 0.
(61)

In the previous equation the powers of o are even, therefore it can be
solved as an equation of degree three. This equation has three real roots.
The general solutions of Equations (49)-(51), when incorporating the

three real roots, are:
Ppm = A1D1K(oyrp) + AgDoKo(0rp )
+ A3DsK(agrp ), (62)
Ppy = BiD1Ko(ourp) + BoDyKo(oorp)
+ B3D3Ko(o3rp), (63)
Ppy = DiKo(oyrp) + DoKo(agrp)

+ D3K(agrp ), (64)
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where the terms A;, B; with i =1, 2, 3, have the form

2
mg(Kpoy —my ) — mgms

A; = ,
mS - [KmOLi2 - ’”1][Kf0%‘2 —my]

2
B =~ — Al —m ]

mgy

71

(65)

(66)

where the terms D;, Dy, and D3 are obtained from the boundary

conditions and 04, 09, a3 are the positive roots of a%, a%, 03.

The

values of Dy, Dy, and Dy are obtained from the boundary conditions and

they are equal to

D, = %{%Elfﬁ (07) + a3 E3 Ky (ag)%
(B, 1)
) (- ADo(ar) + (- g) (P51 Kofaw)|
(43 - DRofaz) + (g -~ D T2 50 Kofas)|
(By —DKp(ag)|
X By Ky (ag) + 0‘3E3K1(0€3)m}
[(A2 -1)Ky(ag) + (A3 - 1) Ele Bl; 0 0‘2)}
Dy = (B, 1) .

"0 aKo (o) + 0 - 40 P Kol

+ [alElKl (01) + agE3K; (a3) ((Bl — LK }

+ [OﬂzE2K1 (og) + a3 B3 Ky (o) (B2 ;3

(67a)

( ?(2)}}_, )
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and

Dy : {“1E1K1 (%)% + o3B3 K (ag)

u

[(1—A1)(1—Bg)+(1—A3)(B1 —1)}
(Ag -1)(1 - B3) + (A3 -1)(By -1)

y [OﬂzEz (1 - B3)K;(ag)K(ag) + agEs(By — 1)K (ag)K) (Oﬂz)}}_l
(B, —1)K((ag)

N [(1 - Ay)(1 - B;)+(1- A3)(By —1)}
(A; -1)(1-B3)+ (A3 -1)(B; -1)

y {%El (1 - B3)K;(0)Kp(ag) + agEs(By — 1)K, (a3)K (%)}}_1
(By — 1)K (o) ’

(67c¢)
where

E; =[x, A; + xrB; + ], i=123.

The following equations are obtained as the result of substituting the
Equations (62)-(64) in boundary conditions.

o Ky (00) Dy [x,, A1 + x4By + %, ]
+ a9 K (0g)Dg[K,, Ay + KBy + Ky |
+ 03K (0t3) Dy Ag + KBy + ] = % (68)
(A ~1)D K (o) + (Ag —1)DyK(ag)
+ (Ag — 1)D3K(03) = 0, (69)
(B; —=1)D1 K (o) + (By —=1)DyK(a3)

+ (B3 - 1)D3K0((X3) =0. (70)
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In order to simplify the Equations (68)-(70) the following terms are
defined:

P; = o; K (o) [, A; + /B + %, ], (71)
Q; = (4; —1DK(o;), R; = (B; —1)Ky(a;), (72)

where i =1, 2, 3. The matrix equation associated with the system of

Equations (68)-(70) has the form
R P PR[D] [1/u
Q@ Q2 Qs||Dx|=| O | (73)
R, R, Rsl|Dy 0
It defines
m = Q RyP3 — @ PyR3 — RiQyP3 — RyPi Q5
+ PyRQ3 + PQyR3. (74)

The solution of the matrix equation is

Dy @ R,

1
D2 = E Qz X Rz . (75)
Dy Qy| |Rs

Now that we have obtained all the terms that define the solution of the
system of Equations (49)-(51) have been obtained, it is necessary to show

the value of the pressure at the boundary of the well, this value is:

3 3 3

Bulyyer = O DiKol0y) = D AiDiKo(0y) = D) BiDiKo(e).  (16)
=1 i=1 =1

It should be mentioned that the numerical computation of an inverse

Laplace transform is not easily done. In general, it is called a badly

conditioned or ill-posed problem [24]. Some methods work quite well for
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certain functions, while for other functions they give poor results. As a
general rule, numerical inversion methods work best for problems where
the essential behaviour of the original function is concentrated in a finite

interval [0, T'], i.e., the original function should be decaying for

increasing values of its independent variable [24]. Considering the

aforementioned and the fact that the pressure p,, is expected to satisfy

the following condition:

lim p,, — 0, (77)

Tg —°

then, it is possible to implement the Stehfest algorithm [25] in the
Equation (76). Finally, by obtaining the pressure p,, in real space, it is

possible to numerically approximate its derivative pg) to obtain the

graphs presented in Figure 1.
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10] F T T T T T T T T T =
g; 100 F i
]
107 L L L L L L L 1 L I
102 10" 10° 10" 102 10° 10* 10° 10° 107 10°
tp
T T T T T T T T T
10' s
TR oo0f 1
=
107 5
L L . L L . " L "
102 10" 10° 10' 102 10° 10* 10° 10° 107 10°

tp

75
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101 F T T T T T T T T T ]
//
//
/
= 100F /) 4
p
- ] iL /’ <
i N ’/’/
/// N\ 7/
///
107 1
. . A . . . . . .
102 10" 10° 10’ 10? 10° 10* 10° 108 107 108
tp
T T T T T T
10' 4
TR0 f 7 1
& g
/ L i
/ : \\\ /'/
/ 2
/ / .
/
4
7
//
107 [ b
. L . I " . " . L
102 10" 10° 10! 10? 10° 10* 10° 108 107 108
tp

Figure 1. Behaviour of pressure p,, and pressure derivative pl%) for

different values of B, By and B,. All solutions were obtained with
the particular values & = 0.75, k, = 0f = 0.02, ©, = 0.8, A,,r =107,
Ao = 107% and gy = 107°. The solution in green in all the graphs

corresponds to the classic case.
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5. Conclusion

The memory formalism expressed through a generalized Darcy’s law

with Caputo derivative can facilitate reservoir modelling without the

need to know their geometric structure to approach models that reflect

anomalous behaviour of fluids in porous media. The property of symmetry

1s important, because it allows reducing the problem to one dimension. The

simplification of the equations to an algebraic problem facilitate the solution.
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