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Abstract
In this work, we study the exact controllability of a system of two coupled wave
equations. We first show that this system has a solution in the space of the
usual energy; and using a method adapted multipliers, we found two
observability inequalities that allow us to study the existence of a border
control that returns the system to a state of equilibrium.
1. Statement of Problem
Let Q be a non empty bounded domain of RZ of boundary I' regular
class C? such that T =T, UT,, I, NT, =0, »; c Q and 0y c Q two

subset such that ®; N @y # 0.
Consider the following coupled system:
0" = AD + oy = g(thKe, In QXRT,
Y = Ay -0, = gt e, in QXRT,
¢ =0 on I'xR*,
y=0on T, xR", (1.1)

y =von [, xRY,

(¢(x, 0)’ y(x’ 0)) = (q)O’ y());
(i.c.)

(q)t(x’ 0)’ yt(x’ 0)) = (q)l’ yl),

with 0 < a <1 and f, g two regular functions in €, in particular

respectively on ®; and o,.

Many authors are already investigated this kind of problem (1.1).

In [6], Khodja and Bader studied indirect observability of a system of
wave equations weakly coupled by multiplier method, the author has

shown that, for a time 7" > 0 large enough, the observation of the normal

derivative on the edge fe can reproduce a weakened energy of the initial
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data. Also, in [12], Liu and Rao studied indirect exact controllability for
one-dimensional system of two weakly coupled wave equations; and, a
nonharmonic analysis, they established inequalities observability low and
showed the exact controllability for regular initial data. In [7], Khodja et
al. studied the problems of stability of a system of equations of two-
dimensional waves under the effect of a single internal control. In this
paper, they showed that the internal control which acts on only one of the
equations do not give the exponential stability if the propagation speeds
are different. Also, Wehbe [1], Liu & Rao [12] and Khodja et al. [7]
studied respectively the indirect internal observability and stabilization

of a linear system of two equations of the waves.

Our modest contribution is to find two observability inequalities that
have allowed us to study the existence of a boundary control that allows

the precise controllability of the system in a smooth domain.
2. Observability Inequalities
2.1. Study of homogeneous system
Consider the following homogeneous system:
O —Adp+oy, =0in QxR
¥ —Ay—oap, =0in Qx R,

(2.1)
¢ =0on I'xR*,

y=0onT,xR",
with the following initial conditions:

0(x, 0) = ¢g(x) o;(x, 0) = ¢ (x),
(i.c) (2.2)

y(x’ O) = yO(x)yt(x’ O) = yl(x)’ Vx e Q.
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Let (¢, y) be a regular solution of system (2.1). We define the associated

energy of the system (2.1) by

E0) =5 [ (ol + V0P + |5l + |5/ ). 2.9

Let H = (H(l)(Q)x LZ(Q))2 be the space of the energy of system (2.1); H

is a Hilbert space.

We equip H with the following scalar product:

V®, ® € H, the following bracket is defined by:

(. 8y, = [_(V0.vE + T+ V.vy + ) 2.9

with ® = (0, &, v, 1), ® = (0, , ¥, 1) € H. Therefore, we define unbounded

linear operator A by:

DA) ={® = (9, §, y, M e H; 0, y e H*(Q)N HH(Q); &, me HHQ)},

(2.5)
and
A® = (§, Ap —om, m, Ay + af), V@ = (9, §, ¥, n) € D(A). (2.6)
Thus, an abstract formulation of the system (2.1) gives:
¢t = A‘b,
2.7
®(0) = Py € H.

According to Wehbe [1], the operator A defined is m-dissipative in the

space of energy H.
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2.2. Existence and uniqueness result

Proposition 2.1 (Existence and uniqueness).

(1) Let @y = (¢g, 01, Yo, ¥1) € D(A). The system (2.7) admit a
solution ®(¢) that verify ®(t) e C°([0, [; D(A)) N C ([0, «f; H).

(2) Let @y = (0, 91, Y0, ¥1) € H. The system (2.7) admit a weak
solution ®(t) that satisfy ®(t) € C°([0, «[; H).

(3) Moreover, we have

ol = @I, vt e R

Proof. (1) Also, either &3 e D(A). according to Hille-Yosida
theorem (see Brezis [3]), the problem (2.1) has a solution ® = (¢, d;, ¥, ¥;)

e CY(R*, D(A)N CHRY, H)).
(2) Let @&y e H. Then, according to Hille-Yosida theorem, the
problem (2.1) admit a single weak solution ® = (¢, ¢;, ¥, ¥;), such that

) (0), yt) e CO(RY, H}(Q)) N CH(RT, H),

(i) (9,(2), 3(2) € CO(RY, L*(Q)). O
2.3. Reminder results of observability
In the domain Q c Rz, assume the following geometric conditions:

For every r > 0, m(x) = x — xy and (,) denotes the scalar product on
the space such that we have there geometrically:
m.u > r_l, Vx € l_"e,

(g.c) (2.8)
my <0, Vx € T,.

According to Wehbe [1] and Rao [12], we have the result of indirect

boundary observability following:
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Lemma 2.2 (Wehbe-Rao). We assume that 0 <P < By = (4R + 3.

max{l, C, D7, where C, is the constant of Poincarre and R = max,.q
| = xg|. There exists a constant Ty > O such that for any T > Ty, and all
® e H, the weak solution ®(x, t) = (0, 0;, v, ¥;) to the system (3.1) verifies

G, ’ dodt < E, < cg'[ I * dod, 2.9)

6 + 8R + 6 max{l, Cy}

where Cy, Cg are positif constants and Ty = 1B BAR T 3max, Cg])
Z . Co

For proof of this lemma, see Liu-Rao [12].
3. Main Results of Indirect Exact Controllability
Consider again the following system with the above conditions
0" = A+ oy, = f(ty, in QXRT,
Y =Dy - o, = gthe, in @XRT,
¢ =0on I'xR*,
y=0onT,xR", (3.1)

y=von xR,
(9(x, 0), ¥(x, 0)) = (¢0, ¥o)

(i.c.)

(¢t(x7 0)7 yt(x7 0)) = (¢]_7 yl)
The system (3.1) can be reformulated and solved by the method of

transposition (see Lions [10, 11] or Komornik [13]).

It arises, so of course, the problem of indirect (or implicit) exact
controllability as follows:
Given T > 0 and suitable initial data ®y = (0, 91, Y9, 1), is there

a control v which reduces the solution (3.1) from time to time in the
equilibrium state 7, i.e., §(T) = ¢,(T) = ¥(T) = y,(T) =07?
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Theorem 3.1 (Main result). Let T > Ty >0 (T large enough, T,
minimal observability time) and v e L2([0, T], L*(T,)), f € L*(w; x [0, T])
and g e I*(oy x[0, T)).
For any initial data ®q = (09, 01, Yo, ¥1) € (L2 (Q)xH‘l(Q))z, we have
(1) The system (3.1) admit a weak solution

®(x, t) e CO([0, T], (L2(Q)x H 1 (Q))?). (3.2)

(ii) Moreover, for all ®¢ e (L? Q)x H1(Q))? and v e L2([0, T]; L? T,)),

the bilinear form a : (P, v) > (P, ®;) is continuous from

(L2(Q)x H™1(Q))? x L2([0, T]; LA(T,)) to C°([0, TT; (I*(Q)x HH(Q))?).

3.3)

Proof of main Theorem 3.1. Let ® = (¢, ¢;, ¥y, ¥1).

Multiplying the first equation of (3.1) by ¢ and the second by » and

integrating by part (Green) we obtain:

j ¢t(t><p<t)dx+j ¥, (tw(t)dox - [ ¢<t)q>(t>dx—j (O, (t)dx

Q Q Q Q

- [ ap(t)(t)dx - j ay(t)p(t)dx + j FO e 0(t)dox + j (W ozv(t)dx
Q Q Q Q

= [ 0:(0)0(0)dx + [ 3,(0(0)dx ~ [ 0(0)g0)dx — | _5(0)w,(0)ax
Q Q Q Q

- [ acp(O)w(O)dx—j ay(0)p(0)dsx + [ fo)dx + [ gtw(t)dx
Q Q ]

2

T
- I*I P dodt.
T,Jo dv

Note by H' = H Q) x L?(Q) the dual of the space H.
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Let [ be the linear form defined from the relationship (3.4) by:

UDg) = (0 = 0, ¥e» = )5 @)y

t
= (01, = 0> Y1, = ¥0)s P(0))gppy — J.FJ.O% dodt

= [ 0000 + [y, 0(0)dx
Q Q
- [ o0 - [ y(0),(0)ax - [_ag(ow(0)ax
Q Q Q

- [ @O0 + [ F(O)o0x + [ g(On(O)dx,
Q o

w2
for all &y € H.
For all control v e L2(0, T, L*(T,)), we have

(@) < CQ@) (Uollyy + el 20,7 22(; ) 10l (3.4)

where Ug = (ug, vg, M) € (L2(Q) x 1'-1_1(9))2 =H and & the initial

conditions.
So [ is continuous in H.

Moreover, we have
Wl 22, ®) < [Wollyy + Il 20,7, 12(F: )y - (3.5)
From Riesz theorem, there exists a function Z(x, t) e H  as
U(®g) = (Z, ©0)yppys Vo € H. (3.6)

Let us define the solution Ul(x, t) by:
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SH@)U(x, t) = Z(x, t); U(x, t) thus defined is the unique solution of
the system (3.2) for all 0 <¢ < T and SZ (¢) the dual of semi-group of

contractions S 4(¢) associated of system (2.7).

Moreover, we have:

UG, Oy = 6, Us My (.7
< C(Q) (IlvllLQ(O,T;LQ(Te)) + "Uoll,’_[/), Vit e [0, T] (88)

Hence the linear form [ is continuous from (IL2(Q)x H 1(Q))? x (L2

(fo, T1; LA(T,)) to (o, T; (I2(@)x H1(@))2). 0

3.1. Exact controllability

Theorem 3.2 (Exact controllability). Assume that 0 < B < B, for all

T >Ty and Uy € (L2(Q)>< H_I(Q))z. There is a dynamic border control
v(t) e L2([0, T]; L?(T,)) such that the solution of system (3.1) verify
oT) =0,(T)=yT)=y,(T)=0, ie, the system (3.1) is exactly
controllable.

Proof. Let ® = (0, ¢;, ¥, ¥;) € H. And, for ®; € H, we define the

semi-norm
T by 2
o2, = JO IT ‘a—z dod (3.9)

@ designating the homogeneous solution of the problem (3.1). Choose the

border control v = —? e (0, T, Lz(l_“e ).
v
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Consider the following retrograde problem:
e —Ae+al; = f(t)ye in QX R™,
§" - AL - og; = g(the, in QX R,

e=0on [xR",
(3.10)

{=0onT,xR",

W =
C=—$ on [, xR,

(F.e){e(T) = &,(T) = L(T) = §,(T) = 0 on Q.

We know that (see Lions [11], Sz-Nagy and Foias [2]) the system (3.10)
admit a unique solution ¥(x, t) = (e, 8{, g, (%) e (o, T); H).

Let us define the linear operator A by:

A:H > H = (H Q) x LXQ))* where A®q = (#,(0), - #(0), ¢, (0),
~¢(0)), Vo, € H.

Moreover, we have

= e (op 97

(CDO’ q~)0 )7—["

The Cauchy-Schwartz inequality applied to the relationship (3.11) give

(A®o, Bo),,. | < [0l |Bolly, o, B € H. (3.12)
In particular, we have
(ADg, @) < [@ol3,, V) € H. (3.13)

From theorem of the inverse inequality observabilty (see Lions [10, 11]),
we know that the operator A 1is linear, continuous and coercive on H. So,

according to the Lax-Milgram theorem, A is an isomorphism of H in H’.
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Therefore, for any U, e (L2(Q)x H(Q))?, there exists a unique

solution @ € H, such that

A®y = (¢1, = g, ¥1, — Yo)- (3.14)

A uniqueness theorem of the solution leads to that U = ¥. From where

we have the result of exact controllability following: &(7T") = ¢,(T) = y(T)

= yt(T) =0. O
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