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Abstract 

In this work, we study the exact controllability of a system of two coupled wave 

equations. We first show that this system has a solution in the space of the 

usual energy; and using a method adapted multipliers, we found two 

observability inequalities that allow us to study the existence of a border 

control that returns the system to a state of equilibrium. 

1. Statement of Problem 

Let Ω  be a non empty bounded domain of 2
R  of boundary Γ  regular 

class 2C  such that Ω⊂ω/=ΓΓΓΓ=Γ 1,0, eeee ∩∪  and Ω⊂ω2  two 

subset such that .021 /≠ωω ∩  

Consider the following coupled system: 
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 (1.1) 

with 10 ≤α<  and gf ,  two regular functions in ,Ω  in particular 

respectively on 1ω  and .2ω  

Many authors are already investigated this kind of problem (1.1). 

In [6], Khodja and Bader studied indirect observability of a system of 

wave equations weakly coupled by multiplier method, the author has 

shown that, for a time 0>T  large enough, the observation of the normal 

derivative on the edge eΓ  can reproduce a weakened energy of the initial 
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data. Also, in [12], Liu and Rao studied indirect exact controllability for 

one-dimensional system of two weakly coupled wave equations; and, a 

nonharmonic analysis, they established inequalities observability low and 

showed the exact controllability for regular initial data. In [7], Khodja et 

al. studied the problems of stability of a system of equations of two-

dimensional waves under the effect of a single internal control. In this 

paper, they showed that the internal control which acts on only one of the 

equations do not give the exponential stability if the propagation speeds 

are different. Also, Wehbe [1], Liu & Rao [12] and Khodja et al. [7] 

studied respectively the indirect internal observability and stabilization 

of a linear system of two equations of the waves. 

Our modest contribution is to find two observability inequalities that 

have allowed us to study the existence of a boundary control that allows 

the precise controllability of the system in a smooth domain. 

2. Observability Inequalities 

2.1. Study of homogeneous system 

Consider the following homogeneous system: 
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with the following initial conditions: 
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Let ( )y,φ  be a regular solution of system (2.1). We define the associated 

energy of the system (2.1) by 

( ) ( ) .
2
1 2222

dxyytE tt ∇++φ∇+φ= ∫Ω
 (2.3) 

Let ( ( ) ( ))221
0 Ω×Ω= LHH  be the space of the energy of system (2.1); H  

is a Hilbert space. 

We equip H  with the following scalar product: 

,, H∈ΦΦ∀  the following bracket is defined by: 

( ) ,.~., dxyy ηη+∇∇+ζζ+φ∇φ∇=φΦ ∫Ω
H

 (2.4) 

with ( ) ( ) .,,,,,,, H∈ηζφ=Φηζφ=Φ yy  Therefore, we define unbounded 

linear operator A  by: 

( ) { ( ) ( ) ( ) ( )},,;,;,,, 1
0

1
0

2 Ω∈ηζΩΩ∈φ∈ηζφ=Φ= HHHyyD ∩HA  

(2.5) 

and 

( ) ( ) ( ).,,,,,,, AA Dyy ∈ηζφ=Φ∀αζ+∆ηαη−φ∆ζ=Φ   (2.6) 

Thus, an abstract formulation of the system (2.1) gives: 

( )





∈Φ=Φ

Φ=Φ

.0

,

0 H

At

  (2.7) 

According to Wehbe [1], the operator A  defined is m-dissipative in the 

space of energy .H  
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2.2. Existence and uniqueness result 

Proposition 2.1 (Existence and uniqueness). 

(1) Let ( ) ( ).,,, 10100 ADyy ∈φφ=Φ  The system (2.7) admit a 

solution ( )tΦ  that verify ( ) [ [ ( )( ) [ [( ).;,0;,0 10
HCAC ∞∞∈Φ ∩Dt  

(2) Let ( ) .,,, 10100 H∈φφ=Φ yy  The system (2.7) admit a weak 

solution ( )tΦ  that satisfy ( ) [ [( ).;,00
HC ∞∈Φ t  

(3) Moreover, we have 

( ) .,22
0

+∈∀Φ=Φ Rtt
HH

 

Proof. (1) Also, either ( ).0 AD∈Φ  according to Hille-Yosida 

theorem (see Brezis [3]), the problem (2.1) has a solution ( )tt yy,,, φφ=Φ  

( ( ) ( )).,, 10
HCAC

++∈ RR ∩D  

(2) Let .0 H∈Φ  Then, according to Hille-Yosida theorem, the 

problem (2.1) admit a single weak solution ( ),,,, tt yyφφ=Φ  such that 

(i) ( ) ( )( ) ( ( )) ( ),,,, 11
0

0
HCC

++ Ω∈φ RR ∩Htyt  

(ii) ( ) ( )( ) ( ( )).,, 20 Ω∈φ + Ltyt tt RC   □ 

2.3. Reminder results of observability 

In the domain ,2R⊂Ω  assume the following geometric conditions: 

For every ( ) 0,0 xxxmr −=>  and ( ),  denotes the scalar product on 

the space such that we have there geometrically: 
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According to Wehbe [1] and Rao [12], we have the result of indirect 

boundary observability following: 
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Lemma 2.2 (Wehbe-Rao). We assume that ( .340 0 +=β<β< R  

{ }) ,,1max 1−
pC  where pC  is the constant of Poincarre and Ω∈= xR max  

.0xx −  There exists a constant 00 >T  such that for any 0TT >  and all 

,H∈Φ  the weak solution ( ) ( )tt vvtx //φφ=Φ ,,,,  to the system (3.1) verifies 

,
2
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2 dtd
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CEdtd

v
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ee

TT
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/∂
≤≤σ

∂
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 (2.9) 

where 32 , CC  are positif constants and 
{ }

{ }( )
.

,1max341

,1max68
6

0

0

0 CR

CR

T
+β−

++
β

=  

For proof of this lemma, see Liu-Rao [12]. 

3. Main Results of Indirect Exact Controllability 

Consider again the following system with the above conditions 
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 (3.1) 

The system (3.1) can be reformulated and solved by the method of 

transposition (see Lions [10, 11] or Komornik [13]). 

It arises, so of course, the problem of indirect (or implicit) exact 

controllability as follows: 

Given 0>T  and suitable initial data ( ),,,, 10100 yyφφ=Φ  is there 

a control v which reduces the solution (3.1) from time to time in the 

equilibrium state T, i.e., ( ) ( ) ( ) ( ) ?0===φ=φ TyTyTT tt  
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Theorem 3.1 (Main result). Let 00 >> TT  (T  large enough, 0T  

minimal observability time) and ([ ] ( )) ( [ ])TLfLTLv e ,0,,,0 1
222 ×ω∈Γ∈  

and [ ]( ).,02
2 TLg ×ω∈  

For any initial data ( ) ( ( ) ( )) ,,,, 212
10100 Ω×Ω∈φφ=Φ −HLyy  we have 

(i) The system (3.1) admit a weak solution 

( ) ([ ] ( ( ) ( )) ).,,0, 2120 Ω×Ω∈Φ −HLTtx C   (3.2) 

(ii) Moreover, for all ( ( ) ( ))212
0 Ω×Ω∈Φ −HL  and ([ ] ( )),;,0 22

eLTLv Γ∈  

the bilinear form ( ) ( )tva ΦΦΦ ,,: 0 ֏  is continuous from 

( ( ) ( )) ([ ] ( )) ([ ] ( ( ) ( )) ).;,0;,0 212022212 Ω×ΩΓ×Ω×Ω −− HLTtoLTLHL e C  

(3.3) 

Proof of main Theorem 3.1. Let ( ).,,, 10 vvt //φφ=Φ  

Multiplying the first equation of (3.1) by ϕ  and the second by v/  and 

integrating by part (Green) we obtain: 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )dxtvtydxttdxtvtydxtt ttt /−ϕφ−/+ϕφ ∫∫∫∫ ΩΩΩΩ
 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )dxtvtgdxttfdxttydxtvt /χ+ϕχ+ϕα−/αϕ− ω
Ω

ω
ΩΩΩ ∫∫∫∫ 21  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )dxvydxdxvydx ttt 00000000 /−ϕφ−/+ϕφ= ∫∫∫∫ ΩΩΩΩ
 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )dxtvtgdxttfdxydxv /+ϕ+ϕα−/αϕ− ∫∫∫∫ ωωΩΩ 21

0000  

.
0

dtvd
vT

e

σ
∂

/∂
− ∫∫Γ ν

 

Note by ( ) ( )Ω×Ω=′ − 21 LHH  the dual of the space .H  
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Let l be the linear form defined from the relationship (3.4) by: 

( ) ( ) ( )
HH ×′Φ−φ−φ=Φ tyyl tt ,,,,0  

( ) ( ) dtd
v

yy
t

σ
∂

/∂
−Φ−φ−φ= ∫∫Γ

×
ν0

0101 0,,,,
HH

 

( ) ( ) ( ) ( )dxvydx tt 0000 /+ϕφ= ∫∫ ΩΩ
 

( ) ( ) ( ) ( ) ( ) ( )dxvdxvydx t 000000 /αϕ−/−ϕφ− ∫∫∫ ΩΩΩ
 

( ) ( ) ( ) ( ) ( ) ( ) ,000000
21

dxvgdxfdxy /+ϕ+ϕα− ∫∫∫ ωωΩ
 

for all .0 H∈Φ  

For all control ( ( )),,,0 22
eLTLv Γ∈  we have 

( ) ( ) ( ( ( ) ) ) ,0;,00 22
HH

Φ+Ω≤Φ Γ′ eLTL
vUCl   (3.4) 

where ( ) ( ( ) ( )) H=Ω×Ω∈η= − 212
0000 ,, HLvuU  and 0Φ  the initial 

conditions. 

So l is continuous in .H  

Moreover, we have 

( ) ( ( ) ) .222 ;,00, eLTLL
vUl Γ′ +≤

HH R
  (3.5) 

From Riesz theorem, there exists a function ( ) H′∈txZ ,  as 

( ) .,, 000 H
HH

∈Φ∀Φ=Φ ×′Zl   (3.6) 

Let us define the solution ( )txU ,  by: 
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( ) ( ) ( ) ( )txUtxZtxUtS ,;,, =∗
A  thus defined is the unique solution of 

the system (3.2) for all Tt ≤≤0  and ( )tS∗
A  the dual of semi-group of 

contractions ( )tSA  associated of system (2.7). 

Moreover, we have: 

( ) ( ) ( )R,0 2;,,
HH L

tUvltxU =′   (3.7) 

( ) ( ( ) )( ) [ ].,0,0;,0 22 TtUvC
eLTL

∈∀+Ω≤ ′Γ H
  (3.8) 

Hence the linear form l is continuous from ( ( ) ( )) ( 2212 LHL ×Ω×Ω −  

([ ] ( ))eLT Γ2;,0  to ( ( ) ( ))( ).;,0 2120 Ω×Ω −HLTC  □ 

3.1. Exact controllability 

Theorem 3.2 (Exact controllability). Assume that ,0 0β<β<  for all 

0TT >  and ( ) ( )( ) .
212

0 Ω×Ω∈ −HLU  There is a dynamic border control 

( ) ([ ] ( ))eLTLtv Γ∈ 22 ;,0  such that the solution of system (3.1) verify 

( ) ( ) ( ) ( ) ,0===φ=φ TyTyTT tt  i.e., the system (3.1) is exactly 

controllable. 

Proof. Let ( ) .,,, H∈//φφ=Φ tt vv  And, for ,0 H∈Φ  we define the 

semi-norm 

dtd
v

e

T

σ
∂

/∂
=Φ ∫∫ Γ

2

0

2
0

ν
H

 (3.9) 

Φ  designating the homogeneous solution of the problem (3.1). Choose the 

border control ( ( )).,,0 22
eLTL

v
v Γ∈

∂
/∂

−=
ν
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Consider the following retrograde problem: 
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We know that (see Lions [11], Sz-Nagy and Foias [2]) the system (3.10) 

admit a unique solution ( ) ( ) [ ]( ).;,0,,,, 0
HC ′∈ζζεε=Ψ Ttx g

t
f
t  

Let us define the linear operator Λ  by: 

( ( ) ( ))221: Ω×Ω=′→Λ − LHHH  where ( ( ) ( ) ( ),0,0,00 tt vv ζ/−/=ΛΦ  

( )) .,0 0 H∈Φ∀ζ−  

Moreover, we have 

( )




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σ




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∂
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∂
/∂

=ΦΛΦ
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Γ×′ ∫∫
.~,

~~,

00

00

H
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dtd

vv

e

T

O νν  (3.11) 

The Cauchy-Schwartz inequality applied to the relationship (3.11) give 

.~,,~~, 000000 H
HHHH

∈ΦΦ∀ΦΦ≤ΦΛΦ
×′

  (3.12) 

In particular, we have 

.,, 0
2

000 H
H

∈Φ∀Φ≤ΦΛΦ   (3.13) 

From theorem of the inverse inequality observabilty (see Lions [10, 11]), 

we know that the operator Λ  is linear, continuous and coercive on .H  So, 

according to the Lax-Milgram theorem, Λ  is an isomorphism of H  in .H′  
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Therefore, for any ( ( ) ( )) ,212
0 Ω×Ω∈ −HLU  there exists a unique 

solution ,0 H∈Φ  such that 

( ).,,, 01010 yy −φ−φ=ΛΦ   (3.14) 

A uniqueness theorem of the solution leads to that .Ψ=U  From where 

we have the result of exact controllability following: ( ) ( ) ( )TyTT t =φ=φ  

( ) .0== Tyt   □ 
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