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Abstract

In this paper, we study the following quasilinear Schrédinger equations:

— div(g2)Vu) + gw)g’ )|V + V(x)u = K()hw) + AW(x) [P 2u, x e RN, (P)

where N >3,V, K e C(RN, R*) are given potentials, 1< p<2 A >0 isa

small parameter, g is a C1 even function with g(0) =1, lim g(t)= ae (0, 1)
t—>+oo

and g’(t) <0 for all ¢ >0, and A e C(R, R) satisfies superlinear growth at
infinity. We get the existence results of multiplicity of nontrivial solutions for
problem (P).
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1. Introduction

In the last few years, there are many papers have studied the

following quasilinear Schriodinger equations:

iz; = — Az + W(x)z — n(x, |z|2 )z + /i[A((P(lle )o'( ,2'|2 )Nz, =xe RN, (1.1)

where z:RxRY - C, wW:RY SR is a given potential, x 1is a

parameter and 1 : RY xR - R, ¢:RY 5 R are real functions.

Quasilinear equations of the form (1.1) have been derived as
mathematical models of several physical phenomena corresponding to

various types of the nonlinear terms ¢ and m. For example, if ¢(s) = s

and n(s)=—oc—L

for some positive constants o and B, then (1.1)

(a+ 5)3
become the basic equation to study the oscillations of a superfluid film,
for more details on the physical backgrounds, we refer the readers to
[9, 11, 21] and references therein. The nonlinear Schrédinger equations
describe the propagation of optical pulses with higher-dispersion. These
solitons play an important and key role for information transfer via
optical fibers [37]. Our interests in the present paper are existence of
standing wave solutions for (1.1), that 1is, solutions of the form

z(t, x) = exp(~ iEt)u(x), where Ee R and u is a real function.

Submitting z(t, x) = exp(— iEt)u(x) into (1.1), we get
— Au+ V(x)u + s[> ) (1 u = n(x, u® ), xeRY, (1.2

where V(x) := W(x) — E. In particular, setting I(x, t) := n(x, t2)t, then if

o) =t and ¢(¢) = V1 +¢, (1.2) turns into

- Au+ V(x)u + /f[A|u|2 J =IUx, u), xeRY, (1.3)
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and

u

— N
m = l(x, u), xe R, (14)

— Au+ V(xu + #[AQ1 + u? ) 2]
If =0, problems (1.3) and (1.4) are semilinear Schrodinger

equations, which have been studied extensively via variational methods

in past thirty years, see, e.g., [8, 23, 32] and references therein.

If x < 0, a lot of existence and multiplicity of weak solutions for (1.3)

have been obtained by many papers via variational methods, see, e.g.,
[1, 12, 13, 17, 27, 38, 40, 42, 51, 53, 54], where there are three main
arguments used in the above references, one is the constrained
minimization argument, namely consider a minimization on a convenient
constraint to get existence results, see [27, 38, 40, 51]. The second 1is
perturbed argument, namely add a high order perturbation term such

that the perturbed function is smooth, see [33, 34, 35, 49, 50]. The third is

to make a change of variable (dual approach v = f _l(u) with f satisfies

f/(t) =1/J1—rf2@t) for t € [0, + o) and f(t) = — f(~t) for t € (—eo, 0]) to
reduce (1.3) into a semilinear equation like the case of x = 0, see [12, 17, 42].

Moreover, a lot of existence and multiplicity of weak solutions results for

(1.4) have been obtained by many authors via variational methods with

the change of variable v = f~1(u), see, e.g., [14, 15, 16, 28, 44, 45, 46, 417].

More recently, there are many papers have studied existence results
of nontrivial solutions for the following generalized quasilinear
Schrodinger equations, see [30, 31, 45, 47, 48]

— div(g%@)Vu) + gw)g’ W) [Vul* + V(x)u = Uz, u), x € RY, (1.5)
where g € CY(R, R") satisfies

(G) gis aeven function with g(0) =1 and g’(¢) = 0 for all ¢ > 0.
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In these papers, a change of variable was used to reduced the problem

(1.5) to semilinear problem. In fact, their results focused on the general
function (p(|u|2) in (1.2). Obviously, the change of variable v = f~'(u)

satisfies condition (G).

If x> 0 is small enough, by using a change of variables, namely,
s=G7t) for t € [0, +) and G71(t) = - G™H(=1¢) for ¢ € (~o, 0), where

the inverse of G71(¢) is

Gls) = J' OS g(0)dL, (1.6)

/ 9 1
1 - st~ 0<t 1{—,
Y < 3.

1 1 1
g(t) = o +\/;, t 2 \/3; (1.7

g(_t)7 t < 07

the authors in [2, 4, 41, 43, 53] reduced (1.3) to a semilinear one, and an
Orlicz space framework was used. The same change of variable was also
used in [52]. Soon after, Huang and Jia get the existence of positive
solutions for (1.3) with x =1 by using same change of variable, see [22].

Moreover, if 0 < x < 2, Shen and Wang have studied the existence of

nontrivial solutions for (1.4) by using the change of variable (1.6), where

g(t) = 1 = (x22) /[2(1 + £2)], see [44].

In order to study problem (1.2) with the general functions (p(|u|2 ), we

concerned the existence of positive solutions for (1.5) under the conditions
(GD) and (V), see [25, 26].

(GD) g is a even function with g(0) =1, tlim g(t)=ae (0,1) and
—>+o0

g'(#) <0 forall t > 0.
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(V)0 <Vy = inf V(x), V(x) <V, = lim V(x) < o.

xeR Joe| 0

In fact, we say the potential V(x) is the case of well potential if V(x)

satisfies condition (V). Obviously, there are many functions satisfy

condition (GD). For example, g(¢) is defined in (1.7) with @ = y/1/6 and

g(t):\/l—(/{tz)/[2(1+t2)] with a=41-x/2, where 0<nr<2.

However, as far as we know in the literature there is no result of

existence of nontrivial solutions for (1.5). In the present paper, we try to

fill this gap and give an affirmative answer to this question. We consider
problem (1.5) with I(x, u) = K(x)h(u) + AW(x)|u)? u, that is the

following generalized quasilinear Schrédinger equations:
— div(g®@)Vu) + gw)g' @) |V + V(xu = K(x)h(w) + AW (x) [ul’2u,

x € RN, (1.8)

_2
where N >3,1< p <2, A > 0 is a small parameter, W € L2 2 (RY, R*),

he C(R, R) satisfies superlinear growth at infinity, g is of C}(R, RT)
satisfies (GD), and V(x), K(x) are positive continuous functions and

(V, K)e K, thatis, V and K satisfy the following conditions:

(Vo) V(x) > 0, vx € RY and lim V(x) = 0.

ja e
(K;) () K(x) > 0, vx e RY, K e L°(RV).

@) if {A,} < RY is a sequence of Borel sets such that |A,| < R for

all n and some R > 0, then

r—>+oo

lim J' K(x)dx = 0.
A, NBE(0)
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(Ky) £ e 12(mY),

%
(K3) Thereis o e (2, 2*) such that Jim K@)y,
X|—>00 2" -¢
[V(x)]2*_2

For the case of potential V(x) vanishes at infinity, there are many

papers have shown existence of solutions for Schrédinger equations
(see [5, 6, 10, 24, 29, 55, 56]) and quasilinear Schriodinger equations (see
[1, 2, 19, 20, 36, 48] and references therein). In [5], Ambrosetti et al.

considered the following Schrédinger equation:

—e2Au+V(xu = Kx)[u?, x e R,
where N >3,V, K : RY 5 R are smooth functions and there exist
constants c;, ¢cg, c3, 07, 0g > 0 such that

(VK)C—3£V(x)Soc1 andO<K(x)SL,Vxe RV,

1+ |x|% 1+ |x|2
Moreover, cp, ¢o satisfy

N+2_ 4C2
N-2 aqN-2)

<pif 0<cg <cg or p>1, where ¢y > c5.

Later, in [7], Ambrosetti and Wang considered the condition (VK),

but the condition on V was assumed only outside of a ball centered at
origin. Moreover, in [3], Alves and Souto considered a more general

condition on V and K. Precisely, they assumed that (V, K) e K, they

got existence of positive ground state solution for the following equation:

—Au+V(x)u = K(x)h(w), x € RN,
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In the present paper, we consider the case (V, K) € K. To state our main

result, we assume that h satisfies

(h1) lim 28 _ ¢ i (Ky) holds; lim M) e i (K3) holds,
t—0 [t -0 |t|‘1‘1

where 2 < g < 2%,

(h2) There exists C > 0 such that |A(t) < C(1 + |t|q_1) forall t € R.
(h3) There exists 6 > 2 such that 0 < 0H() < h(t)} for all ¢t e R,

where H(t) = Iéh(s)ds.

(h4) h(t) = — h(—t) forall t € R.
Now, we state our main results as follows:

Theorem 1.1. Assume that (h1)-(h3) hold, (V,K)e K and

_2
We L*P (RN, R*), 1 < p < 2, then there exists a constant Ay > 0 such

that for all L € (0, Aq), problem (1.8) has at least two nonirivial solutions.

Theorem 1.2. Assume that (h1)-(h4) hold, (V,K)e K and

_2
We L*?(RY,R*), 1< p <2 then problem (1.8) has infinity many
nontrivial solutions.
This paper is organized as follows: in Section 2, we will provide a

useful lemma and present some embedding results. In Section 3, we will

prove Theorems 1.1 and 1.2. Throughout this paper, we will denote the

following notations: ||u||p(1 < p < ) is the norm in L?(RY); - and -

denote strong and weak convergence, respectively; (., -) denotes the
duality pairing between a Banach space and its dual space; o,,(1) denotes
0,(1) > 0 as n - « and Bpg(0) denotes a ball centered at the origin

with radius R > 0.
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2. Preliminaries

We introduce the subspace
H=1lue H'RY): J. V(x)udx < 4o,
rN
which is a Hilbert space equipped with the inner product

(u, v) = J. (Vu - Vv + V(x)uv)dx, u, v e H,
RN
and the norm
1/2
] = I (Vef? + V(x)u? )dx

rN
Denote by LVK(RN ) the weighted Lebesgue function space
L (RY) =Jue HY(RY) : u is measurable and J K(x)|u| dx < +oop,
RN

and owe with the norm

1/r

I, =| [ Ke@ll'dx| L ue H.
rY

The natural energy functional corresponding to problem (1.8) is given

I(u) =% I g2(u)|Vu|2dx +% J V(x)|u|2dx - I K(x)H(u)dx
RN RN RN

2 J W(x)|u|? dx,
p N
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where H(t) = Iéh(s)ds. By making the following change of variable

v =G = | O”g(s)ds,

the functional I(u) can be written by

j W(x) |G )P dx.
RN

J(v) is the variational functional of the following equation:

MGW) 5w GO G w)

8(G™ ) 2(G7 ) 2(G7(w)

- Av+V(x)

’

X € ]R{N, 2.1)

where G~ 1(v) is the inverse function of G(x). Next, we will establish the

smoothness of J. First, we give some properties of g(t) and G(¢).

Lemma 2.1 ([25], Lemma 2.1). The functions g(t), G(t) = _[tg(s)ds
enjoy the following properties under the condition (GD)
(1) G(t) is invertible, G(¢) and the inverse G™1(t) are odd.

t ’
(2) Mg(t)so forall t > 0.

@) [t <|G71@) < % forall t € R.
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-1
o _,

-1
G @) is nondecreasing for all te R and thn(l) ;
5

2
2 t t
(5) t° < 20 G() < o forall t € R.

Lemma 2.2. J is well defined in H and J € CI(H, R). Moreover,

, G )
J'), ¥) = | Voved Vi{x)————vd
(J(v), v) J;V v x+R‘[v x 2G0) x

R
G )P 26 )
g(G ()

vdx,

- J K(x)wwdx-xj Wi(x)

N g(G(v)) N

Yy e H.

Proof. It deduces from Lemma 2.1(3) that

I V(x)|G_1(v)|2dx < % J V(x)|v|2dx, Yve H.
N a N
R R

By (h1) and (h2), for any € > 0, there exists C, > 0 such that
|h(t)| < elt| + Celt|?7", Vit € R,

where 2 < g < 2%. Then

O < i + %Itl", Vie R 2.2)

Hence,

j K(x)|H(G™ (0))|dx < j K(x)[% w2 + &Mq}dx < +oo, Y0 € H.
N N 2a qa?
R R
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_2
Since W e L2 (RN, R"), 1 < p < 2, by the Hélder inequality, we have

I W(x)|G )P dx < L I W(x)|v]P dx
N a? <y

R R
2-p P
2 2
1 2 5
S I |W(x)|2=p dx I l?dx| < 4o, Vv e H.
a” | oy N

Thus, J is well defined.

Next, we verify that J € ct (H, R). Note that for any v, v € H is

fixed, given 0 < ¢t < 1, by the mean value theorem, there exists ¢ € (0, 1)
such that

< (o + Dl e L'(RY).

Then by the Lebesgue dominated convergence theorem, we conclude that

_ ¢ (v)
lim ; dx = I Vix) . vdx.

-1 2 1a-1g02
lim l I Vi(x) |G (v + w)l |G (U)l
2 g(G™
RrY RrY

Similarly, by (2.2), we have

tim [ K H(G‘l(v+tw)t)— HG©) . _ I () MG @)
]RN
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Moreover, for any v, » € H are fixed, given 0 < ¢ < 1, by the mean value

theorem, there exists u € (0, 1) such that

l6™ 0 + ) ~ ¢~ )P _ v+utw i
t | Y + ptw))
< Ly + pey)P .
ap
2 - -1 1 2=
Since p+p2 +§=1,W6L2_p(RN,R+),1<p<2,

Holder inequality and Minkowski inequality, we get

j W ()| + utvl? Y ldx

Y
2 121 1
2 2 2
< J. |W(x)[2-p dx J. o + ey dx J. lol? dax
rY 1 rY 1 e
J2-pr 1 1Pt
2 2 2
< I |W(x)|2=p dx I |v|2dx + I |w|2dx
RN _ RN rY
< oo,

by the

o

Hence, by the Lebesgue dominated convergence theorem, we have

o (A ) S

1
hmx J-W )|G (v +tv)|?

t Y R

)|G1<v“G ©

yax.

©))
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This means that J € C'(H, R) and

, G l(v)
J(v), v) = d \% d
(J'(v), v) R‘[VVUVW X + R‘[v (x) g(G_l(v))w X
_ _ —9 e
_ I K(x) MG ) 1(")) pdx — A J' W) LG 1(v)lp1 G (v) vdx,
N g(G™ () N g(G™ ()
Yye H. O

Second, we show relations with critical point of J and weak solution
of problem (1.8).

Lemma 2.3. Assume that (V) and (hl)-(h2) hold. If ve H is a

critical point of J, then u = G (v) is a weak solution of problem (1.8).

Proof. Since v is a critical point of J, we have

G ()

Vuvyd % d
RIN o x+RIN o™
— -1 -2 ~—1
- J' K(x)h(G—i("))wdxmj W)@ (”)lpl G0 e @3
N g(G™(v) N g(G™ (v)
forall py € H.

Since ve H, it deduces from (V;) and Lemma 2.1 (3) that

u =G '(v)e H. For each ¢ e CS°(RN), taking p = g(u)p € H in (2.3),

we have

j Vo(g (WoVu + gu)Ve)dx + j Vi) -4 g(u)gds
]RN

8(u)
R
p—2
- [ 2 gtatgae + 1 [ o gtutoa
R rY
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Note that v = G(z) and Vv = g(u)Vu, then

I [g2(w)Vuve + g(u)g'(u)|Vu|2(p]dx + I V(x)uodx
RN RN

= J. h(w)pdx + A I W(x)|u|p_2 updx,
rY rY
for € Cy (R™). Therefore, u is a weak solution of problem (1.8). O

By (Vy), we have the following embedding theorems.
Lemma 2.4 ([18], Lemma 2.1). Assume that (V, K)e K, then
H oL (RY) is continuous for all re[2 2°] if (Ky) holds;

HHL(}{(RN) is continuous for all ¢ € (2, 2") if (K3) holds.

It deduces from Lemma 2.4 that there exists a constant y, > 0 which

is dependent of r such that
||u||rK <V lu| for all re[2, 27]. (2.4)
Lemma 2.5 ([3], Proposition 2.1). Assume that (V, K)e K, then
HHL%{(RN) is compact for all q € (2, 2%) if (Ky) holds; HHL(}{(RN)

is compact for all ¢ € (2, 2") if (K3) holds.

3. Proof of Theorems 1.1 and 1.2

First, we discuss JJ satisfies the Mountain Pass geometry.
Lemma 3.1. Assume that h satisfies (h1) and (h2), then

(1) there exist p, o > 0 such that J(v) 2 o, |v| = p.

(2) thereis v e H\{0} such that J(v) < 0.
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Proof. (1) Set S, ={ve H :|v| = p}, combining Lemma 2.1(3), (2.4)

2
and (2.2), let € = a—z, we have
2y3

J(v) 2% J. |Vv|2 +% J. V(x)|v|2dx —Lp J. W (x) |v]P dx
rY rY P gN
-5 J K(x)|of? dx — Ce J K(x)|v|?dx
242 qa?
RN RN

1,2 A 37% 2 G q
> =l - =W _2_[v]° - =" - = vI|v
Wl =Wl 2 1l - D2 -l

— pllyn2-p _ Ce q|.|[9-P _ A W
el { 2 w0’ gl P W ( )II% :

Denote

hence,

(2-p) ]q_g

Then n(t) arrives its maximum at ¢ =
4CeanZ (@ - p)

there is p > 0 such that

o q-2 2-pg |"?
ntqzaox n@) = nlp) = 4(q - p) [4C€aqyg (g - p)] '

. That is,
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Therefore, there exist constants Ay and o such that J(v)| S, >o0>0
for all A € (0, Ap).

(2) It deduces from (h3) that

lim 2O _ o, (3.1)

t—>+oo t2

By Lemma 2.1(3), we have

p
J (o) <3 [ voPax+— J' Vix)|of2dx - X J W )lt";l dx
! RN RN i RN !
-1
] i 0 g,
N (to)
p
<3 J Vo2dx + J' V(x)|(p|2dx—% J' W( )lt";l dx
rY RN RN !

— —oo, { —> oo,
therefore, there exists large enough ¢y > 0, let v = ¢4 with [u| > p such

that J(v) < 0. O

By Lemma 3.1, J satisfies the Mountain Pass geometry. Then there
is a (PS) sequence {v,,} € H at level ¢ such that

Jv,) > ¢ J(v,) > 0asn — o, (3.2)

where

c =inf sup J(y),T ={ye C([0, 1], H) : y(0) = 0, y(1) = 0, J(y(1)) < 0}.
Yel ¢efo, 1]
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Second, we establish the boundedness of (PS). sequence {v,} which
is defined in (3.2).

Lemma 3.2. Suppose that h satisfies (h1)-(h3) and (V, K) e K, then

any (PS), sequence {v,} is bounded in H.

Proof. By (3.2), (2) and (3) of Lemma 2.1, we know that

Ligw,), 67 ,)8(G(0,)))

c+1+0,1)|v,ll = J(v,) - 5

" (% —l)x [ wele @, )P dx.
p N
Hence, by (h3), we have

c+1+on(1)||vn||+( )xj W) |G (0, )P da
N

R

> (% - %) J V|2 dx + (% - %) I V(x)|G (v, 2 dx

RrRY RrY

1.1
p 6

N j K(x)[% WG (v,)G (v, - H(G‘l(vn))} dx

RN

> (% —%) J Vo2dx + (% —%) J;VV(x)|vn|2dx.

RrY R
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By the Hoélder inequality, we have

j W(x) |G, )P dx < = j W) o, P dx < [W(x)|_2_[u]]°.
ap 2-p
R

Therefore,
11 »
¢+ 1+ oWl +| -5 pWle ||_||v|| 2|55 || all”.
Then {v,,} is bounded in H. O
Denote
J(v) = % I |Vv|2dx +% I Vix v| dx - J G v, )P dx
RN RN [R
- J. K(x)F(x, v)dx
rN
where
(" _1Vx) 2 1 V() ~-1 2 -1
Flx, v) = jo f, s)ds = 5 e ® =5 |67 0 + HG )

Taking the derivative, we have

L P, 0= fw, 1) =

Moreover, we have the following properties:

Lemma 3.3. Suppose that h satisfies (h2) and (V, K) € K, then

W il -0

) lim 1) _ g,

t—+o0 9%
t2 1
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Proof. Since h satisfies (h2), combining (4) of Lemma 2.1, by a direct

calculation, we get

(1)
. flt) L [ V) V) G hG72)
BT TR K0 T E® g6 ) w6 )
V) Ve 6T RGET0) 670
K@) 0K a0 0 6 te(G M)
=0.
@
lim f(x, 1)
t—>+oo tz*_l
- -1
. A0 N (<))
| gt 2 KW 2g6m) 2 g6 0)
| V@ Vel 1 et (G‘l(t))f‘l}
| gy -2 KWt 22 61) (6 )2 2 g6 0)
=0.
This completes the proof. O

Lemma 3.4. Assume that h satisfies (h2) and (V, K)e K, let

{v,} € H be a bounded (PS), sequence and v,, ~v, ve H, then

n—oo

lim K(x)f(x, v,)v,dx = J. K(x)f(x, v)vdx,
RN RN

and

lim K(x)f(x, v, Jvdx = J K(x)f(x, v)vdzx.

n—oo
RrY RrY
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Proof. It deduces from Lemma 3.3 and (h2), f satisfies all conditions

of Lemma 1.1 in [3], we obtain the conclusion. O

_2
Lemma 3.5. Assume that W e L> P (RN, R*), 1< p < 2, let {fv,} c H

be a bounded (PS), sequence and v, ~v, v e H, then

G )P 2G 7 (v)

(x)K?JQM)W‘QG‘Iwn)

li w dx = w dx,
o b RS RIN TS T
and

-1 -2 ~-1 -1 -2 ~-1

lim W(x) |G~ (g )li G~ () vdx = J. W(x) G (v)|p_1 G () vdx.
TN g(G™ (v,)) N g(G—(v))

—1/\p-2~-1
Proof. Let &(t) = G~ O "G () t, since G™! is odd and G7'(¢) = 0

g(G71(t))
when ¢t > 0, by (3) and (5) of Lemma 2.1, we know that

0 <)< LY.
ap

By Lemma 2.7 of [56], we have

lim | W(x)v, —vPdx = 0.

n—>oo

rN
Hence,
lim J. W(x)(v,, —v) < L gim J. W(x)|v, —v[Pdx =0
n—oo ap n—oo
: 0 RN
This completes the proof. O

Third, we prove J satisfies (PS), condition.
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Lemma 3.6. Suppose that h satisfies (h2) and (V, K) € K, then any
(PS), sequence {v,} c H is obtained in (3.2) has a strong convergence

subsequence.
Proof. By Lemma 3.2, {v,,} in bounded in H, up to a subsequence,
denote as {v,}. Assume that v, ~v, ve H, since (J; 3 (v,), v,) = 0,(1),

together with Lemma 3.4, we have

_ —9
lim ||vn||2 = lim '[ K(x)f(x, v, Jv,dx + lim '[ W(x)lG 1(U”)|i ¢ 1(U”)vndx
poe TS o b 4G 0)
-1 -2 ~-1
= J K(x)f(x, vvdx + I W(x)lG (v)|p_l G () vdx.
RN RN g(G (U))
Moreover, it deduces from (J'(v,,), v) = 0,(1) that
G ()P G (vn)
(U, V) = I K(x)f(x, v,)vdx + J W(x) e 2~ vdx + 0, (1).
RN rY g(G l(vn))
Then
-1 21
lim (v,, v) = lim K(x)f(x, v, vdx + J. W(x)lG (Un)li G (Un)vdx
w0 e L Ly 4G w,)
~1; \p-2 -1
= J. K(x)f(x, v)vdx + J. W(x)lG (v)|p_1 G () vdx
o Y £(G70)
= (v, 0),
that is,

. 2 2
lim o 2 = [

Therefore, v,, —» v in H. O
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Proof of Theorem 1.1. By Lemma 3.1 and the Mountain Pass
Lemma, for each A € (0, A(), there exists a (PS), sequence {v,} c H for
J. By Lemma 3.2, {v,} is bounded in H. Moreover, by Lemma 3.6, there
are a subsequence of {v,} and v; € H such that v, — v; with

Jv)=c=2p>0.
Next, we state the second nontrivial solution of problem (2.1) through

the local minimization. Since W € LE(IR{N , R*), we choose a function

0 € H such that
J. W(x)|o/P dx > 0.
rN

Thus, by (h3) and Lemma 2.1(3), we have

2
Ja9) = 5 [ VoPax+5 [ v)ao)Pds - [ K@H(G™ (o))
rY RN N

R

_ % jN W(x)|G(t0)|P dx
R

2 2

<& [ voPar+ 5 [ violoPar Ay [ W) o ax

2 2a2 p
RN RN RN

2
¢ A
<ol = e [ W) jodx
2a p N
R

< 0,

for ¢ > 0 is small enough. Then, there exists p > 0 is given in Lemma 3.1

such that —o < inf J(v) < 0. By the Ekeland’s variational principle,

ve Bp

there exists a minimizing sequence {v,,} Ep such that J(v,,) — inﬁf J (),
ve
P



MULTIPLICITY OF SOLUTIONS FOR GENERALIZED ... 33
J'(v,,) > 0 as n — . Hence, by Lemma 3.6, there exists a nontrivial
solution vy of problem (2.1) satisfies
J(vg) <0 and |pg| < p.

Therefore, we can conclude that
J(vy) <0 < J(vy),
for all A € (0, Ap). O
Proof of Theorem 1.2. Since H is a separable Hilbert space, H has a
countable orthogonal basis {e;}, i =1, 2, .... Let V}, = span{e;, eq, -, ¢}, }
and E, = Vkl, then H =V, @ E;, k€ N. Hence, by Lemma 3.1, we

have

JlspﬂEk >pB>0.

Indeed, for any finite-dimensional subspace H c H, there is a

positive integral number k such that Hc V}.. Suppose to the contrary

that there exists a sequence {v,} such that {v,}c Hc V. and

[vn]| = e as n — oo, but

By Lemma 2.1(3), we have

1

_ A _
J' K(x)H(G 1(vn))dx+;RJ;V W) |G (0,)Pdx | o, | < S 69

RN
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Setting M, =v, /|v,|l, then, {n,} is bounded in H.Up to a
subsequence, we assume that m,-mn in H,n, > 1n in L'(RY),
re[2,2%) and n,(x) = n(x) ae. x RY. Let Q ={xe RV . n(x) # 0}

and Qg ={x € RN :nx) = 0}. If meas(Q;) > 0, by (3.1) and the Fatou’s

Lemma, we have

-1 -1 2
RY 5 = J K(x)f_Il(G (ZU”)) |G (U; ) n,%dx — +oo
lonl on 1G] |onl

as n — oo,

Note that 1 < p < 2, we know that

A J. W(x)|G_1(vn)|pdx
P oy
R

p p
2% J W(x)—lvn| dx =2 J W(x)—lnn| dx -0

2 2 2—
ol ov ol Pov loal™?

as n — oo,

Which is a contradiction with (3.3). Hence, n,, — 0 in L" (RN ). Since all

norms are equivalent on the finite dimensional space, there exists a
constant C > 0 such that

[, = Clu|, Yu e H.

Hence,

0 = limn,], = C lim|n,| = C > 0.
n—oo n—oo

This is a contradiction and the desired conclusion is obtained. This means
that there is a constant R = R(H) > 0 such that J <0 on H \ BR(ﬁ)'
Moreover, by conditions (h1) and (h4), we know that J(0) = 0 and J is
even. Thereby, it follows from Theorem 9.12 in [39], we complete the

proof. O
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