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1. Introduction

A Kéhler manifold is a manifold with three mutually compatible
structures, which are complex, Riemann and symplectic structure. It is
well known that a conformal structure C on the manifold M is the
collection of all conformally equivalent Riemannian metrics given on M.

A Weyl structure V on a conformal manifold (M, C) is a torsion-free

linear connection V7 preserving the conformal structure C. Generalizing
the usual Euler-Lagrange and Hamilton equations can be found with
complex and to the para-complex settings to the context of a generalized
(para)-Kédhlerian space. Also, using the mechanical principle, the theory
of modern differential geometry and advanced calculus, Lagrangian and
Hamiltonian mechanics for mechanical systems can be extended to
Kéhler-Weyl manifolds.

Gilkey and Nikcevi¢ [1] submitted in both complex and para-complex
categories and examine (para)-Kdhler Weyl structures in both geometric
and in the algebraic settings. Leén and Rodrigues [2] offered a
geometrical approach of Lagrangian and Hamiltonian formalisms
involving higher order derivatives. Vries [3] shown that the Hamiltonian
and Lagrangian motion equations have a very simple interpretation in
relativistic quantum mechanics. Tekkoyun [4] presented that para-
complex analogue of the Euler-Lagrange and Hamilton equations was
obtained in the framework of para-Kéhlerian manifold. Tekkoyun and
Sari [5] introduced bi-para-complex analogue of Lagrangian and
Hamiltonian systems. Tekkoyun and Yayli [6] presented generalized-
quaternionic Kéhlerian analogue of Lagrangian and Hamiltonian
mechanical systems. Gilkey and Nikcevic¢ [7] gave an elementary proof of
the fact that any 4-dimensional para-Hermitian manifold admits a unique
para-Kéhler-Weyl structure. Ganchev and Mihova [8] submitted warped
product Kéhler manifolds that they used as an underlying manifold an

alpha-Sasakian manifold. Bejan and Chiriac [9] introduced a new
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covariant differential 4V adapted to an almost paracontact structure.
Cherney et al. [10] presented a gauge invariant generalization of
Maxwell’s equations and p-form electromagnetism to a Kéhler space-
time. Sun and Wang [11] defined a class of geometric flows on a complete
Kédhler manifold to unify some physical and mechanical models. Freed
[12] gave an intrinsic definition of the special geometry which arises in
global N =2 supersymmetry in four dimensions. Tyurin [13] showed a
new approach to geometrical quantization procedure. Lyakhovich and
Sharapov [14] examined that necessary and sufficient conditions were
established for the second class constraint surface to be (an almost)
Kédhler manifold. Rongye [15] discussed Newtonian mechanics on a
Kédhler manifold and also gave the complex mathematical aspects of
Newton’s law. Kasap and Tekkoyun [16] introduced Lagrangian and
Hamiltonian formalism for mechanical systems using para/pseudo-Kéhler
manifolds. Petrovi¢ and Velimirovi¢ [17] defined a new class of
generalized para-Kédhler spaces by using two different kinds of covariant
derivatives. Petrovié¢ [18] defined generalized hyperbolic Kdhler spaces as

a particular case of Eisenhart’s generalized Riemannian spaces.
2. Preliminaries

Definition 1 ([19]). A conformal map is a function which preserves
angles. A conformal manifold is a differentiable manifold equipped with
an equivalence class of (pseudo) Riemann metric tensors, in which two

metrics g’ and g are equivalent if and only if

g = ¥lg, (1)

where ¥ > 0 is a smooth positive function. An equivalence class of such
metrics is known as a conformal class. A manifold with a conformal

structure is called a conformal manifold.
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Definition 2 ([19]). Two Riemann metrics g; and go on M are said to

be conformally equivalent if there exists a smooth function f : M — R with

elg = g 2

If the metrics g; and gy are conformally equivalent, we will write
81~ 82-

Definition 3 ([19]). Let M be an n-dimensional smooth manifold. A

pair (M, C), is said to be a conformal structure on M is an equivalence

class C of Riemann metrics on M, is called a conformal structure.

Theorem 1 (See [20]). Let V be a connection on M and g € C be a
fixed metric. V is compatible with (M, C) if and only if there exists a

1-form ® with Vxg + o(X)g = 0.

Definition 4 ([21]). A compatible torsion-free connection is called a

Weyl connection. The triple (M, C, V) is a Weyl structure.

Theorem 2 ([22]). To each metric g€ C and 1-form ®, there
corresponds a unique Weyl connection V satisfying Vxg + o(X)g = 0.

Definition 5 ([22]). If F' :{l1-forms on M }x C — {Weyl connections}
is a function defined F(g, ®) = V, where V is the connection guaranteed

by Theorem 2 we say that V corresponds to (g, ®).

A function F defined in Definition 5 by has the properties:

Proposition 1 ([22]). (1) F is surjective.
(2) F(g, o) = F(e/g,m) iff n = o—df. So

F(elg) = F(g) - df. (3)
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Note that a Riemann metric ¢ and a one-form « determine a Weyl
structure, namely F : C — AM, where C is a conformal structure and

equivalence class of g and F(efg) = o-df.

Proof. We will show that Vxg is equal to the V X(ef g). Suppose

F(g, ®) = F(e' g, n) = V. We have
Vx(efg) +n(X)elg = X(ef)g +e/Vyg +n(X)el g
= V(X)el g + e/ Vyg +n(X)e g = 0. (4)
Therefore Vxg = —(df(X)+ n(X)). On the other hand Vxg + o(X)g =0.

Therefore ® =n+df. Set V = F(g, ®) and show that V = F(efg, 1)

and VX(efg) + n(X)efg = 0. To calculate
Vx(elg)+n(X)el g = e/ df(X)g + e/ Vxg + (0(X) - df (X)) g

= e/ (Vxg + 0(X)g) = 0. (5)

Such a geometric structure was introduced by Weyl in 1922 in an attempt
to unify gravity with electromagnetism [23]. Einstein believed till the end
of his life in 1955 that the non-symmetric gravitational theory will be the
right choice for the so-called theory of everything. But Eisenhart’s
generalized Riemannian spaces are important, because these spaces were
fundamental in unifying the theory of gravitation and electromagnetism
by Einstein who considered a manifold with a non-symmetric basic tensor
[24].
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3. Pseudo-Riemannian Weyl Geometry

Definition 6 ([25]). A pair (J, g) consisting of a complex structure
J on M and a Hermitian metric g in the tangent bundle TM, a
Riemannian metric g that is invariant under J, g(JX, JY) = g(X, Y) for

any vector fields X and Y on M. A Hermitian structure specifies in any
tangent space T,M the structure of a Hermitian vector space. A
manifold with a Hermitian structure is called a Hermitian manifold.
Definition 7 ([25]). The most important class of Hermitian manifolds
are Kihler manifolds. These are Hermitian manifolds for which the
Hermitian form ® is closed: dw = 0. In this case the form ® is called a
Kéahler form. An almost Hermitian manifold whose associated can a form
be of type (1, 1) is closed is naturally called an almost Kdhler manifold.

Any symplectic manifold admits a compatible almost complex structure

making it into an almost Kdhler manifold.

Let V be a torsion-free connection on a pseudo-Riemannian manifold
(M, g) of even dimension n = 2m > 4. The triple (M, g, V) is said to be
a Weyl structure if there exists a smooth 1-form & so that
Vg = 20® g.

Let n=2m >4. A triple (M, g,J+) is said to be an almost

pseudo/para-Hermitian manifold with an almost pseudo/para-complex

structure J,. Here, J, is called para and J_ is called pseudo, if gis a

pseudo/para-Riemannian metric on M of neutral signature (m, m) and if
J4+ is an endomorphism of the tangent bundle TM so that J% = Id and
so that Jig = Fg; (M, g, J+) is said to be pseudo/para-Hermitian with

an integrable complex structure J, if the pseudo/para-Nijenhuis tensor

Ni(x, y) =[x, y]F JelJsx, y]1F Jilx, Joyl £ [Jsx, J1y]. (6)
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Let (M, g, J+, V) be an almost pseudo/para-Hermitian Weyl manifold.

If V(J+) = 0, then one says that this is a (para)-Kdhler Weyl manifold.

Note that necessarily J, is integrable in this setting. J; is integrable

means there exist local coordinates (x!, ..., x™, y', ..., ™) so

Ji(0x;) = dy; and J4(dy;) = £ox;, i.e., the Nijenhuis tensor Ny = 0. Let
Q. (x, y) = g(x, J+y) be the (para)-Kahler form. The following conditions

are equivalent and if any is satisfied (M, g, V, J4) is said to be Kéahler.

V&J, =0,dQ; =0 and J, is integrable and given p € M.

Theorem 3 ([26]). (a) If

g=e

g (7
is a conformally equivalent positive definite metric, then (M, g,V) is a

Weyl manifold with associated 1-form D=0 —df. If Vg is the Leuvi-

Civita connection, we may then express V = V2 in the form:
V2y = VEy + Blx)y + B(y)x - glx, ¥)D", ®)

where @ is the dual vector field. Thus @ determines V. Conversely, if
D is given and if we use Equation (8) to define V, then V is a Weyl

connection with associated 1-form .

() (M, g, J+, V) is Kdhler-Weyl and m > 6, then the Weyl structure
is trivial, i.e., there is a conformally equivalent metric so that (M, g, J+)

is Kdahler.

(c) Let m = 4. If (M, g, J+) is pseudol/para-Hermitian, then there is a

unique torsion free connection V so (M, g, J+, V) is Kihler Weyl; here

@ == J;SQi

Do |
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A symplectic form on a smooth manifold M is a smooth closed 2-form
omega on M which is nondegenerate such that at every point p, the

alternating bilinear form ®, on the tangent space T,M is non-

p

degenerate.
4. Generalized (Para)-Kahler-Weyl Space Form

Definition 8 ([21, 28]). A Kéhler form ® is a real closed non-

degenerate symplectic two-form for which ®(X, JX) > 0 for nonzero
tangent vectors X € T, M. It must also satisfy o(JX, JY) = o(X, Y),

where J 1s the almost complex structure induced by multiplication by

almost complex structure (i2 = — 1). That is,
d 0 d Jd .
= —_— — = + =
Ji( axl ) ayL ’ Ji( ayl ) - axl » L 1’ 2. (9)

The dual endomorphism J; of Tp(M) at any point P of a manifold M

satisfies J;z = *Id and it is defined by

J;(dxl) = dyi, J;(dyl) = idx,-, 1= 1, 2. (10)

Proposition 2 ([29]). (a) A manifold with a Weyl structure is known
as a Weyl manifold. Let's we use (7) to get base structures. If we rewrite

Equation (9) with conformal structure, we obtain the following equations:

9 \_ 2f 9 9 ) _ 2 9
Ji(ax')_e i’ Ji(ayi)_ © wy (0

12

that are base structures for Euler-Lagrange equations, where J. is a

conformal (para)-complex structure to an integrable almost (para)-

complex J, given as the above. f second structure was chosen the minus

sign. Because the condition of the structure required to provide JJ_% = x1d.
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(b) Similarly Ji the structures being the dual of J structures are

given with conformal structure as follows:
Ji(dx;) = ezfdyi, Ji(dy;) = ie‘zfdxi, (12)

are base structures for Hamilton equations. We continue our studies
thinking of the (M, g, V, Jy) and (M, g, V, J) instead of the almost
paralpseudo-Kdihler Weyl manifolds (M, g, V, J.), and also its dual

(M, g, V, Ji), respectively.
Proof.

(a) Let’s examine these structures holomorphic property

2( 9 V_ 7 g (9)_ 2f 0
Ji(axi)_c}i Ji(axij_Ji(e ayij

=elJ, (ai) =+ 72 9 _ + o

Vi ox; ox; ’
2( 9 ) g og. (9] g, [+e2f 9
Iz (ayi) — el (ayi) =i (_e ox;
v 2 g [0 ) C g2 O 4 9
te Ty (axi te e T oy (13)

(b) Similarly,
*2 _ 7% S _ gx( 2f
Ji(dx;) = Jy o Jildx;) = Ji(e™ dy;)
= X Ji(dy;) = +e¥ e/ dx; = +dx;,
*9 _ % % _ * -2f
Ji7(dy;) = Ji o Ji(dy;) = Ji(+ e dx;)
= ie_szi(dxi) = iezfe_zfdyi = tdy;. (14)

As we have seen, J i = +I are the para(pseudo) complex structures type.
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4.1. (Euler)-Lagrange and Hamilton dynamics equations

Lagrange and Hamilton dynamic equations ([27]) were introduced by

Klein in 1962 and they are shown as follows.

(a) Lagrange dynamic equation: Let M be an n-dimensional
manifold and TM be its tangent bundle with canonical projection

Ty TM — M. TM is called the phase space of velocities of the base
manifold M. Let L : TM — R be a differentiable function on TM called

a Lagrangian function. We consider the closed 2-form on TM given by

®; = —-d(dyL). Lagrange dynamic equation is
ie®r, = dEy,. (15)

Then § is a vector field, we shall see that (15) under a certain condition
on & 1is the intrinsical expression of the Euler-Lagrange equations of

motion. This equation is named as Lagrange dynamical equation. We

shall see that for motion in a potential, E; = V(L)- L is an energy
function and V = J(§) a Liouville vector field. Here dE; denotes the
differential of E. The triple (TM, @}, &) is known as Lagrangian system
on the tangent bundle TM. If it is continued the operations on (15) for
any coordinate system (q'(t), p;(¢)), infinite dimension Lagrange’s

equation is obtained the form below:

i .
%[%) = %, a(_;]t =q¢',i=1,..,n (a proof see in [30]) (16)
q q

(b) Hamilton dynamic equation: Let M is a base manifold and its
cotangent manifold 7M. By a symplectic form we mean a 2-form ® on

T*M. Let (T°M,®) be a symplectic manifold. A vector field

Xy : T*M — TT*M is called Hamiltonian function if there exists a C!
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function H : T*M — R such that Hamilton dynamical equation is
determined by

ix,® = dH. (17

We say that Xpg is a locally Hamiltonian vector field. The 2-form & is
closed and it is a canonical symplectic form given by ® = — dQ, where
Q=J(w), J* is a dual of J, and ® is a 1-form on T“M. The triple
(T*M, ®, Xp) is called a Hamiltonian system which is defined on the

cotangent bundle 7°M. In Darboux coordinates (q'(t), p;(t)) we have

o = dg'A dp; and Xpg = T i i that the integral curves
Pi 9q" dq" oPi

(q' @), p;(t)) is an integral curve of Xy satisfy the Hamilton equations

d¢¢ oH dp; = 0oH

dt ~ op;’ dt At

(proof see [30]) (18)

5. Weyl-Euler-Lagrangian Mechanics Systems

Theorem 4. Let J be a para-complex or complex structure on the

tangent space T,(M) of manifold M at the point p € M. If the J base

structure is known or can be found, the Euler-Lagrange equations of
motion can be obtained without using the dynamic equation (15) for
mechanical systems on the defined manifold of moving objects. The way to
find the time-dependent Euler-Lagrange motion equations that can be
obtained for mechanical systems without any calculations. In short, if the

AN AN
dxg 0xy ot

base structure is J(i) = i, the equation is i(
dxy dxg ot

(a—L)—a—L = 0. The transactions made here are as follows: (a) The
dxg ) 0xp

Lagrangian function “L” is added to the base vectors of defined space
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9 - oL and their location changes J oL = B_L, (b) Instead of the
0xy 0xy dxg 0xy
“J” holomorphic structure, 8% expressing the derivative by time is
. d( dL oL
introduced g(@j = E
d . d
For example: Base structures are (1) J(—)=-j— and
2 0z'
@ J(-%) = §-% Equations are (1) §-2 (2E )4+ 2L _ ¢ and @) j2
0z" 0z* ot = 5zt 0z' ot
(L)1 9L _ g 1), 0
0z' 02!

Example. The motion equations for (11) are, according to Hamilton
dynamical equation and Theorem 4 for a conformal (para)-complex

structure to an integrable almost (para)-complex J,

9 (2f oL _oL _
@) o [e ayi) ox; - O
9 (g2r 9L _OL _
2) : (e axi) T oy =0 (19)

The differential equations (19) are called conformal Weyl-Euler-
Lagrange equations on a generalized (para)-Kédhlerian space form
(M, g, V, Jy). Finally, it may be said that the triple (M, &, &) is
conformal Weyl-Euler-Lagrange mechanical system on a generalized

(para)-Kéhlerian manifold of constant < -sectional curvature

(Ma 8, V7 Ji‘)
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Proof 1. We introduce the Weyl-Euler-Lagrange equations on a

generalized (para)-Kéhlerian space form (M, g, V, J.) using dynamic
equation (15).

First of all, let J, almost generalized (para) product structure and by

(x;, y;) the coordinates of M. Also, on (M, g, V, J), let semispray be a

vector field given by

0 0 ) .
iW—i_Yi_ Xi:x:yi,Yi:yi. (20)
1

= X ,
: 9y;

By Liouville vector field on a generalized (para)-Kédhlerian space form

(M, g, J+), we use the vector field determined by Vi = J.(§) and

counted by

Vi = X;e?! ai + Y2 2 (21)

Yi axi '

Denote T by the kinetic energy and P by the potential energy of
mechanics system on generalized (para)-Kédhlerian space of constant

J4 -sectional curvature. So, we write by L =T -P a Lagrangian
function and by Ej = V(L) - L the energy function associated with L.
Operator z;, defined by iy, : A2M — A'M, is known as the interior
product with J,, or sometimes the insertion operator, or contraction by

J+. The exterior vertical derivation d, is determined by
dy, =lij,,dl=1i;d-di,, (22)

where d is the usual exterior derivation. For an almost product structure

J4+ determined by (11), the closed generalized (para)-Kéhlerian form is

the 2-form given by @7, = — d(d, L) such that

ay, = ai di; + o2 aa dy;, dy, : F(M) - \'M. (23)

i X
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Because of the closed generalized (para)-Kédhlerian form &; on a

generalized (para)-Kidhlerian space form (M, g, V, J4) is a £ symplectic

structure,

Py,

Therefore,

2
—9o2f O OL b g o2 9L g
2e 5%, 3y, dx; ANdx; +e 3.9, dx; A dx;
2
- 902l O OL 4o e w2 9L g
F 2e 3x; 9, dy; ANdx; t e 3 0x, dy; A dx;
2
of Of OL 4 g Lo2f 0L oo
+ 2e 3y; 3, dx; Ndy; +e 3y dx; Ady;
2
_o,-2f of oL of 0°L . _
2e 3y; x, dy; Ndy; t e 3y, dy; A\ dy;. (24)
[902f O L 5 5 _9n2f of IL |
2e 5x; y; X;dx; — 2e 5x; 9y, X;dx;
vt PL oy 2 Ly
ox;dy; T dx;dy; T
2
+902f O L x4y —o2f 0L %
* 2e axi axi deyl axiaxi deyl
2
2f of L of 9°L + .o
+ 2e 3y; 9, X;dy; +e 359y, X;dy;
2 (25)
of Of ALy or 0Ly
+2e axi axi Yld L axiaxi Yldxl
2
g A ALy o Ly
2e 3: 9, Y.dx; 3y:97; Y;dx;
o2l A DLy oo Of OL
% dy; 0x; Yidyi +2 dy; 0x; Vi
2 2
o2f 0L o -2 0L o
T yox Yiayi dy;0x; Yidi |




WEYL-MECHANICAL SYSTEMS ON ...

15
Energy of system is calculated as follows:
E, = ViL)-L = X;e2 YL sy 2r 9L _ (26)
- ayi axi

and

_ xo00 AL 4w oor L
dE; = X;2e 3% 9, dx; + X;e 55,9, dx;

2
coye2f O OL 4 yy2r 0L 4 oL
+ 2YLe axi axi dxl N Yle axiaxi d L axi

dxi

0o2f Of OL o of 9°L
+ X;2e 3y: 9, dy; + X;e 3y

Vi

dy;

2
cvioetf O OL 4y y2r 0L g4 OL 4
FY;2 37 9, dy; £ Ye 3y, dy; %, dy;. (27)

By taking into account i®j, = dE;, and the curve a, an integral curve of

&, we obtain the equations determined by

902 x. 9 Ly 9 |(9L)_2flx. 9 Ly 9 |(9L), 9L _
% [XL axiJrYLayiMayi | axiJrYl ay; |\oyi ) " o >

soe 2| x O Ly (ALY ey @ Ly @ (L), AL _
+ 2e [Xl axi+Y‘ 37 |\ o, Fe X; axi+Y‘ 3; |3, +8yi 0,

(28)
or alternatively

_op2fe(p 9L _ 2fg(OL), oL _
2e7E(f) ;¢ E"(ayi +axi =0

+90-2fg () 9L — 2fg( 9L ) 9L _
* 2e &(f)axiJre §8x~ +8yi 0. (29)

1
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Also, by taking into account &(a(t)) = alt) = %—? we get equations as follows:

o2 Lz —(—Lj
°)

at 9dy;
(]
or shortly
2) %(e_zf ngi) gyLL 0, (31)

such that the differential equations (19) are named conformal Weyl-Euler-
Lagrange equations on a generalized (para)-Kédhlerian space form
(M, g, V, Jy). Finally, it may be said that the triple (M, &, &) is

conformal Weyl-Euler-Lagrange mechanical system on generalized (para)-

Kéhlerian manifold of constant </, -sectional curvature (M, g, V, J.).

Proof 2. Let’s use the proposed Theorem 4 for the second proof.

(1) First, let’s consider holomorphic structures (11).

o ) _ 2f 9 0\ _ 2 O
Ji[axi) TR Ji[ayij T 52

(2) “L” of the Lagrangian function is added to derivative expressions,

oL _ 2f oL OL) _ 4 ,-2f 9L
Ji(axi)_e 9y; Ji(ayij__e ox; 39

(3) The places of the derivative expressions on both sides of the

equality are completely displaced.

2fa_L =a_L + _2fa_L =a_L
It [e ayij ox; Je|te ox; ) Ay S
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(4) In this step, (i ) is written instead of /4,

ot
O f2r 9Ly _OL 9 f, oy IL)_ OL
ot (e ayij‘ ax; ot (‘e ;) (35)

(5) If the distribution property is applied here, the equations are
found as follows:

Ofe2r 0L _OL _ 9 -2f OL) L _
ot ("’ ayi) o -0 W ("’ axi)J“ 3y O (36)
So the proof is complete. O

6. Weyl-Hamiltonian Mechanics Systems

Theorem 5. Let J be a para-complex or complex structures on the
tangent space T, (M). Let J* be which is dual to J. J* be defined that a
para-complex or complex structures of dual J, a Liouville form and a
1-form on definition manifolds are indicated by J*, Q and ®, respectively.
If the dual endomorphism J* of the cotangent space and Liouville form
Q = J*(w), then Hamilton motion equations can be found as follows:

Hamiltonian motion equations for A = Mx, y) = Q(x, y)dx + ¥(x, y)dy

are
o de_ 1 om
dt  0,Q-9,% dy’

@) dy -1 o0H (37)

dt ~ 0,0-09,% ox
For example: Base structures are (1) “(z;) = —jdz; and (2) J*(Z;) = jdz;

1. - — 1. 1._ 1.
for & = J¥(0) = 5 j(2idz; - 2dz;), @ = Sz, ¥ = —5 j7;, 9, Q= 5 9z

2 2 5
Q= —%j, 0,Q—-9,¥ =j, j2 = 1. Equations are (1) Cf;i _ —j% and
13
dz; .dH
@ — s [4]. -
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Example. In this study, Weyl-Hamilton equations are on a

generalized (para)-Kihlerian space form (M, g, V, J3) using Theorem 5

for
1 _
Qe =-5 (- e xidy; + e yidx; )
1 _
= E( Fe 2fyidxi + e2fxidyi ); (38)
(3) dxi _ -2 _OH
d e 4+ 2x; /i +e? - 2x; o i
i 0x; 9y; |
) (iiyti T P) : of | gf ‘ (39)
e+ 2ux; /- e —ox; I | o
i 0x; 9; |

Hence, the differential equations presented in (39) are named conformal

Weyl-Hamilton equations on the almost pseudo/para-Kéhler Weyl
manifolds (M, g, V, J3 ). After that the triple (M, ®,, X ) is said to be

a conformal Weyl-Hamiltonian mechanical system on (M, g, V, J%).

Proof 1. We provide using the dynamical equation (17) with

information about Weyl-Hamilton equations on a generalized (para)-

Kéhlerian space form (M, g, V, JJ_t ), of constant J; -sectional curvature:
Ji(dx;) = ¥ dy;,

Ji(dy;) = te ? dx;. (40)
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Let J3 be an almost generalized (para)-product structure defined by (12)

and Q. Liouville form determined by

Q; = Ji(w:) = —%(— e xidy; + e y;dx;) (41)
such that
0 = —%(— x;dx; £ y;dy;) (42)
oL

is a 1-form on M [29], where y; = R
i

closed (para)-Kahlerian form, then it is also a generalized (para)-

If ®, = - dQ, 1is a generalized

symplectic structure on M.

Let (M, g, V, Ji) be a generalized (para)-Kihlerian space form, of

constant J; -sectional curvature, with a generalized closed (para)-

Kéhlerian form &,.

Let us think that a Hamiltonian vector field Xy associated with

Hamiltonian energy H is given by

_x. 9 .y 9
Xy = Xig-+Yig . (43)

For the generalized closed (para)-Kéhlerian form &, on M, we have

O, = —%d(xiezfdyi + ye * da;)
2f ox; 2f af
e W;dxj/\ob/i+2xie Wjdxj/\dyi
o D g ndr; 3 270 X, pd;
_ 1 %; o (44)
- 2 of ox; 2f af
+e ay; dyj Ndy; + 2x;e Wjdyj A dy;
_of O ~2f Of
+ 2f 9Y; . - »=2f 9 . .
+e , dy; Ndx; F 2y;e %, dyj A dx;
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Then it goes like the following:

iXHCI)i = q)i(XH)

ezin[dxi aixl dy; — dy; aixl dx,}
+ 2,02 ;;ZL Xi[dxi aixl dy; — dy; aixl dxi}
+ e—Zin|:dyi aixl dx; — dx; aixl dyl}
g F ine_2f ;—}i X; [dyi aixl dx; — dx; aixl dyl} w5
2 eszl[dxi aiyidyi dy; ai’; dxl} .
+ 2x;e2f %Yl[dxl 8al dy; — dy; aal dxl}
+ e—2le[dyi aii dx; — dx; aal dyl}
F 2xle_2f %Yi[dyl aii dx; — dx; a?’i dyi}

From (45) with respect to iXH<I>i = dH, we obtain generalized (para)-

Hamiltonian vector field on generalized (para)-Kédhlerian space of

% .
constant J4 -sectional curvature.

Let (M, g, V, Ji) be a generalized (para)-Kihlerian space form, of

constant J} -sectional curvature, with a generalized closed (para)-
Kéhlerian form ®.. Moreover, the differential of Hamiltonian energy H

is gained by

af = 9 gy + 9H
9%;
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Using the equation i xy® = dH, the following statement is reached:

ezindyi + 2xie2f %Xidyi
i

ie_2indyi T 2xie_2f%Xidyi
: o =gﬂdxi+§—3dyi. 47)
—eszidxi —2xie2fWYidxi i Vi

t e_szidxi + 2xie_2f %Yidxi

So, a generalized (para)-Hamiltonian vector field Xy associated with

Hamiltonian energy H is decided by using (17), the Hamilton vector field

is calculated

X = —2 oH
[e2f + 2x;e2! a—fi e 2 1 ox. e i] i

ox; dyi
v _ 2 oH
[ezf +2xie2fiie_2f $2xie_2fi] o

ox; dy;

Let o: I cR —-> M be an integral curve of a generalized (para)-

Hamiltonian vector field X, i.e., Xg(a(t)) = o, t € I.

. _ 2 oH 3
- FIo
cd +2xie2fiie_2f T 2x;e 2 _E)EZ ]ayl 9%

. 2 H D

[ezf +2xie2f%ie‘2f ;Qxie—2f;4] ox; dy;

1 14
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In the local coordinates we have af(t) = (x;(¢), ¥;(¢)), and

_ o[04 dxi 0 dyi 0

YO = o T aw
-2 H 3
[e* + 2x;e% I 4o TLine_zfaa_f.] i 9%

1 14

2 o o
[ezf + 2x;e2! aa—f +e 2 1 ox,e72 aa_f] ox; dy;

14 1

+

dxi 9 dyi 9
T dt ox; | di dyi

We infer the equations so-called conformal equations:

dxi _ - 2 a_H

dt [ef + 2x;e?! o e 2 1 ox;e7? Ll ] i
axi ayi

dy; _ 2 oH

dt [er + 2xie2f aa_f + o2 T 2xie_2f % ] o%i

(49)

(50)

(61)

Proof 2. We use Theorem 5 for proof [A = Alx, y) = Q(x, y)dx + ¥

. dx _ 1 oH dy _ -1
(x, y)dy, equations are (1) 7 —ayg ~9.9 3y and (2) dt = 9,0-0,%
aa—I;CI ]. The following steps are followed for proof:

1 _
1) Ay = —5( — *lx;dy; + e y;dx;)

(F e_zfyidxi + ezfxidyi ),

1
2

2) inée_zfyi and ‘Pz%ezfxi,
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L[ 2 gy 2 O
(3) ayQ - 2(‘{'8 —ZyLe ayL ’

9, ¥ =

dy -1 OH
dt  0,Q-09,¥ ox

-1

i

Thus, the following equations are reached:

dv; _ -2 oH
dt [e2f n 2xie2f %i e 2f T 2xi6_2f aan] i
i _ 2 .
dt [e2f +2xie2f%ie_2f J‘r2xi€_2faay_f,] i

So the proof is complete.

23

(52)

oH

T —of Lo2f O _ 2f o2f Of (o’
2[+e t2e 4y, e 2e x‘axi]

(53)
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7. Conclusion

We derived the following conclusions:

(1) By using Weyl metric (7) the base structures given in (9) and (10)
should be transferred to (11) and (12).

(2) Conformal Weyl-Euler-Lagrange equations or partial differential
equations (19) found by using the Theorem 4 with a generalized (para)-

Kihlerian space form (M, g, V, J.).

(3) Conformal Weyl-Hamilton equations or partial differential

equations (39) found by using the Theorem 5 with a generalized (para)-

Kihlerian space form (M, g, V, J% ).

(4) It is seen that equations can be found without errors and without
need to use the dynamic equations (15) and (17) for calculation of

movement equations by these theorems.

(5) In this way, researchers can find the Lagrangian and Hamiltonian
motion equations on any space/manifold with Theorems 4 and 5 correctly

without need calculating using long operations.

(6) In future studies, researchers may be advised to use Theorems 4
and 5 for to know the route and their requirements of mechanical systems

in defined space/manifold.
8. Discussion

(1) The geodesics of objects moving on the almost pseudo/para-Kéhler
Weyl manifolds were modelled using differential equations (19) and (39).
These geodesics can be used for the positions and requirements of objects

moving in space by the time.

(2) This study raised geodesics for about the non-linear orbits of the
objects in the space by the help of revised features using Weyl’s unified

theorem on the almost pseudo/para-Kahler Weyl manifolds.
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(3) The obtained equations are very important to explain problems
about physics and other related fields. Because in Weyl’s unified theory,
the metrics are interpreted as the gravitational potential, as in general
relativity, and the corresponding forms are interpreted as the

electromagnetic potentials [31].

(4) In future studies, researchers may be advised an explanation of
the rotational spatial mechanical-physical problems on the almost

pseudo/para-Kédhler Weyl manifolds.
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