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Abstract 

In this paper, we mainly study the functional decomposition of ecological 

networks or systems, involving both chains and cycles, from the perspective of 

probability. We establish some results on the probability and expectation of on 

the chains and cycles in a decomposition for a complex network system, and 

furthermore, we obtain the coefficients in functional decompositions. 

 

1. Introduction 

Complex ecological systems or networks describe the relationships of 

organisms in a biosphere, which can be dynamic (see, for instance, [2] and 

[12]). There have been many research works on the structure of ecological 

systems, the energy transfers, and the dynamics of ecological systems 

(see, for instance, [5], [10], and [6]). Recently, there have been extensive 

studies on the dimensionality of ecological networks (see, for example, [4], 
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[11], and [7]). The probability method has recently been used to the study 

of the social structure of a given population (see, for instance, [9] and [1]), 

but in this paper, we will use probability method to do functional 

decompositions for complex ecological network systems. 

A complex ecological system or networks can be decomposed into 

simple chains and cycles, and in this paper, we show the functional 

decomposition of ecological networks, involving both chains and cycles, 

from the perspective of probability. This paper is structure as follows: in 

Section 2, we work on the null space of flux matrix. In Section 3, we 

introduce some notations and approach in functional decompositions for 

complex ecological network systems. In Section 4, we establish theorems 

on the probability and expectation of on the chains and cycles in a 

decomposition for a complex network system, and furthermore, we obtain 

the coefficients in functional decompositions. 

2. Null Space of Flux Matrix 

The dimension of the null space of the flux matrix can be obtained 

from the topology of the network system, the number of compartments 

and the number of flows. By running a simulation model, we can get the 

coefficients for the fluxes. We can also compute it by Mathematica. For 

instance, for the model considered in the graph of a network system in 

Figure 2.1, we have 
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and 
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Figure 2.1. Graph of a network system. 

Using the linear solver in mathematics, we can get some solutions, and 

the dimension of the null space by compute the rank of the matrix using 

Mathematica as well. It has an advantage in computation over using the 

topology of the system, and moreover, it is good at symbolic computations 

as well as numerical computations, which gives the exact dimension of 

the null space. 
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3. Introduction on Functional Decomposition 

Now let’s consider a network system S  and list some notations for 

the system that was used in [8] and we are going to use later on. 

:iC         Compartment i; 

:ijF        Flow from compartment j to compartment i per unit of time; 

:iz         Input from the environment to i; 

:iy         Output to the environment from compartment i; 

:in
iT       throughput (sum of inflows) into compartment i; 

:out
i

T     throughflow (sum of outflows) out of compartment i. 

We say a flux iF  intersects jF  if they share at least one compartment. 

Otherwise, we say their intersection is empty. 

For any given complex network system, algorithms that can be easily 

developed to identify all the simple chains and cycles, and furthermore, 

one can count the number of chains in the decomposition. 

4. Probability and Expectation 

Moreover, the probability that a particle goes through a basic 

pathway can be computed directly from the flows as follows. The 

coefficients of the simple chains were computed by solving linear systems, 

and therefore, in general, we have 

Proposition 1. Let nCCC ,,, 21 ⋯  be the compartments of a network 

system FS,  be a chain containing compartments 
0nC  with input from 

the environment 0
0

>nz  and 
knnn CCC ,,,

21
⋯  with no inputs from the 

environment and out
n j

F  be the flow out of compartment  k,,2,1, …=jC
jn  

in ,F  and ( )FP  be the probability that a particle goes through .F  Then 
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For the cycles, the probabilities can be also derived. 

Theorem 2. Let C  be a cycle containing compartments 
kmmm CCC ,,,

21
⋯  

and out
n j

F  be the flow out of compartment k,,2,1, …=jC
jm  in ,F  and 

( )CP  be the probability that a particle goes through .C  Then 

( ) .

1
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m
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j j
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CP   (4.2) 

Proof. For any particle that enters the system, the probability that it 

goes out of the compartment 
jmC  is .

out

out

j

j

m

m

T

F
 By conditional probability, we 

obtain the probability that the particle goes through C  is .
out

out

1

j

j

m

m

j T

F

∏ =

k
 

This completes the proof.  � 

Let’s see a simple system with integer flow rates. 

Example 3. The following simple system (called “simple toy” model) 

can be decomposed by using the probability as 

Definition 4. Let F be a flux, L be a random pathway, ( )LP  is the 

probability of pathway L occurring, ( )FLn ,  is the number of times flux F 

appearing in pathway L. Then we can define the Expect Time of this flux 

appearing on a pathway by, 

( ) ( ) ( ),,:

pathanyis

LFLnF

L

PE ∑=   (4.3) 
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in which ( )LP  is the product of flow probabilities that make up the 

pathway, ( )FE  is a sum over all pathways. It could be an infinite sum, 

and ( )FLn ,  can be larger than one only if F is a cycle. 

 

Figure 4.1. “Simple toy” model. 

 

Figure 4.2. 
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Example 5 (Simple toy model (Figure 4.1)). The probabilities of flows 

a, b, c, d are: .
2

1
,

2

1
,1,1  The probabilities of fluxes 21 , XX  are: 

1;
2

1
,

2

1
X  is a chain, so ( ) .1, 1 ≤XLn  We only care about when 

( ) ,1, 11 =XLn  which means 1X  occurs only once. 

The probability of each case: .
2

1

2

1
,

2

1

2

1
,

2

1
2

…

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2X  is a cycle, so it can appear infinitely many times in a pathway. 

Base case: 2X  appears only once in a pathway, 

The probability for this is ;
4

1
 

2X  appears twice in a pathway, 

The probability for this is .
8

1
 

 

Figure 4.3. 
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Figure 4.4. 

Thus we can use induction to obtain that the probability of 2X  

appears n times in a pathway is 
n


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

×

2
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1
 and the expectation is  

( ) .1
2 1
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∑ n
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n
XE  (4.4) 

In general, we have the following theorem regarding the expectations on 

the chains and cycles in a decomposition for a complex network system. 

Theorem 6. Let nFFF ,,, 21 …  be the chains and mCCC ,,, 21 …  be 

the cycles in the decomposition. The expected times that the chains 
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for all i, and 
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for all i. 
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Proof. It is not hard to see that (4.5) holds. 

Let ( )jjp CP=:  and { } { }.0::,,1 /=/= ijjjj CC ∩⋯ k  Then we have 
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( ).: ipf=   (4.7) 

Divided by ,ip  (4.7) becomes 
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Then taking the integral, we have 
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To get ( ),ipf  we take the derivative of (4.9) with respect to ip  and then 

multiply it by .ip  Thus we get 
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and then (4.6) follows.  � 

Now, we can do the functional decomposition for system .S  

Theorem 7. Let nFFF ,,, 21 …  be the chains and mCCC ,,, 21 …  be 

the cycles in the decomposition. Then in the functional decomposition, the 

coefficient of ,iF  

( ) ,

1
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n
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iii zc FE   (4.11) 
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for ni ,,2,1 ⋯=  and the coefficient of ,jC  

( ) ,

1
∑

=

=

n

i

ijj zd CE   (4.12) 

for .,,2,1 mj ⋯=  

Proof. Since the sum of the inputs from the environment to the 

system i
n

i
z∑ =1

 is decomposed in terms of the proportions, ( )iFE  and 

( ),jCE  the coefficients follow. 

� 

 

Figure 4.5. Oyster-reef model. 
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In particular, we can apply the above theorem to do the functional 

decomposition for the oyster-reef model (see [3]), of which the diagram is 

shown in Figure 4.5. 
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