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Abstract 

Nonlinear systems of convection-dominated diffusion equations are used as the 
mathematical model of contamination transport problem which is an important 
topic in environmental protection science. An elliptic equation defines the 
pressure, a convection-diffusion equation expresses the concentration of 
contamination, and an ordinary differential equation interprets the surface 
absorption concentration. The transport pressure appears in the equation of the 
concentration which determines the Darcy velocity and also controls the 
physical process. The method of conservative mixed volume element is used to 
solve the flow equation which improves the computational accuracy of Darcy 
velocity by one order. We use the mixed volume element with the characteristic 
to approximate the concentration. This method of characteristic not only 
preserves the strong computational stability at sharp front, but also eliminates 
numerical dispersion and nonphysical oscillation. In the present scheme, we 
could adopt a large step without losing accuracy. The diffusion is approximated 
by the mixed volume element. The concentration and its adjoint vector function 
are obtained simultaneously, and the locally conservative law is preserved. We 

derive an optimal second order estimates in norm-2l  by using the theory and 
technique of a priori estimates of a differential equation. From the numerical 
examples given in the paper, the method shows its potential to be a powerful 
tool in solving actual problems. 

1. Introduction 

Numerical simulation of the contamination transport problem is an 
efficient way to find how to protect the environment and treat the 
pollution. The physical interpretation is given by a mathematical system 
of partial differential equations. In this model, an elliptic equation 
defines the pressure, a convection-diffusion equation expresses the 
concentration of contamination, and an ODE interprets the surface 
absorption concentration. We provide a simplified physical background in 
the following. When the chemical substances are dissolved in the 
underground water, the substances are absorbed by the surface of the 
media, and then the chemical reaction takes place. The chemical reaction 
also affects the transportation of the solutes as the underground water 
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moves. Consideration of the reaction helps us to understand how the 
contamination transport in terms of time and space. The reaction speed 
depends on the absorption. The equilibrium is denoted by quick reaction, 
and non-equilibrium absorption is denoted by slow reaction speed. In this 
paper, we discuss the non-equilibrium absorption. The following 
mathematical model is discussed with the initial-boundary value 
conditions [12, 13, 18, 31]: 

( )( ) ( ) ( ) ( ],,0,,,,, TJtzyxXtXqpc T =∈Ω∈==∇⋅∇−=⋅∇ κu  

 (1.1a) 

( ) ,,, JtXpc ∈Ω∈∇−= κu  (1.1b) 

( ) ( ) ( ) ( ) ,,,0 JtXcDct
sXt

cX ∈Ω∈=∇θ⋅∇−⋅∇+
∂
∂ρ+

∂
∂θ u  (1.2) 

( )( ) ,,,ˆ JtXsct
s ∈Ω∈−φα=
∂
∂  (1.3) 

where Ω  is a bounded domain in ( )tXp ,,3R  denotes the pressure, and 

( )Tzyx uuu ,,=u  is Darcy velocity. The functions ( )tXc ,  and ( )tXs ,  

denote the contamination concentration and non-equilibrium absorption 
concentration, ( )cκ  is the permeability, ( )Xθ  and ( ),Xρ  two positive 

functions, are water storage rates of moving water and the density, 
respectively, D is a total matrix of molecular diffusion and chemical 
dispersion, 
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( )XDmol  is a molecular diffusion matrix and I is a 33 ×  identity matrix; 

lα  and ,tα  respectively represent longitudinal and transverse diffusion 

coefficients; yx uu ˆ,ˆ  and zû  are three direction cosines of Darcy velocity 

u. Generally speaking, β  is a constant not less than 2, and diffusion-

dispersion matrix is positive definite. Here we only consider the 

molecular diffusion. Suppose that ( ) ∗
∗ ≤≤ DXDD mol  holds for positive 

constants ∗D  and ,ˆ. α∗D  a positive constant, is the exchange coefficient. 

( )cφ  denotes the isothermal absorption, generally defined by two 

different methods 

(I) Langmuir isotherm, ( ) ,0,,1 21
2

1 >
+

=φ kk
k
k

c
cc  

(II) Freundlinch isotherm, ( ) ,0, 33 >=φ kk pcc  where [ ].1,0∈p  

The case (II) is a degraded parabolic equation for ,1<p  and  

(( ) ( ))∞∞−∈φ ,00,10 ∪∩CC  is an increasing function with ( ) .00 =φ  

Since the parameter ( )1,0∈p  is locally Hölder continuous, thus the 

regularity of c decreases. ( )tXq ,  is the source and sink term. Three 

unknown functions are ( ) ( ),,,, tXctXp  and ( )., tXs  

Assume that the mixture is impermeable across the boundary, 

( ) ,,,0,,0 JtXccDX ∈Ω∂∈=⋅−∇θΩ∂∈=⋅ νν uu   (1.5) 

where ν  denotes the outer normal vector at the boundary Ω∂  of .Ω  

The initial conditions are defined by 

( ) ( ) ( ) ( ) .,0,,0, 00 Ω∈== XXsXsXcXc   (1.6) 

The following restriction is introduced to confirm the existence and 
uniqueness: 

( ) ( ) .,0,,0, JtdXtXpdXtXq ∈== ∫∫ ΩΩ
  (1.7) 
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The Lipschitz continuity does not hold for this physical model, and 
this nonlinearity decreases the regularity. It brings trouble on numerical 
analysis for the full discrete scheme. Dawson first presents and analyzes 
the method of characteristics-Galerkin for non-equilibrium absorption in 
[12, 13]. While numerical oscillation possibly appears and the local 
conservation of mass is lost. Furthermore, an upwind with mixed finite 
element method is put forward to discuss a nonlinear contamination 
transport equation with equilibrium absorption in one variable. 
Convergence analysis is shown only for a local low-order semidiscrete 
algorithm. It is well-known that standard finite element could not solve 
convection-diffusion problems well because of strong numerical 
oscillation. In order to treat this problem well, some efficient numerical 
methods are put forward such as characteristic difference, characteristic 
finite element [17, 34-36], upstream-weighted finite difference [30], high-
order Godunov scheme [3], streamline diffusion method [21], least 
squares mixed finite element [33], modified method of characteristics 
with Galerkin finite element (MMOC-Galerkin) [11], Eulerian-
Lagrangian localized adjoint method (ELLAM) [6] and so on. These 
methods improve traditional finite element method while they have some 
natural faults. Upstream weighted difference method could introduce 
numerical dispersion into the solution near the sharp fronts. High-order 
Godunov scheme requires an additional CTL restriction with respect to 
time step. Streamline diffusion method and least squares mixed finite 
element method reduce numerical dispersion but add some numerical 
work to define and handle artificial streamline directions. ELLAM 
confirms the local conservation of mass but need a large-scale 
computation to evaluate the resulting integrals. Arbogast and Wheeler 
[2] present a type of characteristic mixed finite element to solve the 
convection-diffusion equation efficiently, where MMOC-Galerkin is 
conservative locally on every elements and a 23  order error estimates 

is derived. While lots of mapping integrals of test functions are 
introduced. The computation becomes more complicated and difficult. 
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Therefore, we develop and improve substantially the work of Arbogast 
and Wheeler [2], and put forward a mixed finite element-characteristic 
mixed element method. This method decreases computational work 
greatly, and the feasibility and effectiveness is checked experimentally in 
[29]. Only first order convergence rate is derived and this method could 
not be generalized for three-dimensional problems. Since finite volume 
method [4, 19] is carried out simply, could obtain numerical 
approximations accurately and conservatively, thus it is an effective tool 
for solving partial differential equations. The method of mixed finite 
element [15, 16, 25] can solve the pressure and Darcy velocity 
simultaneously, and develops the accuracy. Combined the above two 
methods, a mixed finite volume method is discussed in [27, 31, 32] and 
numerical experiments are argued in [5, 22]. Theoretical analysis is given 
for elliptic problem in [8-10] and a general discussion frame is given for 
mixed finite volume method. Rui and Pan [24, 26] use this method to 
discuss numerical computation for hypotonic oil-gas flow problems. Based 
on the previous studies, a type of mixed volume element with 
characteristic mixed volume element method is put forward for three-
dimensional underground water pollution problem in this paper. The 
pressure and Darcy velocity are computed simultaneously by a 
conservative mixed volume element and the accuracy of Darcy velocity is 
improved. A conservative characteristic mixed finite volume element is 
used to compute the concentration, where the convection is approximated 
along the characteristics and the diffusion is discretized by the mixed 
volume element. The method of characteristics not only has strong 
stability without numerical dispersion at sharp fronts, but also has small 
time truncation errors. In actual computations, a large time step may be 
adopted and the efficiency is developed without losing accuracy. We apply 
the method of mixed finite volume element to obtain the concentration 
and its adjoint vector simultaneously. Take piecewise-defined constants 
as test functions, then we get the local conservation of mass. Using the 
theory of a priori estimates of differential equations, we obtain an 
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optimal order estimates in 2L  norm superior to 23 -order in [2]. 

Finally, the computational efficiency and theoretical results are 
illustrated experimentally. Thus, the potential is shown to be an efficient 
tool in solving some actual applications [2, 17, 28, 36]. 

Some symbols and assumptions are introduced. The regularity 
conditions of (1.1)-(1.7) are defined by 

( )
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Suppose that the coefficients satisfy the following positive definite 
conditions: 

( ) ( ) ( ) ( ) ,0,0,0C ∗
∗

∗
∗

∗
∗ ρ≤ρ≤ρ<θ≤θ≤θ<≤≤< XXc kk κ  

( ) ,0 ∗
∗ ≤≤< DXDD  

where ,,,,,,, ∗
∗

∗
∗

∗
∗

∗ ρρθθ Dkk  and ∗D  are positive constants. 

For simplicity, the problem (1.1)-(1.7) is assumed to be Ω-periodic   
[12, 13, 17, 18, 31], that is, all the functions are Ω-periodic. This 
assumption seems physically reasonable, since no-flow boundaries are 
generally treated by reflection, and because interior flow factors are 
much more important than boundary effects. Thus, the conditions (1.5) 
possibly is dropped [17, 35, 36]. 

The paper is organized as follows. In Section 1, mathematical model 
is stated, and physical background and related research are introduced. 
In Section 2, some symbols and properties are stated, and two different 
(coarse and refined) partitions are defined. In Section 3, the authors put 
forward one method of mixed volume element with characteristic mixed 
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volume element. A conservative mixed volume element is presented for 
the flow equation, and the accuracy of Darcy velocity is improved by one-
order. The method of characteristic mixed volume element is used to 
solve the concentration equation, where the convection is treated by the 
method of characteristics and the diffusion is approximated by the 
method of mixed volume element. The composite scheme develops the 
computational stability and accuracy greatly, and the nature of 
conservation is preserved. It is an important feature in solving such 
complicated physical problems. The adsorption concentration is solved by 
the method of lower order finite element. In Section 4, convergence 

analysis is shown. A second-order error estimates in 2l  norm is obtained, 
improving the famous convergence rate of 23 -order presented by 

Arbogast and Wheeler. In Section 5, a mixed volume element with 
characteristic mixed volume element method is discussed. In the 
applications, a large step could be adopted for the flow equation, then it 
could shorten the computational scale and possibly decreases time cost. 
In Section 6, two numerical experiments are illustrated to support 
theoretical results, and numerical data confirm that the method is 
applicable and efficient in actual applications. 

In this paper, let K and ε  denote a generic positive constant and a 
generic small positive number, respectively. They may have different 
definitions at different places. 

2. Notation and Preparations 

Here two different partitions are defined for showing the numerical 
composite scheme. The first partition with a large step is nonuniform for 
solving the pressure and Darcy velocity, and the second nonuniform one 

is for the concentration. For simplicity, take [ ]{ }31,0=Ω  and let Ω∂  

denote the boundary. The first partition is defined by ,zyx δ×δ×δ  

,10: 21212321 =<<<<=δ +− xx NNx xxxx "  
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,10: 21212321 =<<<<=δ +− yy NNy yyyy "  

.10: 21212321 =<<<<=δ +− zz NNz zzzz "  

For ,,,2,1,,,2,1,,,2,1 zyx NNjNi """ === k  define =Ω kij  

{( ) },,,:,, 212121212121 +−+−+− <<<<<< kk zzzyyyxxxzyx jjii  

( ) ( ) ( )212121212121 ,2,2 +−+−+− +=+=+= kkk zzzyyyxxx jjjiii  

21,212121212121 ,,,,2 +−+−+−+ −=−=−= ixzjjyiix hzzhyyhxxh ji kkk
 

( ) ( ) 21,121,1 ,2,2 11 ++++ −=+=−=+=
++ kzjjyyjyiixx hyyhhhxxhh jjii

 

( ) .2 11 kkkk
zzhh zz −=+= ++

 Define { } { },max,max
11 jyix

yNjyxNix hhhh
≤≤≤≤

==  

{ },max
1 kk zNz hh

z≤≤
=  and ( ) .21222

zyxp hhhh ++=  The partition is regular 

if there exist two constants 01 >α  and 02 >α  such that 

{ } { } { } ,min,min,min 111111 zzNyyNjxxNi
hhhhhh

zjyix
α≥α≥α≥

≤≤≤≤≤≤ kk
 

{ } { }.,,max,,min 2 zyxzyx hhhhhh α≥  

Here 1α  and 2α  depend on .zyx δ×δ×δ  A simplified case with  

3,4 == yx NN  and 3=zN  is illustrated in Figure 1. Introduce  

( ) { [ ] ( ) }xid
l

x
d
l NipfCfM

i
,,2,1,:1,0 "=Ω∈∈=δ Ω  as an experimental 

space, where ( )idp Ω  denotes a space consisting of all the polynomial      

functions of degree at most d on [ ] fxx iii ,, 2121 +−=Ω  is possibly 

discontinuous on [ ]1,0  as ( )y
d
lMl δ−= ,1  and ( )z

d
lM δ  are defined similarly. 

Let ( ) ( ) ( ) { ( ),,,,0
1

0
1

0
1

zyx
hzyxh wwwVMMMS ==δδδ= −−− ww  

( ) ( ) ( ) ( ) ( ) ( ),, 0
1

1
0

0
1

0
1

0
1

1
0 zyx

y
zyx

x MMMwMMMw δδδ∈δδδ∈ −−−−   

( ) ( ) ( ) }.0,1
0

0
1

0
1 =γ⋅δδδ∈ Ω∂−− wzyx

z MMMw   For a grid function 

( ),,, zyxv  let kkk ,21,,21 ,, ++ jijiij vvv  and 21, +kijv  denote ( ),,, kzyxv ji  

( ) ( )kk zyxvzyxv jiji ,,,,, 2121 ++  and ( ),,, 21+kzyxv ji  respectively. 
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Figure 1. Nonuniform partition. 
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( ) ,max ,21,1,1,1 kk −≤≤≤≤≤≤∞ = jiNNjNiy vv
zyx

 

( ) .max 21,1,1,1 −≤≤≤≤≤≤∞ = kk ijNNjNiz vv
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and ( ) ( ) s
Tz

ij
y

ij
x
ijij

Tz
ij

y
ij

x
ijij dwwwwww .,,,ˆ,ˆ,ˆˆ kkkkkkkk == ww  and ( =sDs  

)zyx ,,  are difference quotient operators and they are independent of 

the coefficient D in (1.2). Let L denote a positive integer, ,LTt =∆  

( )nnn tvvtnt =∆= ,  and ( ) .1 tvvvd nnn
t ∆−= −  

The properties are prepared for the following numerical analysis. 

Lemma 1. For ,hh VandSv ∈∈ w  

( ) ( ) ( )m
y

yx
x

xm
x

x wDvwvdwDv ,,,, −=  
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Lemma 2. For ,hV∈w  

.ˆ ww ≤m   (2.3) 
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Proof. In fact, it is necessary to prove ,ˆ,ˆ y
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Multiplying both sides by ,21, kzyix hhh j+  and considering the sum, we 

have 
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Then the proof of Lemma 4 is completed. 

Another partition is obtained by refining the coarse partition of  

[ ]{ }31,0=Ω  uniformly. Generally, we take the step by 2pc hh =  or 

.4ph  

Since the absorption concentration changes slow and stably, Equation 
(1.2) is discussed on the first partition. A first-order finite element space 

hM  is constructed on a hexahedron element [ ] ×=Ω +− 2121 , iiij xxk  

[ ] [ ]21212121 ,, +−+− × kk zzyy jj  seen in [7, 20]. 

3. The Procedures of Mixed Finite Volume 
Element with Modified Characteristic 

Mixed Volume Element 

3.1. The procedures 

In order to use the mixed finite volume element, we rewrite Equation 
(1.1) in a normalized formulation 

,q=⋅∇ u   (3.1a) 

( ) .pc ∇−= ku   (3.1b) 

For Equation (1.2), considering that the flow transports along the 
characteristic direction, thus we apply the method of characteristics to 
approximate the first-order hyperbolic term. The computational 
algorithm could use a large time step and has the strong stability and 

high order accuracy. Let ( ) [ ( ) ] { }.,, 12122 ∇⋅+
∂
∂θ/=

∂
∂+θ=/ − uuu tvXXv
τ
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Equation (1.2) is rewritten as follows for applying the method of mixed 
volume element, 

( ),, cXft
scv =⋅∇+
∂
∂ρ+

∂
∂

/ g
τ

 (3.2a) 

,cD∇θ−=g  (3.2b) 

where ( ) ., qccXf −=  

Let P, U, C, G and S denote the discrete solutions of p, u, c, g and s, 
respectively. The pressure and Darcy velocity are computed by the 
method of characteristic mixed volume element, 

( ) ( ) ,,,, 11,1,1,
hm

n
m

nz
z

ny
y

nx
x SvvqvUDUDUD ∈∀=++ ++++  (3.3a) 

( ( ) ) ( ( ) )y
ynyny

x
xnxnx wUCwUC ,, 1,,11,,1 +−+− + kk  

( ( ) )z
znznz wUC ,1,,1 +−+ k  

( ) .,0,1
hm

z
x

y
x

x
x

n VwDwDwDP ∈∀=++− + w  (3.3b) 

The derivative along the characteristics in (3.2a) is approximated by 
the backward difference quotient 

( ( ) )
( )

.
1 21212

1111

+−

+−++

θ+∆

∆θ−−
≈

∂
∂

n

nnnn

t
tXXccc

u
u

τ
 

Equation (3.2) is discretized by the characteristic mixed volume 
element method 

( 1,1,
11

,,
ˆ ++

++
++








∆
−ρ+








∆
−θ ny

y
nx

x
m

nn

m

nn
GDGDvt

SSvt
CC  

) ( ( ) ) ,,,ˆ,1,
hm

n
m

nz
z SvvCfvGD ∈∀=+ +  (3.4a) 

( ) ( ) ( ) )z
znz

y
yny

x
xnx wGDwGDwGD ,,, 1,11,11,1 +−+−+− ++  

( ) ,,0,1
hm

z
z

y
y

x
x

n VwDwDwDC ∈∀=++− + w  (3.4b) 

where ( ) .ˆ,ˆˆ 11 tXXXCC nnnnn ∆θ−== +− U  
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The adsorption concentration changes slow and stably with respect to 
t, so we obtain an explicit scheme to approximate Equation (1.3), 

( ( ) ) .,,ˆ,
1

h
nn

nn
MSCt

SS ∈ϕϕ−φα=







ϕ

∆
−+

 (3.5) 

Initial approximations are defined by 

,,~,~,~ 000000 Ω∈=== XSSCC GG   (3.6) 

where ( )00 ~,~ GC  is the elliptic projection of ( ),, 00 gc  and 0~S  is an 2L  

projection of 0s  (see the definitions in the next section). 

The composite procedures run as follows. First of all, the elliptic 

projection and the initial values are used to obtain { },~,~ 00 GC  as the 

initial approximations of 0c  and ,00 cD∇θ−=g  i.e., .~,~ 0000 GG == CC  

Use 0s  and the 2L  projection to get .~00 SS =  Secondly, 1S  is computed 

by (3.5). Then, { }11, PU  is computed by the method of conjugate gradient 

and mixed volume element (3.3). Similarly, { }11, GC  is obtained by (3.4). 

Next, { }222 ,, PS U  and { }22, GC  are computed by (3.4), (3.3), and (3.5). 

The computations proceed repeatedly and all the numerical solutions are 
obtained. By the positive definite condition (C), the solutions exist and 
are unique. 

3.2. Local and whole conservation of mass 

Assume that the problem (1.1)-(1.7) has no source or sink, i.e.,    
,0≡q  and assume that the boundary condition is impermeable. Here we 

ignore the effect of adsorption. Thus, for simplicity we take ,1=l  or 

suppose that two partitions are the same. On every element ,Ω⊂cJ  

[ ] [ ] [ ],,,, 212121212121 +−+−+− ××=Ω= kkk zzyyxxJ jjiiijc  the local 

conservation of mass is interpreted for Equation (1.2) by 
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,0=γ⋅−
∂
∂

/ ∫∫ ∂
dSdXcv c

cc
J

JJ
g

τ
 (3.7) 

cJ∂  denotes the boundary of cJ  and cJγ  denotes its outer normal vector. 

Then, the discrete local conservation holds for Equation (3.4a). 

Theorem 1. If ,0≡q  and the factor of surface absorption is ignored, 

then on every element ,Ω⊂cJ  (3.4a) satisfies the conservation law 

.0
ˆ 1

1
=γ⋅−

∆
−θ +

∂

+

∫∫ dSdXt
CC

c
cc

J
n

J

nn

J
G  (3.8) 

Proof. Note that 


 ∈

Ω=
= .

,otherwise,0
,,1

h
ijc Sv

J
v k  Then, (3.4a) turns 

into 

( ) .01,1,
ˆ 1,1,1,

1
=+++








∆
−θ Ω

+++

Ω

+

k
k

ij
ij

nz
z

ny
y

nx
x

nn
GDGDGDt

CC  

(3.9) 

Using the previous notation, we have 

,
ˆˆ

1,
ˆ 111

dXt
CChhht

CC
t

CC nn
zyx

n
ij

n
ij

ij
nn

ij
ji

ij
∆
−θ=














∆

−
θ=








∆
−θ

+

Ω

+

Ω

+

∫
k

k
k

kk
k  

(3.10a) 

( ) ( )
kk kk zy

nx
ji

nx
ji

nz
z

ny
y

nx
x hhGGGDGDGD jij

1,
,21

1,
,21

1,1,1, 1, +
−

+
+Ω

+++ −=++  

( ) ( ) jii yx
nz

ij
nz

ijzx
ny
ji

ny
ji hhGGhhGG 1,

21,
1,

21,
1,

,21,
1,

,21,
+
−

+
+

+
−

+
+ −+−+ kkkk k  

.1 dSc
ij

J
n γ⋅−= +

Ω∂∫ G
k

 

(3.10b) 

Substituting (3.10) into (3.9), we could complete this proof. 
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Furthermore, we get the conservation of mass on the whole domain. 

Theorem 2. Suppose 0≡q  and the boundary is impermeable. The 

factor of surface absorption is ignored. Then, 

.0,0
ˆ1

≥=
∆
−θ

+

Ω∫ ndXt
CC nn

  (3.11) 

Proof. Summing (3.8) on all the elements, we have 

.0
ˆ 1

,,

1

,,
=γ⋅−

∆
−θ +

Ω∂

+

Ω ∫∑∫∑ dSdXt
CC

c
ijij

J
n

ji

nn

ji
G
kk kk

 (3.12) 

Then, the proof is completed by using ∫∫∑ Ω∂
+

Ω∂
−=γ⋅− dScij

J
n

ji

1

,,
G
kk

 

.01 =γ⋅+ dSnG  

4. Convergence Analysis 

The elliptic projections are introduced first. hV∈U~  and hSP ∈~  are 

defined by 

( ) ( ) ,,,,~~~
hmm

z
z

y
y

x
x SvvqvUDUDUD ∈∀=++  (4.1a) 

( ( ) ) ( ( ) ) ( ( ) )z
zz

y
yy

x
xx wUcwUcwUc ,~,~,~ 111 −−− ++ kkk  

 ( ) ,,0,~
hm

z
z

y
y

x
x VwDwDwDP ∈∀=++− w   (4.1b) 

where c denotes the exact solution of (1.1)-(1.7). 

Let .t
scvfF
∂
∂ρ−

∂
∂

/−=
τ

 Define hh SCV ∈∈
~,~G  by 

( ) ( ) ,,,,~~~
hmm

z
z

y
y

x
x SvvFvGDGDGD ∈∀=++  (4.2a) 

( ) ( ) ( )z
zz

y
yy

x
xx wGDwGDwGD ,~,~,~ 111 −−− ++  

( ) .,0,~
hm

z
z

y
y

x
x VwDwDwDC ∈∀=++− w  (4.2b) 
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The 2L  finite element projection hMS ∈
~  is defined by 

( ) ( ) .,,, hMzzszS ∈∀=   (4.3) 

Let ,~,~,~,~,~,~ cCCCpPPP −=ζ−=ξ−=ρ−=σ−=η−=π uUUU  

.~and,~,~,~ sSSS −=λ−=µ−=β−=α gGGG  Suppose that (1.1)-(1.7) 

satisfies the positive definite condition (C), and suppose that exact 
solutions satisfy the regularity (R). From the discussions of Weiser and 

Wheeler [32], we see that auxiliary functions { }CP ~,~,~,~ GU  of (4.1) and 

(4.2) exist and are unique. 

Lemma 5. If the coefficients and exact solutions of (1.1)-(1.7) satisfy 

(C) and (R), then there exist two constants 01 >C  and 02 >C  

independent of h such that 

{ },22
1 cp

mm
mm hhCtt +≤

∂
ζ∂+

∂
η∂+β+ρ+ζ+η  (4.4a) 

.~~
2C≤+

∞∞
GU  (4.4b) 

Under the same assumptions, using the property of 2L  projection [7, 20], 
we have the following estimates. 

Lemma 6. Suppose that the adsorption concentration satisfies the 

regularity (R). Then there exists a constant 03 >C  independent of ch  

such that 

,2
32

2 c
L

L hCt ≤
∂
λ∂+λ  (4.5) 

π  and σ  are estimated first. Subtracting (4.1a) ( )1+= ntt  and (4.1b) 

( ),1+= ntt  respectively from (3.3a) and (3.3b), we have 

( ) ,,0,1,1,1,
hm

nz
z

ny
y

nx
x SvvDDD ∈∀=σ+σ+σ +++  (4.6a) 
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( ( ) ) ( ( ) ) ( ( ) )z
znznz

y
ynyny

x
xnxnx wCwCwC ,,, 1,,11,,11,,1 +−+−+− σ+σ+σ kkk  

( ) ( ( ) ( ))( ){ x
xnxnnx

m
z

z
y

y
x

x
n wUcCwDwDwD ,~, 1,11,11 ++−−+ −−=++π− kk  

( ( ) ( ))( ) ( ( ) ( ))( ) },,~,~ 1,11,11,11,1
z

znznnz
y

ynynny wUcCwUcC ++−−++−− −+−+ kkkk  

.hV∈∀w  (4.6b) 

Take 1+π= nv  in (4.6a), 1+σ= nw  in (4.6b), and combine them 
together, we have 

( ( ) ) ( ( ) ) ( ( ) ,,, 1,,11,1,,11,1,,1 +−++−++− σ+σσ+σσ nznz
y

nynyny
x

nxnxnx CCC kkk  

) (( ( ) ( )) ) .,~ 1,1,11,1

,,

1,
s

nsnsnns

zyxs
z

nz UcC +++−−

=

+ σ−−=σ ∑ kk  (4.7) 

Equation (4.7) is estimated by using Lemma 1-Lemma 5, the Taylor 
expansion and (C), 

21,

,,

21
m

nns

zyxs

n cCK +

=

+ −≤σ ∑  

( ) ( ){ }.~ 2422222,

,,
thKtcCK c

n
m

n
m

n
m

nns

zyxs
∆++ξ≤













∆+ζ+ξ+−≤ ∑
=

 

(4.8) 

h
n S∈π +1  is discussed by using the method of duality [20, 23] later. 

Consider the following elliptic problem: 

( ) ,,,,1 Ω∈=π=ω⋅∇ + Tn zyxX   (4.9a) 

,, Ω∈∇=ω Xp   (4.9b) 

.,0 Ω∂∈=γ⋅ω X   (4.9c) 

Using the regularity (4.9), 

.21
2

,,
m

n

m

s

zyxs
Ks

+

=

π≤
∂
ω∂∑  (4.10) 
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If hV∈ω~  satisfies 

( ) ( ) ,,,,,,,
~

zyxsSvvsvs hm
s

m
s

=∈∀
∂
ω∂=

∂
ω∂  (4.11a) 

then the solution ω~  exists and is estimated by 

.
~ 2

,,

2

,, m

s

zyxsm

s

zyxs
ss ∂
ω∂≤

∂
ω∂ ∑∑

==

 (4.11b) 

Using Lemma 4, (4.9), (4.10) and (4.6), we have 

( ) ( )m
z

z
y

y
x

x
nn

m
n DDD ω+ω+ωπ=ω⋅∇π=π +++ ~~~,, 1121  

( ( ) ) (( ( ) ( )) )s
snsnns

zyxs
s

snsns

zyxs
UcCC ω−+ωσ= ++−−

=

+−

=
∑∑ ~,~~, 1,11,1

,,

1,,1

,,
kkk  

( ){ } .~ 2124221 thK cm
nn ∆++ξ+σω≤ +  (4.12) 

From Lemma 4, (4.10) and (4.11), we have 

.
~~~ 21

2

,,

2

,,

2

,,

2
m

n

m

s

zyxsm

s

zyxs
m

s
s

zyxs
KssD +

===

π≤
∂
ω∂≤

∂
ω∂=ω≤ω ∑∑∑  

(4.13) 

Substituting (4.13) into (4.12), 

{ ( ) } { ( ) }.2422422121 thKthK cm
n

cm
nn

m
n ∆++ξ≤∆++ξ+σ≤π ++  

(4.14) 

Error function µ  is discussed later. It follows from (1.3) ( ),1+= ntt  
(3.5) and (4.3), 

( ( ) ( ) ( ) ( ) ) ( )ϕθα−ϕφ−φ+φ−φα=







ϕ

∆
µ−µ +

+
,ˆ,~~ˆ, 1

1
nnnnn

nn
CCCCt  

( ) .,,
~

,ˆ
11

1
h

nnn
nn Mt

ss
t

sSS ∈ϕ∀







ϕ

∆
−−

∂
∂−ϕ−α−

++
+  

(4.15) 
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For the Langmuir isotherm, it is easy to see that ( ) 1k≤φ′ c  holds from 

( ) c
cc
2

1
1 k
k
+

=φ  and ( )
( )

.
1 2

2

1
c

c
k

k

+
=φ′  For the Freundlinch isotherm, 

( ) ( ) ,, 1
33

−=φ′=φ pp pcccc kk  let ,1=p  then ( ) .3k≤′ cf  The analysis 

proceeds by applying the Lagrange mean value theorem. Taking  

t
nn

n
t ∆

µ−µ=µ∂=ϕ
+1

 in (4.15), using Lemma 5, Lemma 6 and the 

regularity (R), we have 

( ){ }.244222
222 thhK pcL

n
L

n
L

n
t ∆+++µ+ξ≤µ∂  (4.16a) 

Taking 1+µ=ϕ n  in (4.15), we have 

{ } { ( ) }.2
1 2442221221

22222 thhKt pcL
n

L
n

L
n

L
n

L
n ∆+++ξ+µ+µ≤µ−µ

∆
++  

(4.16b) 

Next, Equation (1.2) is estimated. Subtracting (4.2a) and (4.2b) 

,1+= ntt  respectively from (3.4a) and (3.4b), and taking 1+ξ= nv  and 

,1+α= nw  we have 

( 1,1,1
1

1
1

,,
ˆ +++

+
+

+
α+α+








ξ

∆
′−′

ρ+







ξ

∆
−θ ny

y
nx

x
m

n
nn

m

n
nn

DDt
CC

t
CC  

) ( ) ( ) ,,ˆ, 1
11

1111,

m

n
nn

nnn
m

nnz
z t

ccvcfCfD 







ξ

∂
′∂ρ+

∂
∂

/+−=ξα+ +
++

++++
τ

 

(4.17a) 

( ) ( ) ( ) )z
nznz

y
nyny

x
nxnx DDD 1,1,11,1,11,1,1 ,,, ++−++−++− αα+αα+αα  

( ) .0, 1,1,1,1 =α+α+αξ− ++++
m

nz
z

ny
y

nx
x

n DDD  (4.17b) 
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Considering the sum of (4.17a) and (4.17b), 

( )x
nxnx

m

n
nn

m

n
nn

Dt
CC

t
CC 1,1,11

1
1

1
,,,

ˆ ++−+
+

+
+

αα+







ξ

∆
′−′

ρ+







ξ

∆
−θ  

( ) ( )z
nznz

y
nyny DD 1,1,11,1,1 ,, ++−++− αα+αα+  

( ) ( ) .,ˆ 1
11

11

m

n
nn

nnn
t

ccvcfCf 







ξ

∂
′∂ρ+

∂
∂

/+−= +
++

++
τ

 (4.18) 

Subtracting (1.2) 1+= ntt  from (4.18), we get the error equation 

( )s
nsns

zyxsm

n
nn

Dt
1,1,1

,,

1
1

,, ++−

=

+
+

αα+







ξ

∆
ξ−ξθ ∑  

( ) ( )nn
t

m

n
nnn

m

n
nn

t
ss

t
s

t ξλ∂ρ−







ξ

∆
−−

∂
∂ρ+








ξ

∆
µ−µρ−= +

++
+

+
,,, 1

11
1

1
 

[ ]
m

n
nn

m

n
nn

nn
n

tt
ccct

c








ξ

∆
ζ−ζθ+








ξ

∆
−θ−∇⋅+

∂
∂θ+ +

+
+

+
++

+
1

1
1

1
11

1
,,u  

( ( ) ( ) )
m

n
nn

m

n
nn

nnn
tt

cccfCf 







ξ

∆
ζ−ζθ−








ξ

∆
−θ+ξ−+ ++++ 1111 ,

ˆ
,ˆ,ˆ   

,,,
ˆ

,
ˆ 111

m

n
nn

m

n
nn

m

n
nn

ttt 







ξ

∆
ξ−ξθ+








ξ

∆
ζ−ζθ−








ξ

∆
ξ−ξθ+ +++ 

 

(4.19) 

where ( ) ( ) .,ˆ, 1111 "tXcctXcc nnnnnn ∆θ−=∆θ−= +−+− Uu  

The inequality ( ) ( )22
2
1 babaa −≥−  is used to estimate the left-

hand term of (4.19). The terms on the right-hand side are denoted by  
.,,, 1121 TTT "  Then, 

{( ) ( ) } ( ) .,,,2
1 11

1

1,1,1

,,

11
i

i
s

nsns

zyxs
m

nn
m

nn TDt ∑∑
=

++−

=

++ ≤αα+ξθξ−ξθξ
∆

 

(4.20) 
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,, 21 TT  and 3T  of (4.20) are estimated by using the relation of continuous 

2L -norm and discrete m-norm [14, 25] and (4.16), 

( ){ }24212
321 thKKTTT cm

n
m

n
t ∆++ξ+µ∂≤++ +  

( ){ }.2442221 thhK pcm
n

m
n

m
n ∆+++µ+ξ+ξ≤ +  (4.21) 

Noting that ,
1

111
1

τ∂
∂

/=∇⋅+
∂

∂θ
+

+++
+ n

nnn
n cvct

c u  we have 

( )

( )
( ) .ˆ

2

221
22,

,1

1

1

1 1

τ
ττ

dcttXX
tvt

cc
v

c ntX

tXn

nn

n

n n

n ∂

∂




 −+−

∆/

θ=
∆
−

/

θ−
∂

∂ ∫
+

+

+

+

+


  

(4.22) 

Multiplying both sides by 1+/nv  and estimating it in m-norm, we have 

( )

( )
dXdc

t
v

t
cccv

n

n

tX

tX

n

m

nnn
n

2

2

2,

,

21211
1

1

τ
ττ ∂

∂








∆
/≤

∆
−θ−

∂
∂

/ ∫∫
++

Ω

++
+


  

( )
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Therefore, 4T  is bounded by 

( )
.21

2
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2

2
4
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m

n
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KtcKT
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+ξ+∆
∂
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+τ

 (4.24a) 

From Lemma 5, 5T  and 6T  are estimated similarly 

{( )
( )

},21
2

;,

1
5 12 m

n

mttL nnttKT +− ξ+
∂
ζ∂∆≤

+
 (4.24b) 

( ){ }.42221
6 htKT m

n
m

n +∆+ξ+ξ≤ +  (4.24c) 
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,, 87 TT  and 9T  are argued as follows. If f is a function defined on ,Ω  

denoting one of three functions ,, ζc  and ,ξ  and Z means the unit vector 

of ,11 ++ − nn uU  then 

dXt
ff n

nn
1ˆ +
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∂
∂= ∫∫ Uu  (4.25) 

where the parameter [ ],1,0∈Z [ ( ) ( ) ( ).ˆ 11 XXXtXX nn θ−∆=− ++ Uu  

Define 

(( ) ) ,ˆ1
1

0
ZdXZXZZ

fg
n

f +−
∂
∂= ∫   

then we obtain three special inequalities from (4.25), 

( ) ,11
7 m

n
m

n
cgT ++

∞ ξ−≤ Uu  (4.26a) 

( ) ,11
8 ∞

++
ζ ξ−≤ n

m
n

mgT Uu  (4.26b) 

( ) .11
9 ∞

++
ξ ξ−≤ n

m
n

mgT Uu  (4.26c) 

From Lemma 1-Lemma 5, and (4.8), we have 

( ) ( ){ }.244221 thhK cpm
n

m
n ∆+++ξ≤− +Uu  (4.27) 
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Since ( )Xgc  is the mean value of first-order partial derivatives of ,nc  it 

could be estimated by .1
∞W

nc  It follows from (4.26a), 

( ){ }.244221
7 thhKT cpm

n
m

n ∆+++ξ+ξ≤ +  (4.28) 

In order to estimate mgζ  and ,mgξ  we introduce the following 

induction hypothesis: 

( ) ,0,,,0sup,0sup
00

→∆→ξ→σ
≤≤

∞
≤≤

thh pcm
n

LnLn
  (4.29) 

and the partition restriction 

( ) ( )., 2322
phohhOt ==∆   (4.30) 

Considering 
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
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∂
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Using the transformation, 

( ) ( ) [ ( ) ( ) ( ) ( ) ( )] ,ˆ1 1111 tXXZXXXXZXZXG nn
Z ∆−θ+θ−=+−= +−+− uUu  

(4.32) 

then, we have 

( ( )) ,
21

0
2 ZdXdXGZ

fg Z
n

J
f

p
∂
∂≤ ∑∫   (4.33) 

where [ ] [ ] [ ]212121212121 ,,, +−+−+− ××=Ω= kkk zzyyxxJ jjiiijp  

denotes a grid element of the flow equation. 

It follows from (4.29) and (4.30), 

( ).11det oDGZ +=  
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Then, Equation (4.33) is estimated by 

.22 n
f fKg ∇≤   (4.34) 

Using (4.34), Lemma 5 and the Sobolev embedding theorem [1], we could 
estimate ,8T  

( ) ( ) 1211
8

++ε−+ ξ∇⋅−⋅ζ∇≤ nnn hKT Uu  

( ) ( ){ }11212 +++ε− ξ∇−≤ nn
chK Uu  

( ){ } .21244221 ++ αε+∆+++ξ+ξ≤ n
cpm

n
m

n thhK  (4.35a) 

From (4.27), we find that ( ) ( ( ) ).211 +ε−+ =− cm
n hoUu  Therefore, it is 

necessary to prove ( ).22 thhO cpm
n ∆++=ξ  Using the argument 

similar to [36], we have 

( ) ( ) 1211
9

++ε−+ ξ∇⋅−⋅ξ∇≤ nnn hKT Uu  

{ }.221 nn α+αε≤ +  (4.35b) 

10T  and 11T  are treated by using the negative norm estimates 

,214
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+αε+≤ n
chKT  (4.36a) 

.212
11

+αε+ξ≤ n
m

nKT  (4.36b) 

Considering the resulting estimates (4.20), (4.21), (4.24), (4.28), (4.35), 
(4.36), and (4.19) together, we have 
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Multiplying (4.37) by ,2 t∆  summing them on ( ),0 Lnn ≤≤  and noting 

that ,00 =ξ  we have 

{ [ ] ( ) }.244221
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n
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n
m
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(4.38) 

It holds for (4.16b) from ,00 =µ  
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L ∆+++∆ξ+µ≤µ ∑

=

+  (4.39) 

Considering (4.38), (4.39) and the relation of continuous 2L -norm and 
discrete m-norm [14, 25] together, we obtain 
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( ) }.244 thh cp ∆+++  (4.40) 

Applying the Gronwall lemma, we get 

{ ( ) }.24421
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2121
2 thhKt cp

n
L
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m
L ∆++≤∆α+µ+ξ +
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By (4.41a), (4.8), and (4.14), we have 

{ } { ( ) }.sup 2442121
0

thhK cp
n

m
n

Ln
∆++≤α+π ++

≤≤
 (4.41b) 

It remains to testify the induction hypothesis (4.29). For ,0=n  it is true 

obviously by using the initial conditions and .00 =ξ  Suppose that it 

holds for .1 Ln ≤≤  Then, it follows from (4.41) and (4.30), 

{ } ,02122231 →≤∆++≤σ −
∞

+
pcpp

L KhthhKh  (4.42a) 
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{ } .02122231 →≤∆++≤ξ −
∞

+
ccpc

L KhthhKh  (4.42b) 

Therefore, it holds for 1+= Ln  and the proof is completed. 

The following theorem is concluded from (4.41), Lemma 5 and Lemma 6. 

Theorem 3. Suppose that the conditions (R) and (C) hold. Numerical 
solutions are obtained by using the procedures (3.3), (3.4), and (3.5). If the 
restriction (4.30) holds, then 

( ) ( ) ( ) ( )VJLmJLVJLmJL CcPp ;;;; 2GgUu −+−+−+− ∞∞∞  

( ) { },22
; 2 thhMSs cpLJL ∆++≤−+ ∗
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where ( ) ( ) { } ,sup,sup 212

0
;; 2 tgggg X

n
L

nTtLXJLX
n

TtnXJL ∆== ∑
=≤∆≤∆

∞  and 

the constant ∗M  depends on p, c, s and their derivatives. 

5. Modified Mixed Volume Element with 
Characteristic Volume Element and 

its Numerical Analysis 

In Sections 3 and 4, we discuss the method of mixed volume element 
with characteristic volume element. While in actual applications, Darcy 
velocity changes more slow than the concentration with respect to t. 
Therefore, a large time step may be used for solving Equation (1.1). The 

interval J is partitioned by .0 10 Tttt L =<<<= "  Let ,1−−=∆ mm
m
p ttt  

and suppose that the partition is measured uniformly by ,p
m
p tt ∆=∆  

2≥m  except .1
pt∆  The concentration is computed by a small uniform 

step .1−−=∆ nn
c ttt  Suppose that there exists a positive integer n 

corresponding to m such that the pressure and the concentration have 

the same nodes, .n
m tt =  Let cp ttj ∆∆=  and .1

1 cp ttj ∆∆=  Let 
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( ) ( )., mm tXvXv /=/  Darcy velocity 1+nu  at ,, 1
1

1
m

n
m

n tttt ≤< +
−

+  in 

(3.4) is defined as follows. The approximation is defined by a linear 
extrapolation of 1−mU  and 2−mU  for ,2≥m  
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If ,1=m  define .0
1 UU =+nE   

The procedures of (1.1) and (1.2) are formulated. Numerical solutions 
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For clarity, the previous m-norm is replaced by norm.-m̂   
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where ( ).ˆ 11 tEXCC nnn ∆θ−= +− U  

.,~,~,~ 000000 Ω∈=== XSSGGCC   (5.5) 
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The procedures (5.2), (5.3), (5.4), and (5.5) are carried out similarly to 
(3.3)-(3.6) of Section 3. Here it is pointed out that Equations (1.1) and 
(1.2) are discretized with two different steps. It can shorten the 
computational work greatly without losing accuracy. 

In a similar analysis to Theorem 3, we conclude the following result. 

Theorem 4. Suppose that exact solutions of (1.1)-(1.7) are regular (R), 
and the coefficients are positive definite (C). Adopting the procedures   
(5.2)-(5.5) to obtain numerical solutions, under the restriction (4.30), we 
have 

( ) ( ) ( ) ( )VJLmJLVJLmJL CcPp ;;;; 2GgUu −+−+−+− ∞∞∞  

( ) ( ) ( ){ },231222
; 2 ppccpLJL ttthhMSs ∆+∆+∆++≤−+ ∗∗

∞  (5.6) 

where the constant ∗∗M  depends on p, c, s and their derivatives. 

6. Numerical Experiment 

Consider a one-dimensional problem on [ ],1,0=Ω  

( )( ) .0=∆−∇⋅+φ+
∂
∂ cDcct
c

t u   (6.1) 

We use the method of mixed volume element with characteristic mixed 
volume element to solve Equation (6.1) with the following assumptions: 

(1) ;01.0,1 == Du  (2) ( ) ;pec =φ  (3) the initial value = 0; (4) the value 

at the left-hand endpoint = 1, the value at the right-hand endpoint = 0. 

Numerical solutions at 5.0=t  are illustrated for 5.0=p  and 1=p  
in Figures 2 and 3 respectively. 

The change of the concentration c as 5.0=p  is shown in Figure 2. 
From Figure 3, we see that the curve of c is more smooth as 1=p  
comparison with Figure 2. Then, we conclude that the value of p is 
effective in computing the concentration. 
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Figure 2. Numerical illustration of .5.0=p  

 

Figure 3. Numerical illustration of .1=p  
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Next, we consider a two-dimensional convection-diffusion equation 
and solve it by using the characteristic mixed volume element 

( )

( )














≤<Ω∂∈=
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∂
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∂
∂

,0,,0

,,0,

,0,,

0

TtXc

XcXc

TtXfcDct
c

ν

u

 (6.2) 

where ( ) ( )1,01,0 ×=Ω  and ν  denotes the outer unit vector to .Ω∂  

Define ( )Tuu 21,=u  and ( )yxD ,  as 

,1 2
1 xu +=  

,1 2
2 yu +=  

( ) .10, 4 xyyxD += −  

The right-hand side function f is chosen properly such that exact solution 
is defined by 

( ) ( ).2cos2cos
2

yxec t ππ= π−  

Obviously, ( ) ( ) ( ).2cos2cos,0 yxyxc ππ=  

Here we use the presented method to solve (6.2), and evaluate the 

function c and its gradient .cg ∇=  Take .4,1,03.0 2htNhT =∆==  

Numerical data of ( )tyxc ,,  and ( )tyxg ,,  are shown in Tables 1 and 2 

respectively. Let ,,
1

222

1,

2 ∑∑
==

=∇=
N

i
ij

N

ji
rhrr  and let C and G denote the 

numerical solutions. Table 1 shows error estimates of center finite 
difference (CFD), the method of characteristics (MOC), and characteristic 
mixed volume element (CMVE) on different meshes. 
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Table 1. Error estimates of 410∗− Cc  

N CFD MOC CMVE 

40 45.706668 41.627797 33.751945 

80 12.392356 10.866577 8.627756 

120 5.667990 4.878326 3.965134 

160 3.228423 2.745332 2.342464 

200 2.073806 1.750132 1.609548 

240 1.439614 1.234541 1.209797 

Table 2. Error estimates of 310∗− Gg  by the CMVE 

N CMVE N CMVE 

40 17.155501 160 4.493999 

80 8.854135 200 3.608725 

120 5.960560 240 3.017028 

From Tables 1 and 2, we find that the CMVE could solve c and g 
simultaneously and efficiently comparison with CFD and MOC. 

7. Conclusions and Discussions 

Numerical approximation and theoretical analysis of three-
dimensional contamination transport are considered in this paper. A type 
of mixed volume element-characteristic mixed volume element method is 
discussed. Several interesting conclusions are stated as follows. 

(I) The method has the physical nature of conservation (local and 
whole), an important physical nature in numerical simulation of 
underground environmental science problems. 

(II) The composite method combines a mixed volume element and the 
idea of characteristics, so it has strong stability and high accuracy. It is 
quite useful especially in large-scaled engineering computation on a 
three-dimensional complicated region. 
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(III) The method develops the convergence result of 23 -order of 

Arbogast and Wheeler to second order, and possibly solves the problems 
better [2, 17, 28, 31]. 

In the following research, the authors would pay more attention to 
the topics. (1) Combining the recent work [37-43], the authors try to 
study the physical equations and put forward new numerical methods. (2) 
Using actual data of (1.1)-(1.7), the authors try to accomplish numerical 
tests and give a professional software for environmental treatment. (3) 
Studying the recent research on variational formulation and fractal 
calculus, this work may possibly be continued for the contamination 
transport [44-52]. 
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