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Abstract

In this article, we will study the exponentiated Gamma distribution and the
maximum likelihood function of it and we study one- and two-sample Bayesian
prediction intervals based on unified hybrid censored data. Because one- and
two-sample Bayesian predictive survival function can not be computed in closed-
form so we will used the Markov Chain Monte Carlo method to obtain the
approximate predictive survival function. Lastly, we used a real data set to find
Bayesian prediction intervals.
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1. Introduction

Gamma distribution is the most popular model for analyzing skewed
data. Gupta et al. [1] introduced the exponentiated gamma (EG)
distribution. For details, see Bakoban [2] and Shawky and Bakoban [3].
The EG distribution has the cumulative distribution function (cdf):

Fx, 0,7) = (1- (1 +yx)e ™), (1.1)
the probability density function (pdf):
f(x, 0, y) = 0y%xe [1 = (1 + yx)e ™ ]9_1. (1.2)

Epstein [5] considered a hybrid censored scheme (HCS), which is a
combination of Type-I and Type-II censoring schemes. This schemes have
been used in many practice and because of some disadvantages for this
scheme. Chandrasekar et al. [7] suggested two new scheme, named as
generalized Type-I HCS and generalized Type-II HCS. In generalized
Type-I HCS, one fixes k, r € (1, 2, ..., n) and time T e (0, ) such that

k <r < n. If the kth failure occurs before time 7T, the experiment is
terminated at min(x,.,, 7). If the kth failure occurs after time 7, the

experiment is terminated at x.,. So, it is clear that this HCS modifies
the Type-I HCS by allowing the experiment to continue after time T if
very few failures had observed until that time. In generalized Type-II
HCS, one fixes r € (1,2, ..., n) and T}, Ty € (0, ©) s.t T} < Ty. If the
r-th failure occurs before time 77, the experiment is terminated at 77; if
the r-th failure occurs between 7 and Ty, the experiment is terminated
at X,.,; otherwise, the experiment is terminated at T5. There are some

problems for this scheme. For example, in the generalized Type-I HCS,
because of only one pre-assigned time T, we cannot warranty r failures.
In generalized Type-II HCS, there is a potentiality of not noting any

failure at all or note very few failures until the pre-fixed time 7Ty, and so
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it has the same problem as the Type-I HCS. Balakrishnan et al. [8]
introduced a mixture of generalized Type-I HCS and generalized Type-II
HCS which is called the unified hybrid censoring scheme (UHCS), which

can be described as follows, fix integers r, k<1, 2, ..., n such that
k <r <n and time points T3, Ty € (0, ©), where T} < Ty. If the k-th
failure occurs before time 77, the experiment is terminated at
min(max(x,.,, 71 ), Ty). If the k-th failure occurs between T; and Ty,
the experiment is terminated at min (x,.,, 7y) and if the k-th failure

occurs after time Ty, the experiment is terminated at x;.,. Under this

censoring scheme, we can warranty that the experiment would be ended

at most in time 75 with at least k failures and if not, we can warranty

exactly & failures. Therefore, under this UHCS, we have the following six

cases:

Case I: 0 < x},.,, < x,.,, <1} < Ty in which case we terminate at 77,
Case II: 0 < x;.,, < T} < x,.,, < Ty in which case we terminate at x,.,,
CaseIlI: 0 < x;.,, <1} < Ty < x,., in which case we terminate at 75,
CaseIV: 0 < T} < x4, < X,.,, < Ty in which case we terminate at x,.,,,
Case V: 0 < T} < xy.,, < Ty < x,., in which case we terminate at 75,
Case VI: 0 < 77 < Ty < x}., < X,.,, in which case we terminate at x,.,,.

Let X = Xy.,,, Xo.s ---» X,.,, be an UHCS observed from a life test,
including n units taken from a population with F(x) and f(x) given in
Equations (1.1) and (1.2), then the likelihood function of 0, y for six cases

is given by

D
L 0: ) = o ([ TGl - Fer . (1.3)
i=1



24 M. A. W. MAHMOUD et al.
where D is the failures number up to time c.

(r, Ty) for Case I,

(r, 2,.0) for Case II and Case IV,
(D, c) = (1.4)
(rg, To) for Case III and Case V,

(ky xpp) for Case VI,

where r; and ry indicate the failures number that happen before time
points 77 and 7Ty, respectively. In the Bayesian approach, we assume
that the parameters 6 and y are independently distribution as gamma
a;, by and gamma aq, by priors, respectively. Then, the prior of 6 and

y becomes
1 (0)ac (8710 g >0,
mo(r)ec (Y2 e ™),y >0,
where a1, a9, by and by > 0. The joint prior distribution for 6 and y is
(0, y)oc 041y Lo {(tr0+bay), (1.5)

From (1.3) and (1.5), we obtain the joint posterior density function as

follows:

D
n*(e, Ylﬁ) o 9D+a1 —lyag +2D—1e*Y(b2+zi:1 x;)
_ Ny _ e T
e 00, +(6 1)Zi:1 In[1-(1+yx; e ][1 _ (1 _ (1 " ,Yc)efyc )9 ]n—D‘ (1.6)

2. Bayesian Prediction Intervals

Prediction is very important in statistical inference like statistical
estimation and can be categorized into two types. The first type, the one-

sample prediction and in this case the variable to be predicted comes
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from the same system of variables experientied and is therefore
connected with the experientied data. In the second type, referred to as
the two-sample prediction problem, the variable to be predicted comes
from another independent future sample, which can be described them

as follows:
2.1. One-sample Bayesian prediction

In this section, we progress a general technique for deriving the
interval predictions for the [-th future order statistic X;, for EG

distribution, where D <[ <n. For more details about Bayesian
prediction, see, for example, Shafay [10, 11]. The conditional density
function of Xj;.,, based on UHCS X = X;., < Xy, <... < Xp.,, is as

follows:
g1(x7|X) if (D, ¢) = (n, T}) for Case I,
ga(x|X) if (D, ¢) = (r, X,.,,) for Case II and Case IV,

g(x|X) =
g3(x|X) if (D, ¢) = (ry, Ty) for Case III and Case V,

g4(x;|X) if (D, ¢) = (k, X}., ) for Case VL.

2.1)

From these equations and (1.2), (1.1) and as seen in Mohie El-Din et al.
[12] and Ghazal and Hasaballah [15], we can get the conditional density

function of X;.,,, in the six cases, as follows, for x; > 17,

[-11-d-1n-1
gr(@|X) = D" YD hbyPxe L - (14 yy e Ao
d=r v=0 a=0
x [1= @1 +yT)e P g (1), 2.2)

1

DI U [ @y T B = (1 - (g Ty )e 7))

j=r| .
J

0;(Ty) =

’
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For x; > x,,

l-r-1n-

g2(xylx, ) = Z Zkgey xe ™

v=0 a=

O L) Sl R el 22 il

;o (2.9
[1— (1= @+ yxp)e ™ )27
For x; > Ty,
l-11-d-1n-1
g3(x]X) = D" DD kabyPxie 1~ (14 yxy Jo Al
d=r v=0 a=0
<= (U yTy)e T P g, (my), 2.4)
1
0j(Ty) = - ;
> ( j[l — (U yTy)e 2T - (1 - (L yTp)e )0 )
j=r
J
and for x; > x,
I-k=1n-1l
galxlx) = Y Zk49Y xe
v=0 a=
_ —yx7 10(l—k-v+a)-1r1 _ —yx;, 10V
A=t yg)e™ ] L-@ym)e ™0 g g

[1— (1= @+ yap )™ O

From (1.6) and (2.1), we obtain the Bayesian predictive density function
of X;.,,, given the UHCS as follows:

g1 (x| X) if (D, ¢) = (r, T}) for Case I,
g5(x)| X) if (D, ¢) = (r, X,..,,) for Case II and Case IV,

g (x|X) =
g3(x;|X) if (D, ¢) = (ry, Ty) for Case III and Case V,

g1(x|X) if (D, ¢) = (k, X}, ) for Case VI,

(2.6)
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&'l X) = [ [ alwn| Xm0, vix)dody @7

where, for x; > 17,

l-11-d-1n-

g1 (x| X) = Z Z Zkley xpe 1= (1 + yx )e 7™ ]el d-v+a)-1

x[1= @+ y1y)e P Do (T (6, vfx)dody, (2.8)
where X = (x1, ..., x,, ). For x; > x,,
l-r-1n-I
g3(x|X) = DD kybyPae im0, 1)
v=0 a=0
[1— () ™ T - (1, e |
x — B dody, (2.9)
[1-(1-@+yx)e )]
where X = (xq, ..., x,.). For x; > Ty,
I1-11-d-1n-I
g3 X) = D0 Y > kyPxge 1 - (14 yay e PR
d=r v=0 a=0
< [L =+ yTp)e 2170 Do (1) (6, vfx)dody, (2.10)
with X = (xq, ..., x,, ), and for x; > x;,
k-1 n-I
gi(x|X) = D" > kabyPxien" (6, 1)
v=0 a=0
_ —yx7 10(l-k-v+a)-11q _ —vyx;, 10V
% [1 (1 + 7X; )e ] [1 (1 + YXg )e ] ded"{,

[1- (1= @+ yorpJe ™ )0

2.11)
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with X = (xq, ..., %1, ). From (2.6), for the [-th future UHCS we obtain the
predictive survival function p(x; > t|x) = G*(¢|x), for t > 0, as follows:

Gy (1 X) if (D, ¢)=(n, T}) for Case I,

G5 (1 X) if (D, ¢) = (r, X,.,) for Case II and Case IV,

GUx)- |
Gs (4 X) if (D, ¢) = (ry, Ty) for Case III and Case V,

G, (1 X) if (D, ¢) = (k, X}, ) for Case VI,

(2.12)

where

5*(xz|§)=j j u(o| X )m* (6, y]x )dody, i=1,23 4, (2.13)
0JoO

and
t
u; ({1 X) = j gi(x|X)dx;, i=1,23 4 for >0,
0
1s given by
u (1| X) if (D, ¢) = (rn, T}) for Case I,
us (| X) if (D, ¢) = (r, X,.,,) for Case II and Case IV,
u(t| X) =

ug(t|X) if (D, ¢) = (ry, Ty) for Case III and Case V,

uy(f| X) if (D, ¢) = (k, X}., ) for Case VI,

(2.14)

I-11l-d-1n-I

—d
u (4X) = Z

r v=0 a=0

—

SH
Il
<

R @) - @y e R g (1)
(l-d-v+a) ’

(2.15)
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l-r-1n-1
ug (2], ) =
v=0 a=0
ko [1—(1-@+yxp)e ™ PETU [ - @ 4 yx, e P |
N-1-0+yx)e ™) "(-r-v+a) ’
(2.16)
1-11-d-1n-I|
uz (1 X) =
d=r v=0 a=0

Jall= (1= (e TN - 1y Ty ) [ D (1)

(l-d-v+a)
2.17)
and
I-k-1n-I
wy(xifxg) = DY
v=0 a=0

Kol = (1= (e P - 1y e
== +yx)e ™ )P -k -v+a) '

(2.18)

Then, the Bayesian predictive interval can be obtained by solving the

following two equations:

G*(Lx, |X)=1 -% and G'(Ux, |X)= % (2.19)

where (_;*(LXl:n|X) is given as in (2.12), and Ly, ~and Uy, = indicate

the lower and upper bounds, respectively.
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2.2. Two-sample Bayesian prediction

Let Zy.,, <Zy., £...£Z,,., be the order statistics from a new
random sample of size m from the same population, see, Ghazal and
Hasaballah [15] and Shafay and Balakrishnan [9, 13]. The marginal
density function of the [-th order statistic from a sample of size m from a
continuous distribution with cdf F(x) and pdf f(x) is given by

82).,m(Z)0) = #M[FZ, - Fy, " £(2y)

mo1(= 1)a(m B Jm!
-2, ( I [Eg 1 (), (2.20)

D (m =10
~— ( 1) (m - 1)
where Z; >0 and 1</ < m.

Upon substituting (1.1) and (1.2) in (2.20), the marginal density

function of Z;.,,, becomes

m—1
- (- 1)“[ Jm!

82, (Z1]6, v) = Zm

a=0

x[1= 1 +7vZ)e 2P Ve 27,0721 - 1+ yZ))e 1P, (2.21)

et 1)@(’” - ljmz

ng:m (lee’ V) = ZW@Z—D’ Q,YZZle—YZl [1 _ (1 T ,YZl)e—yZl ]9(l+a)—1‘
a=0

The Bayesian predictive density function is

g'(z)X) = [ | ezl X)n (0. 11 X)dody
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m-1 (1) (m - l)m!

a

2 210 = X - I

a=0
« '[ : j' : 0r2Zie VAL — (1 + yZp)e 2 PUO1 L 1% (0, 4| X )dody.  (2.22)
The predictive survival function Egl:m (¢ X), for t >0,
G(X) = [ [ “u(z|X ) (0. 4 X)a0ar (2.23)

where

u(z1|X) - [ " s(21X)az,

m—1
ml (= 1)“( Jm!

u(lez) = Z (l — 1)' (m _(;), (l T a)‘ [1 - (1 - (1 +vZ) )eﬂ/Zl ]9(l+a)]‘ (2.29)
a=0

Then, the Bayesian predictive bounds of a two-sided equi-tailed
(1 -71)100% for Z;.,,, 1 <1 < m, can be obtained by solving the following

two equations:

5*(Lzl:n|§):1—% and 6*(UZM|§):%, (2.25)

where (_}*(Lzl:n|§) is given as in (2.23), and Ly, ~and Uy indicate

the lower and upper. bounds, respectively. It is evident that is not
possible to compute (2.12) and (2.23) analytically. Then, we use MCMC

method to calculate the Bayesian prediction intervals.

3. MCMC Method

We consider the MCMC to find (0, y) from the posterior density

function (1.6). The Metropolis-Hastings-within-Gibbs sampling is given

as follow:
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Algorithm
(1) Begin with initial (6©), y(©)), M =burn-in.

(2) Set I = 1.
(3) Generate y) from Gamma (D + ag, by + ZZ %)

(4) Using Metropolis-Hastings, see Metropolis et al. [14], generate
0" from n3(0]y, x) with the N(B(Z_l), o) proposal distribution, where
o? is the variance of y obtained using variance-covariance matrix.

(5) Calculate 0! and yl.

(6)Set I =1+1.

(7) Repeat steps (3) — (6) N times.

(8) In case of one-sample Bayesian prediction, the approximate value

of
[ ]l 0w 60, v X)d0dy = 25 D ulx|X),
00 I=M+1
where

u (8| X) if (D, c) = (r, T}) for Case I,

uy (| X) if (D, ¢) = (r, X,..,,) for Case II and Case IV,
(| X) =
us(t|X) if (D, ¢) = (ry, Ty) for Case III and Case V,

uy (4 X) if (D, ¢) = (k, X., ) for Case VL.

(9) In case of two-sample Bayesian prediction, the approximate value of

N

0 0 % 1
[ ] wzixw @ x)a0dr = = 2, wzix)
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m -1
m—1 (_ 1)0{ Jm!
1K) = Dy gy 1 (0 0z )
0

where

4. Real Life Data

A real data set is taken from Singh et al. [4], these data represent the
average monthly rainfall obtained from the Information System for
Management of Water Resources from the State of Sdo Paulo, including a
period of 56 years from 1947 to 2003, for the month of November, which

1s represented as;

Table 4.1. Real data set

02 08 11 13 14 17 18 19 21 21 22 25 2.6 2.8
28 29 29 29 29 31 32 33 35 35 35 3.7 3.8 3.8
3.9 4 41 41 46 47 48 5 52 52 54 54 5.4 5.4
55 H55 62 62 67 69 73 73 74 87 88 99 108 24.1
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We plot the empirical SF and the fitted SF in the Figure 1. They
show that EG distribution (0, y) provide a reasonable fit to the above real

data.

1.0

0.8}

0.4} 1

Survival function

0.2

Figure 1. The empirical and fitted survival functions.

Now, we consider the case when the data are censored. We generate
six artificially UHCS sets from the uncensored data set as

Case I: T3 =8,Ty =10, k =40, r =43. In this case: D = 44,
Cc = Tl = 8.

Case II: 771 =5.5,T9 =6.9, k =40, r = 45. In this case: D = 45,
c=xp., =62

Case III: 77 =5.8,Ty =6,k =41, r =46. In this case: D =47,

C=T2=6.

Case IV: T; =5,Ty =73,k =45, r = 46. In this case: D =47,

c=Xp, =69
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Case V: T} =5,Ty =64,k =40,r =50. In this case: D =49,
Cc = T2 = 6.4.

Case VI: T} =5.5,Ty =6.5, k =48, r = 50. In this case: D =49
C=Xp.p, = 1.3.
Based on the above six UHCS, we used the outcomes in Section 2 to

build 95% one-sample Bayesian prediction intervals for new order

statistics X.,, from the same sample in addition to 95% two-sample
Bayesian prediction intervals for new order statistics Z;,, where
1=1,2,...,20, from a new unobserved sample with size m = 20 when the
hyper parameters (a; = ag = b; = by = 0). Tables 4.2, 4.3, 4.4, 4.5, 4.6,
and, 4.7 presents the outcomes for one-sample predictions, and Tables

4.8, 4.9, 4.10, 4.11, 4.12, and 4.13 presents the outcomes for two-sample

predictions, where 6 = 0.7 and y = 0.3 in all cases.

Table 4.2. 95% One-sample Bayesian prediction bounds for Xj.,,
[l =45,...,56 in Case I of UHCS

l Lower Upper Width
45 8.0096 9.4493 1.4397
46 8.01755 9.9699 1.9523
47 8.0436 10.9459 2.9023
48 8.05711 11.564 3.506
49 8.1188 12.5663 4.4474
50 8.1774 13.7276 5.5498
51 8.4039 14.9645 6.5605
52 8.9332 16.4919 7.5586
53 9.2109 18.4038 9.1928
54 10.1486 20.8739 9.374
55 10.7904 24.9808 14.1904

56 12.4103 34.1567 21.7464
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Table 4.3. 95% One-sample Bayesian prediction bounds for Xj.,,

[l =46, ..., 56 in Case II of UHCS

l Lower Upper Width
46 6.21129 7.8944 1.6831
47 6.7662 9.007 2.2416
48 7.4175 10.1238 2.2706
49 8.1566 11.3184 3.1618
50 8.9954 12.633 3.6376
51 9.8901 14.1904 4.2102
52 11.1838 16.0934 4.9095
53 12.6923 18.5401 5.8478
54 14.7015 21.9042 7.2072
55 17.813 27.444 9.6125
56 23.7789 40.5038 16.7746

Table 4.4. 95% One-sample Bayesian prediction

[l =48,..., 56 in Case III of UHCS

bounds for Xj.,,

l Lower Upper Width
48 6.0143 8.1430 2.1286
49 6.0596 9.2976 3.2379
50 6.1888 10.5849 4.3960
51 6.5431 12.052 5.9769
52 6.8708 13.7448 6.8739
53 7.5031 15.830 8.3269
54 8.1421 18.69 10.5479
55 9.1197 23.0354 13.9157
56 10.7583 32.9413 22.183
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Table 4.5. 95% One-sample Bayesian prediction bounds for Xj.,,

[ =48,...,56 in Case IV of UHCS

l Lower Upper Width
48 6.9140 9.0011 2.08713
49 7.6106 10.3886 2.77801
50 8.4580 11.873 3.4149
51 9.4562 13.5255 4.0692
52 10.6637 15.5173 4.8535
53 12.1664 18.0149 5.8485
54 14.2098 21.4914 7.2816
55 17.3795 27.241 9.8614
56 24.1388 41.2441 17.1053

Table 4.6. 95% One-sample Bayesian prediction

[ =50,...,56 in Case V of UHCS

bounds for X,

l Lower Upper Width
50 6.4188 9.1946 2.7758
51 6.6861 10.8356 4.1495
52 6.70947 12.7011 5.99159
53 7.1523 14.9844 7.8320
54 7.8282 18.0368 10.2086
55 8.8112 22.7305 13.9193
56 10.4413 33.0457 22.6045
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Table 4.7. 95% One-sample Bayesian prediction bounds for Xj.,,
[ =50,...,56 in Case VI of UHCS for ¢ = 7.3 and D =49

l Lower Upper Width
50 7.3185 10.055 2.7365
51 8.2662 12.0016 3.7353
52 9.4775 14.1723 4.6947
53 10.9957 16.8021 5.8064
54 13.0575 20.4581 7.4005
55 16.2347 26.3739 10.1392
56 22.9031 40.5755 17.6724

Table 4.8. 95% Two-sample Bayesian prediction bounds for Z;.,,,
[=1,...,20 in Case I of UHCS

l Lower Upper Width l Lower Upper Width
1 0.03752 2.0239 1.9863 11 2.5928 8.7128 6.12
0.1895 2.7925 2.6030 12 2.9617 9.4865 6.5248

0.3775 3.4216 3.0441 13 3.3803 10.4782 7.0978
0.6070 4.0273 3.4202 14 3.7919 11.5397 7.7478
0.8477 4.6570 3.8093 15 4.3162 12.6944 8.3781
1.0934 5.2353 4.1418 16 4.9013 14.284 9.3826
1.3685 5.8839 4.5153 17 5.5926 16.2269 10.6343
1.6477 6.6093 4.8616 18 6.4257 18.8443 12.4167

© 0 9 & Ot bk W N

1.9104 7.2005 5.2504 19 7.5732 22.9337 15.3604

—
=]

2.2577 7.9422 5.6848 20 9.2723 32.1685 22.8962
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Table 4.9. 95% Two-sample Bayesian prediction bounds for Z;.,,,

l=1,...,20 in Case Il of UHCS
l Lower Upper Width l Lower Upper Width
1 0.0321 1.9792 1.9471 11 2.5343 8.6221 6.0877
2 0.1825 2.7650 2.5824 12 2.9181 9.54 6.9218
3 0.3710 3.3903 3.0192 13 3.3172 10.4234 7.1061
4 0.5939 4.0490 3.45508 14 3.8025 11.5266 7.7239
5 0.7994 4.5993 3.7999 15 4.2545 12.7216 8.4670
6 1.0553 5.2357 4.1803 16 4.8470 14.2395 9.3924
7 1.3164 5.8453 4.5289 17 5.5276 16.1171 10.5895
8 1.6119 6.4922 4.8810 18 6.3891 18.8024 12.4132
9 1.9019 7.1398 5.2378 19 7.4985 22.7742 15.2757
10 2.2162 7.8694 5.6531 20 9.2481 32.2172 22.9691

Table 4.10. 95% Two-sample Bayesian prediction bounds for Z,.,,,

[=1,...,20 in Case III of UHCS
l Lower Upper Width l Lower Upper Width
1 0.0295 1.9520 1.9224 11 2.5149 8.6325 6.1175
2 0.1634 2.7348 2.571 12 2.8553 9.4888 6.6335
3 0.3499 3.3809 3.0309 13 3.3009 10.5073 7.2063
4 0.5351 3.9702 3.4351 14 3.7148 11.5432 7.8283
5 0.7840 4.5988 3.8147 15 4.2502 12.7868 8.5365
6 1.0006 5.2235 4.2229 16 4.8171 14.2655 9.4484
7 1.2665 5.7974 4.9126 17 5.5529 16.3121 10.7592
8 1.5622 6.4749 4.9126 18 6.3668 18.9001 12.5332
9 1.8455 7.1284 5.2828 19 7.5073 23.0491 15.5418
10 2.1664 7.8437 5.6772 20 9.2535 32.4077 23.1542
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Table 4.11. 95% Two-sample Bayesian prediction bounds for Z.,,,

[=1,...,20 in Case IV of UHCS
l Lower Upper Width l Lower Upper Width
1 0.0306 1.9729 1.9423 11 2.5687 8.7095 6.1407
2 0.1702 2.7444 2.5711 12 2.9231 9.6110 6.6878
3 0.3485 3.3918 3.0432 13 3.3553 10.5781 7.2227
4 0.5687 4.0187 3.4499 14 3.7995 11.7069 7.9073
5 0.8056 4.6423 3.8366 15 4.3211 12.969 8.6478
6 1.0246 5.2448 4.2202 16 4.9204 14.5788 9.6584
7 1.3117 5.8564 4.5447 17 5.5976 16.4748 10.8772
8 1.5734 6.5368 4.9634 18 6.4894 19.1861 12.6967
9 1.866 7.2298 5.3638 19 7.6147 23.3623 15.7475
10 2.2026 7.9627 5.7601 20 9.4983 33.0879 23.5816

Table 4.12. 95% Two-sample Bayesian prediction bounds for Z,.,,,

l=1,...,20 in Case V of UHCS
l Lower Upper Width l Lower Upper Width
1 0.04517 1.9153 1.8908 11 2.5271 8.8947 6.3676
2 0.1515 2.7177 2.5661 12 2.9018 9.7598 6.8579
3 0.3219 3.3857 3.0637 13 3.3869 10.8214 7.4344
4 0.5227 3.9643 3.4416 14 3.7956 11.8855 8.0898
5 0.7536 4.6182 3.8646 15 4.3642 13.2361 8.8717
6 0.9990 5.2511 4.2520 16 4.9812 14.9223 9.94113
7 1.2586 5.9115 4.6529 17 5.6689 16.8134 11.1444
8 1.5695 6.5394 4.9698 18 6.5514 19.6224 13.0711
9 1.8383 7.2308 5.3924 19 7.7716 24.0399 16.2683
10 2.1729 8.0575 5.8845 20 9.6358 34.0353 24.3995
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Table 4.13. 95% Two-sample Bayesian prediction bounds for Z.,,,

1, ..., 20 in Case VI of UHCS

l Lower Upper Width l Lower Upper Width
1 0.0245 1.9344 1.9098 11 2.5354 8.9041 6.3687
2 0.1484 2.6902 2.5416 12 2.9294 9.7825 6.8530
3 0.3380 3.4147 3.0767 13 3.3396 10.7514 7.4116
4 0.5253 3.9973 3.4719 14 3.8425 11.8935 8.0509
5 0.7570 4.6258 3.8688 15 4.4085 13.2562 8.8476
6 0.9860 5.2209 4.2349 16 5.0175 14.8725 9.8549
7 1.2686 5.2209 4.2349 17 5.6774 16.9404 11.263
8 1.5559 6.6067 5.0512 18 6.6121 19.7822 13.1701
9 1.8685 7.3072 5.4387 19 7.8278 23.9968 16.169
10 2.2132 8.0675 5.8543 20 9.6718 34.0038 24.332

5. Conclusion

From the above tables, in case one- and two-sample Bayesian

prediction interval we notice that, when [ increase the lower and upper

increase.

(1]

(2]

(3]

(4]

References

R. C. Gupta, P. L. Gupta and R. D. Gupta, Modeling failure time data by Lehman
alternatives, Communications in Statistics - Theory and Methods 27(4) (1998),
887-904.

DOI: https://doi.org/10.1080/03610929808832134

R. A. Bakoban, A study on mixture of exponential and exponentiated gamma
distributions, Advances and Applications in Statistical Sciences 2(1) (2010), 101-127.

A. 1. Shawky and R. A. Bakoban, Bayesian and non-Bayesian estimations on the
exponentiated gamma distribution, Applied Mathematical Sciences 2(51) (2008),
2521-2530.

Sanjay Kumar Singh, Umesh Singh and Abhimanyu Singh Yadav, Bayesian
estimation for exponentiated gamma distribution under progressive Type-II
censoring using different approximation techniques, Journal of Data Science 13(3)
(2015), 551-568.



42

(5]

(6]

(7

(8]

(9]

(10]

(11]

(12]

(13]

M. A. W. MAHMOUD et al.
B. Epstein, Truncated life-test in exponential case, The Annals of Mathematical
Statistics 25(3) (1954), 555-564.
DOTI: https://doi.org/10.1214/a0ms/1177728723

A. Childs, B. Chandrasekar, N. Balakrishnan and D. Kundu, Exact likelihood
inference based on Type-I and Type-1I hybrid censored samples from the exponential
distribution, Annals of the Institute of Statistical Mathematics 55(2) (2003),
319-330.

DOI: https://doi.org/10.1007/BF02530502
B. Chandrasekar, A. Childs and N. Balakrishnan, Exact likelihood inference for the

exponential distribution under generalized Type-I and Type-II hybrid censoring,
Naval Research Logistic 51(7) (2004), 994-1004.

DOI: https://doi.org/10.1002/nav.20038

N. Balakrishnan, A. Rasouli and N. Sanjari Farsipour, Exact likelihood inference
based on an unified hybrid censored sample from the exponential distribution,
Journal of Statistical Computation and Simulation 78(5) (2008), 475-788.

DOI: https://doi.org/10.1080/00949650601158336

N. Balakrishnan and A. R. Shafay, One- and two-sample Bayesian prediction
intervals based on Type-II hybrid censored data, Communications in Statistics -
Theory and Methods 41(9) (2012), 1511-1531.

DOI: https://doi.org/10.1080/03610926.2010.543300

A. R. Shafay, Bayesian estimation and prediction based on generalized Type-II
hybrid censored sample, Journal of Statistical Computation and Simulation 86(10)
(2016), 1970-1988.

DOI: https://doi.org/10.1080/00949655.2015.1096361

A. R. Shafay, Bayesian estimation and prediction based on generalized Type-I hybrid
censored sample, Communications in Statistics - Theory and Methods 46(10) (2017),
4870-48817.

DOI: https://doi.org/10.1080/03610926.2015.1089292

M. M. Mohie-El-Din, M. Nagy and A. R. Shafay, Statistical inference under unified
hybrid censoring scheme, Journal of Statistics Applications and Probability 6(1)
(2017), 149-167.

DOI: http://dx.doi.org/10.18576/jsap/060113

A. R. Shafay and N. Balakrishnan, One- and two-sample Bayesian prediction
intervals based on Type-I hybrid censored data, Communications in Statistics
Simulation and Computation 41(1) (2012), 65-88.

DOI: https://doi.org/10.1080/03610918.2011.579367



BAYESIAN PREDICTION FOR THE ... 43

[14] N. Metropolis, A. W. Rosenbluth, M. N. Rosenbluth, A. H. Teller and E. Teller,
Equations of state calculations by fast computing machines, Journal of Chemical
Physics 21(6) (1953), 1087-1091.

DOTI: https://doi.org/10.1063/1.1699114
[15] M. G. M. Ghazal and H. M. Hasaballah, Bayesian prediction based on unified hybrid

censored data from the exponentiated Rayleigh distribution, Journal of Statistics
Applications and Probability Letters 5(3) (2018), 103-118.

DOI: https://doi.org/10.18576/jsapl/050301



