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Abstract

In this paper, homoclinic orbit of a fourth-order system will be concerned,

several assumptions are made to prove a fourth-order system has a homoclinic
orbit ¢ emanating from 0 where ¢ € C4(R, R™). Under these assumptions, we

can find the homoclinic orbit of the system by defining a function Ij(q) via the

Mountain Pass Theorem.
1. Introduction and Main Results

In this paper, we will deal with the existence of homoclinic orbit of

the fourth-order system:

~q"W 4 Cq" - Lit)g + V,(t, q) = 0, (1.1)

where ¢ € R, C is positive definite symmetric matrix, L and V satisfy:
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(L) L(¢) is a continuous T-periodic matrix valued function and is a

positive definite symmetric for all ¢ € [0, T'].

(V) V e CYH(R x R", R) is T-periodic in ¢.

(V) There is a p > 2 such that 0 < uV(t, q) < (g, V4(¢, q)) for all
q € R"\{0}.

(V3) V(t, q) = o(|q|2) as ¢ — 0 uniformly for ¢ € [0, T'].

We say that a solution ¢(¢) of (1.1) is a homoclinic orbit if
q(t) e C*(R, R™) such that ¢(t) - 0 and ¢'(t) - 0 as || > .

Theorem 1.1. Assume (L), (V;)—(V3) hold. Then (1.1) has a nonzero

homoclinic orbit.

This paper is motivated by Rabinowitz [1], who has showed that
under (L), (V;)-(V3), the system

q" - L(t)g + V4(t, q) = 0 (1.2)

has a nontrivial solution ¢ € C*(R, R") satisfying |g(t)| +|¢'(t)| = O as

|t| — 0,
In Section 2, we will prove Theorem 1.1 using methods in [1].

2. Proof of Theorem 1.1

Similar to [1], for each k € N, let E;, = W22]5:,21(R, R") with the norm:

ol = [ 100 + (g0, 410) + 000, qwlar
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and let

@)= [ [0 + (€0, 0) + 5 (00, ae) - Ve a)|ar

1 9 kT
= 5 lalli - I_kT V(t, q)dt. (2.1)

It is easy to check I) e C'(E,, R) and

T
—kT

Iy (g = Ik [@'@), w@) +(Cq'@), w @)+ (L)a (), w®)) - (Vg ¢, q(t), u(z)))]at.

Lemma 2.1. If I;(q¢') =0, then ¢ e C*(R, R") and q =q(t) is a

solution of (1.1).

Proof. If g is a critical point of I;, then
[, @, w60 + (Ca@), wo) + (Lkte) - Vgt at), o)t = o,

kT
forall & e Ej. Letting 8(t) = L(t)q(t) -V, (¢, q(t)) means that j S0 =0

since R" c E,. Sothere is x € E,. satisfying x"(t) = 8(¢) and
kT

[ (@©- o)+ ), hepdt =0, vh < Ey.
- kT

Thus, there is a constant & € R" such that q"(t) — Cq(t) + x(¢) = £ a.e.
x € [-kT, kT]. So

a™M() - Cq"(t) + L(t)a(t) - V, (¢, q(t)) = O,

since 3(¢) = L(t)q(t) — V, (¢, q(t)) is continuous. The proof is complete.  [J
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In order to prove Theorem 1.1 as in [1], we will use the Mountain

Pass Lemma.

Proposition 2.1. Let E be a real Banach space and I e Cl(E, R)
satisfy (PS). (PS) says whenever 1(u,,) is bounded and I'(u,,) — 0 as

m — oo, the sequence u,, possesses a convergent subsequence.
If further 1(0) = 0,

(I;) There exist constants p, o > 0 such that 1| p ©0) 2 %
b

and

(I3) There exists e € E \ EP(O) such that I(e) < 0, then I possesses

a critical value ¢ > a given by

¢ = inf Jnax, I;.(8(s)), (2.2)

where
I ={g e C(0,1], E)|g(0) = 0 and g(1) = e}, (2.3)
B,(0) denotes an open ball of radius p about 0. O

We will obtain a critical point of I, via the Mountain Pass Theorem.
Moreover, the critical points of I, in E;, are 2kT periodic solutions of
(1.1). First we need to prove I,(q) satisfies (PS). Recall that we say I
satisfied (PS) if that I(u,,) is bounded and I'(u,,) > 0 imply that

u,, > u for some u € E along a subsequence.
Lemma 2.2. I,(q) satisfies (PS).

Proof. To verify (PS), define first

1
|2 "2 2
by = (12, + Cla1?, + (L)a, @)x + Blal?, F,
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where B > 0. Thus |||||3 is equivalent to "”Ek Suppose ¢q,, is a

sequence in E, |I(g,,)| < K and I'(g,,) — 0. For m large enough,

' (@m )am|
2 2 M '
= llanl§ ~Blanlly = | (am: Valt an)ar]

< gl 2.4

Therefore,

kKT
1 oyt Vit an | < ol + . @9
For y € R large enough, we have
o <y, Valt, am)). (2.6)

Hence, by (V3) and (2.5)—(2.6) for a constant y independent of m, we

have
kT 1 ¢+
kT W J—ir

< gl + laml?).

=l

1 9 1 9 kT
K 2 lanl; - gBlanl?, - [ V(. an)dr

1 2 (1 1 5
> lanl ~(58+ ) lanly +lanlf)-v. @D

Choosing B € (0, 1- %), (2.7) shows |g,|| E, is uniform bound, and then

there is a subsequence of g,, converges weakly in E; and strongly in L”
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to ¢ € E;.. The mean value of g, converges to the mean value of q. By
(2.4), we have I(¢') = g — d(q), where ¢(q) is compact, hence I(¢') — 0,
then q,, — ¢(q), (PS) is verified. The proof is complete. O

Lemma 2.3. If (L) and (V;)-(V3) hold, then I, defined in (2.2)

possesses a critical point q;, with the corresponding critical value c;,.

Proof. By (2.2), we have I,(0)=0. By (Vy), let f(s) = V(¢ s€); for

any fixed point & € R", we have
sf'(s) = uf(s) = uV(t, st).
For s >1, sf'(s) > uf(s). Integrate it in [1, s|, then f(s) > s"f(1).

That is V(t, s&) > s*V(t, &), for this, we can get

Vi, €) < V(t, %) g, for 0 < [¢ < 1,

> V(t, %j g, forlg > 1. 2.8)
Then there are constants o, €, > 0 such that
ol p i iy < lal e oir, iy < exllall (2.9)

Moreover by (2.1) and (2.8), we have

1 KT 1 kT
Tulpo) = lolf [ Vie pote = Solel? - [ v{e B2 Jpol .

Then there are constants a;, ag > 0 such that

1 9, 12 “k‘T
1,B0) < 5 8ol ~arlp [ foldt + s, (2.10)

for all Be R and ¢ € E;, \ {0}. By (2.1) and (V3), e = ¢; and any

e, € E,\{0} shows I;(e;) < 0. Consequently by Proposition 2.1, I}
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possesses a positive critical value c¢; given by (2.2) and (2.3) with
E =E, and T =T}. Let g, denote the corresponding critical point of I
on E;. The proof is complete. d

Remark. Note that g; # 0 since ¢;, > 0.

Lemma 2.4. The ¢, and g, obtained in Lemma 2.3 are independent

of k.
Proof. As in [1], we have ¢ € E;\{0} such that
() o(+T) = ¢'(+T) = 0,
(i) L{e) < 0.

By (2.10), we can find ¢ satisfies (i), any sufficiently large multiple ¢ of
¢ satisfies (1) and (i1), by Lemma 2.3, let

ep(t) =olt) =T
=0 T <|f <kT.

Then by (2.8), we have e, € E;, \{0} and I.(e;) = I;(e;) < 0. Note also
that g;(s) = se, e I, for all k € N and I;(g;(s)) = I1(g;(s)). Therefore
by (2.2),

¢, < Jax, Ii(g1(s)) = M. (2.11)

So ¢, is independent of k¥ and (2.11) leads to a priori bounds for g;.
Since I’(Qk) = 07 by (V2)a

1
¢ = Ik(Qk)_glk(CIk)CIk

kT 1 ,
_ J w[ﬁ(q’“’ Vit ai) - Vit a)lde

> (% - )JA:TTV(t, q; )dt. (2.12)
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Hence by (2.1) and (2.12), we have

2 _ (M 2
bl = [ L@ + a0, )+ (L. a@)]a

kT
- 2L@)+2[ Vit gt
-kT

40]1‘

=2
Ck-i-u_z

< 2M(1 2 2) - M. (2.13)

0w
By (2.9), we have a k-dependent bound on |g;|| LP[KT KT The proof is

complete. O

Proof of Theorem 1.1. We can complete this theorem under the

previous lemmas. By these lemmas, we obtain a critical point of I; and

we know the critical points of I, in E, are periodic solutions of (1.1).

Asin [1], for q; € E}, t, T € [ kT, kT]
t !
a®) = a([_q'e)ds].
T
We have

t+1 t+1] ot
|q(t)|sj 12|q(t)|dT+I 2 j q'(s)ds|d

t—= = [J T

2

)

|—

: 2U Ll |q<T>|2)dT]2,

< dal,. (2.14)
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where ¢ depends on L. Hence
lall i, iy < lal, - (2.15)

And so, (2.13) and (2.15) imply

1
gkl o pr iy < MP = M. (2.16)

Similarly, (2.16) will also hold if we replace g, with g;. Because
q = q;(¢) is a solution of (1.1), g; is bounded in C*[a, b] for any a < b,

and hence there is a subsequence of g, converging in Cf%m(R, R") to a

solution q of (1.1) satisfying
[ leor + €q), a@)+ 20a). qela < =
It follows that

la@)| +|g'®)| > 0 as |f| —> oo

Now it is sufficient show ¢(t) # 0. By the inner product of (1.1) with

q;. and then integration by parts shows:

@, o ,
_[ kT(‘ q;” + Cqj, - L(t)q;, + V4(t, qi), qk)d'r =0

KT
[ ~lail - (Cai. i) - (Lay. a0) =Vt )+ (Ve a1). a5 )dr =0

9 KT .
baull = [ (aw. Vit aia 217

Asin [1], set
Y(0) = 0 and for s > 0

tel0,T] 2
s



66 XTAOLEI REN

By (V;)-(Vy),Y(s)>0 if s>0,Y e C(R*, R"), Y is monotone non-

decreasing and Y(s) — © as s — . Also by the definition of Y

(qk’ Vé(t9 g (t))
a5 ()

Hence by (2.17) and (2.18),

< Y("qk"L“o[—kT,kT]) for all t € [- kT, KT]. (2.18)

2 M 2
laull? < Y(lailpir )| Jarld

< 1" (lawl o i, ) el
where [y > 0 satisfies L(¢) > lyIs,, Vt. And
Y (||qk||L°°[—kT,kT]) 2 lo-
By the properties of Y, there is a Mg > 0 such that
"qk"L‘”[—kT,kT] 2 Ms. (2.19)

Because L and V are T-periodic in ¢ and g, (t) is a 2kT-periodic solution,
qt +jT), j € [- k, k]N Z is also a solution of (1.1), and we may assume

that the maximum of |g;(¢)| occurs in [0, T']. Therefore if g;(t) - 0 in

CL. along our subsequence,
il iy = tg&g‘,]m(tﬂ — 0.
Contrary to (2.19). The proof is complete. O
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