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Abstract 

In this paper, homoclinic orbit of a fourth-order system will be concerned, 
several assumptions are made to prove a fourth-order system has a homoclinic 

orbit q emanating from 0 where ( ).,4 nCq RR∈  Under these assumptions, we 

can find the homoclinic orbit of the system by defining a function ( )qIk  via the 
Mountain Pass Theorem. 

1. Introduction and Main Results 

In this paper, we will deal with the existence of homoclinic orbit of 
the fourth-order system: 

( ) ( ) ( ) ,0,4 =′+−′′+− qtVqtLqCq q   (1.1) 

where Cq n ,R∈  is positive definite symmetric matrix, L and V satisfy: 
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(L) ( )tL  is a continuous T-periodic matrix valued function and is a 

positive definite symmetric for all [ ].,0 Tt ∈  

( ) ( )RRR ,1
1

nCVV ×∈  is T-periodic in t. 

( )2V  There is a 2>µ  such that ( ) ( ( ))qtVqqtV q ,,,0 ′≤µ<  for all 

{ }.0\nq R∈  

( ) ( ) ( )2
3 , qoqtVV =  as 0→q  uniformly for [ ].,0 Tt ∈  

We say that a solution ( )tq  of (1.1) is a homoclinic orbit if 

( ) ( )nCtq RR,4∈  such that ( ) 0→tq  and ( ) 0→′ tq  as .∞→t  

Theorem 1.1. Assume ( ) ( ) ( )31, VVL −  hold. Then (1.1) has a nonzero 

homoclinic orbit. 

This paper is motivated by Rabinowitz [1], who has showed that 
under ( ) ( ) ( ),, 31 VVL −  the system 

( ) ( ) 0, =′+−′′ qtVqtLq q   (1.2) 

has a nontrivial solution ( )nCq RR,2∈  satisfying ( ) ( ) 0→′+ tqtq  as 

.∞→t  

In Section 2, we will prove Theorem 1.1 using methods in [1]. 

2. Proof of Theorem 1.1 

Similar to [1], for each ,N∈k  let ( )n
TWE RR,2,2

2kk =  with the norm: 

[ ( ) ( ) ( )( ) ( ) ( ) ( )( )] ,,,22 dttqtqtLtqtqCtqq
T

T
+′′+′′= ∫−

k

kk  
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and let 

( ) ( ) ( ( ) ( )) ( ) ( ) ( )( ) ( ) dtqtVtqtqtLtqtqCtqqI
T

T 



 −+′′+′′= ∫− ,,2

1,2
1

2
1 2k

k
k  

( ) .,2
1 2 dtqtVq

T

T∫−−=
k

kk  (2.1) 

It is easy to check ( )R,1
kk ECI ∈  and 

( ) ( ) ( )( ) ( ) ( )( ) ( ) ( ) ( )( ) ( ( ) ( )( ))[ ] .,,,,, dttutqtVtutqtLtutqCtutquqI q
T

T
′−+′′+′′′=′ ∫−

k

k
k  

Lemma 2.1. If ( ) ,0=′qIk  then ( )nCq RR,4∈  and ( )tqq =  is a 

solution of (1.1). 

Proof. If q is a critical point of ,kI  then 

( ( ) ( )) ( ( ) ( )) ( ( ) ( ) ( )( ) ( ))[ ] ,0,,,, =′−+′′+′′′′∫− dtthtqtVtqtLthtqCthtq q
T

T

k

k
 

for all .kEh ∈  Letting ( ) ( ) ( ) ( )( )tqtVtqtLt q ,′−=δ  means that ( ) 0=δ∫ − dtt
T
T
k

k
 

since .kEn ⊂R  So there is kEx ∈  satisfying ( ) ( )ttx δ=′′  and 

( ) ( ) ( )( ) ( )( ) .,0, k
k

k
EhdtthtxtCqtq

T

T
∈∀=+−′′∫−  

Thus, there is a constant nR∈ξ  such that ( ) ( ) ( ) ξ=+−′′ txtCqtq  a.e. 

[ ]., TTx kk−∈  So 

( )( ) ( ) ( ) ( ) ( )( ) ,0,4 =′−+′′− tqtVtqtLtqCtq q  

since ( ) ( ) ( ) ( )( )tqtVtqtLt q ,′−=δ  is continuous. The proof is complete.  
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In order to prove Theorem 1.1 as in [1], we will use the Mountain 
Pass Lemma. 

Proposition 2.1. Let E be a real Banach space and ( )R,1 ECI ∈  

satisfy (PS). (PS) says whenever ( )muI  is bounded and ( ) 0→′ muI  as 

,∞→m  the sequence mu  possesses a convergent subsequence.  

If further ( ) ,00 =I  

( )1I  There exist constants 0, >αρ  such that ( ) ;0 α≥
ρ∂BI  

and 

( )2I  There exists ( )0\ ρ∈ BEe  such that ( ) ,0≤eI  then I possesses 

a critical value α≥c  given by 

[ ]
( )( ),maxinf

1,0
sgIc

sg k∈Γ∈
=   (2.2) 

where 

[ ]( ) ( ) ( ){ },1and00,1,0 eggECg ==∈=Γ   (2.3) 

( )0ρB  denotes an open ball of radius ρ  about 0.  

We will obtain a critical point of kI  via the Mountain Pass Theorem. 

Moreover, the critical points of kI  in kE  are Tk2  periodic solutions of 

(1.1). First we need to prove ( )qIk  satisfies (PS). Recall that we say I 

satisfied (PS) if that ( )muI  is bounded and ( ) 0→′ muI  imply that 

uum →  for some Eu ∈  along a subsequence. 

Lemma 2.2. ( )qIk  satisfies (PS). 

Proof. To verify (PS), define first 

( )( )( ) ,, 2
1

222
222
LRLL

qqqtLqCqq β++′+′′=β  
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where .0>β  Thus β⋅  is equivalent to .
kE⋅  Suppose mq  is a 

sequence in ( ) KqIE m ≤,k  and ( ) .0→′ mqI  For m large enough, 

( ) mm qqI ′  

( ( )) τdqtVqqq mqm
T

TLmm ,,22
2 ′−β−= ∫−β

k

k
  

.β≤ mq   (2.4) 

Therefore, 

( ( )) .,, 2
ββ−

+≤′∫ mmRmqm
T

T
qqdqtVq τ

k

k
 (2.5) 

For Ry ∈  large enough, we have 

( ( )).,,2
mq qtVyy ′µ≤   (2.6) 

Hence, by ( )2V  and (2.5)−(2.6) for a constant γ  independent of m, we 

have 

( ) ( ( )) τ1τ dqtVqdqtV mqm
T

T
m

T

T
,,, ′

µ
≤ ∫∫ −−

k

k

k

k
 

( ),2
ββ +

µ
≤ mm qq1  

( ) τdqtVqqK m
T

TLmm ,2
1

2
1 22

2 ∫−β −β−≥
k

k
 

( ) .1
2
1

2
1 22 γ−+








µ
+β−≥ βββ mmm qqq  (2.7) 

Choosing ,21,0 







µ
−∈β  (2.7) shows 

kEmq  is uniform bound, and then 

there is a subsequence of mq  converges weakly in kE  and strongly in ∞L  
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to .kEq ∈  The mean value of mq  converges to the mean value of .q  By 

(2.4), we have ( ) ( ),qqqI φ−=′  where ( )qφ  is compact, hence ( ) ,0→′qI  

then ( ),qqm φ→  (PS) is verified. The proof is complete.  

Lemma 2.3. If (L) and ( ) ( )31 VV −  hold, then kI  defined in (2.2) 

possesses a critical point kq  with the corresponding critical value .kc  

Proof. By (2.2), we have ( ) .00 =kI  By ( ),2V  let ( ) ( );, ξ= stVsf  for 

any fixed point ,nR∈ξ  we have 

( ) ( ) ( )., ξµ=µ≥′ stVsfsfs  

For ( ) ( ).,1 sfsfss µ≥′≥  Integrate it in [ ],,1 s  then ( ) ( ).1fssf µ≥  

That is ( ) ( ),,, ξ≥ξ µ tVsstV  for this, we can get 

( ) ,10for,,, ≤ξ<ξ







ξ
ξ≤ξ µtVtV  

.1for,, ≥ξξ







ξ
ξ≥ µtV  (2.8) 

Then there are constants 0, >εα kk  such that 

[ ] [ ] .,, kkkkkkk qqq TTLTTL x ε≤≤α −−µ   (2.9) 

Moreover by (2.1) and (2.8), we have 

( ) ( ) .,2
1,2

1 222 dttVdttVI
T

T

T

T
µ

−−
βϕ








βϕ
βϕ−ϕβ≤βϕ−βϕ=βϕ ∫∫

k

kk

k

kkk  

Then there are constants 0, 21 >aa  such that 

( ) ,2
1

21
22 adtaI

T

T
+ϕβ−ϕβ≤βϕ ∫−

µ k

kkk  (2.10) 

for all R∈β  and { }.0\kE∈ϕ  By (2.1) and ( ) keeV =,3  and any  

{ }0\kk Ee ∈  shows ( ) .0≤kk eI  Consequently by Proposition 2.1, kI  
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possesses a positive critical value kc  given by (2.2) and (2.3) with 

kEE =  and .kΓ=Γ  Let kq  denote the corresponding critical point of I 

on .kE  The proof is complete.  

Remark. Note that 0≠kq  since .0>kc  

Lemma 2.4. The kc  and kq  obtained in Lemma 2.3 are independent 
of .k  

Proof. As in [1], we have { }0\1E∈ϕ  such that 

( ) ( ) ( ) ,0i =±ϕ′=±ϕ TT  

( ) ( ) .0ii 1 ≤ϕI  

By (2.10), we can find φ  satisfies (i), any sufficiently large multiple ϕ  of 
φ  satisfies (i) and (ii), by Lemma 2.3, let 

( ) ( ) Tttte ≤ϕ=k  

.0 TtT k≤≤=  

Then by (2.8), we have { }0\kk Ee ∈  and ( ) ( ) .011 ≤= eIeI kk  Note also 
that ( ) kkk Γ∈= sesg  for all N∈k  and ( )( ) ( )( ).11 sgIsgI =kk  Therefore 
by (2.2), 

[ ]
( )( ) .max 111,0

MsgIc
s

≡≤
∈k  (2.11) 

So kc  is independent of k  and (2.11) leads to a priori bounds for .kq  
Since ( ) ,0=′ kqI  by ( ),2V  

( ) ( ) kkkkkk qqIqIc ′−= 2
1  

( ( ) ( )]dtqtVqtVq q
T

T
kkk

k

k
,,,2

1 −′
= ∫−   

( ) .,12 dtqtV
T

T
k

k

k∫−





 −µ≥   (2.12) 
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Hence by (2.1) and (2.12), we have 

( ) ( ) ( )( )[ ( ( ) ( ) ( )( )]dttqtqtLtqtqCtqq
T

T
,,22 +′′+′′= ∫−

k

kkk  

 ( ) ( )dtqtVqI
T

T
,22 ∫−+=

k

k
k  

 2
42
−µ

+= k
k

cc   

 .2
212 1MM ≡








−µ
+≤   (2.13) 

By (2.9), we have a k-dependent bound on [ ]., TTLq kkk −∞  The proof is 

complete.  

Proof of Theorem 1.1. We can complete this theorem under the 
previous lemmas. By these lemmas, we obtain a critical point of kI  and 

we know the critical points of kI  in kE  are periodic solutions of (1.1). 

As in [1], for [ ]TTtEq kkkk ,,, −∈∈ τ  

( ) ( ) ( ) .dssqqtq
t
′+≤ ∫ττ  

We have 

( ) ( ) ( ) ττ
τ

ddssqdtqtq
tt

t

t

t
′+≤ ∫∫∫

+

−

+

−

2
1

2
1

2
1

2
1

 

( ) ( )( ) ,2
2
1

2
1

2
1

22










+′≤ ∫

+

−
τττ dqq

t

t
 

,
k

qc≤  (2.14) 
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where c depends on L. Hence 

[ ] ., kkk qcq TTL ≤−∞   (2.15) 

And so, (2.13) and (2.15) imply 

[ ] .21,
2
1

McMq TTL ≡≤−∞ kkk   (2.16) 

Similarly, (2.16) will also hold if we replace kq  with .kq′  Because 

( )tqq k=  is a solution of (1.1), kq  is bounded in [ ]baC ,4  for any ,ba <  

and hence there is a subsequence of kq  converging in ( )nC RR,4
loc  to a 

solution q of (1.1) satisfying 

( ) ( ) ( )( ) ( ) ( ) ( )( )[ ] .,,2 ∞<+′′+′′∫
∞

∞−
dttqtqtLtqtqCtq  

It follows that 

( ) ( ) .as0 ∞→→′+ ttqtq  

Now it is sufficient show ( ) .0≠tq  By the inner product of (1.1) with 

kq  and then integration by parts shows: 

( ) ( ) ( )( ) 0,,4 =′+−′′+−∫− τdqqtVqtLqCq q
T

T
kkkkk

k

k
 

( ) ( ( ) ) ( ) ( ( ) ) 0,,,,,2 =+−−′′−′′−∫− τdqqtVqtVqqtLqqCq q
T

T
kkkkkkk

k

k
 

( ( )) .,,2 dtqtVqq q
T

T
kk

k

kkk ′= ∫−  (2.17) 

As in [1], set 

( ) 0forand00 >= sY  

( )
[ ]

( ( ))
.

,,
max 2,0 ξ

ξ′ξ
=

≤ξ
∈

tV
sY q

s
Tt
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By ( ) ( ) ( ) 0,21 >− sYVV  if ( ) YCYs ,,,0 ++∈> RR  is monotone non-

decreasing and ( ) ∞→sY  as .∞→s  Also by the definition of Y 

( ( ( ))

( )
( [ ] ) [ ].,allfor

,,
,2 TTtqY

tq

tqtVq
TTL

q kkkkk
k

kk −∈≤
′

−∞  (2.18) 

Hence by (2.17) and (2.18), 

( [ ] ) dtqqYq
T

TTTL
2

,
2

k
k

kkkkkk ∫−−∞≤  

( [ ] ) ,2
,

1
0 kkkkk qqYl TTL −
−

∞≤  

where 00 >l  satisfies ( ) .,20 tIltL n ∀≥  And 

( [ ] ) .0, lqY TTL ≥−∞ kkk  

By the properties of Y, there is a 03 >M  such that 

[ ] .3, Mq TTL ≥−∞ kkk   (2.19) 

Because L and V are T-periodic in t and ( )tqk  is a periodic-2 Tk  solution, 

( ) [ ] ZjjTtq ∩kk ,, −∈+  is also a solution of (1.1), and we may assume 

that the maximum of ( )tqk  occurs in [ ].,0 T  Therefore if ( ) 0→tqk  in 

1
locC  along our subsequence, 

[ ] [ ]
( ) .0max

,0, →=
∈−∞ tqq

TtTTL kkkk  

Contrary to (2.19). The proof is complete.  
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