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Abstract

In this paper, the modified extended tanh-function method is applied to the
nonlinear string vibration equation. By solving the ordinary differential equation,
we obtain the travelling wave solutions of nonlinear string vibration equation.

1. Introduction

The string vibration equation is one of the classical equations in
mathematical physics. Exact solutions play important roles in many
physical phenomena, such as optics, acoustic wave, hydrodynamics. And
nonlinear phenomena is also exact in nature, such as non-Newtonian
fluid, plasma physics, quantum field theory. So, solving the nonlinear
evolution equations becomes an important work. Moreover, many

significant method of solving nonlinear evolution equation has been
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established, including homogeneous balance method [2], tanh-function
method [3-5], Darboux transform method [6], and Jacobi elliptic function
[7]. These methods are applied effectively to solve the specific nonlinear
evolution equation. The solutions include triangle function solution,
shock wave solution. Some exact solutions of nonlinear string vibration
equation have been found [8, 9], however, finding new form exact

solutions is still a meaningful work.

Recently, Lv et al. [1] put forward the nonlinear string vibration

equation in the form
2
U = 207 Uyllyy = 20Uy = 0, (€

in which a2, p are constants. The authors explained its meaning in

physics with variational principle and solved the equation with reductive
perturbation method. Guo et al. [10] obtained several types of solitary
solutions and periodic solutions for nonlinear vibrating string equation
by using the trial function method. In this paper, we apply the modified
extended tanh-function method to find the new form travelling wave

solutions of the nonlinear string vibration equation.

2. The Travelling Wave Solution of
Nonlinear Evolution Equation
2.1. Modified extended tanh-function method
Considering the following nonlinear evolution equation:

F(u, u, uy, tyy, -+ ) =0, 2)

in which u is an unknown function and F is a polynomial of u and its
derivatives. In the following, we try to find the travelling wave solutions

by using the modified extended tanh-function method [5]:

ulx, t) = w§), & = x —ct, 3)
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where ¢ 1s a constant to be determined later. If we substitute (3) in (2),

then Equation (2) reduces to a nonlinear ordinary differential equation:
Flu,u,u",u", - )=0. (4)

Suppose that the solution of (4) has the form
m . .
u(e) = ap + Y (a0’ () + bio ' (€)), 5)
=1

where q;, b; are constant to be determined later and m is the balancing

number which can be determined by balancing the highest order
derivatives terms with the highest power. In function (5), o satisfies the

Riccati function
r_ 2
o =b+ 0, (6)

where b is a constant. Equation (6) has solutions depending on:

—~= b tanh( - V- b&) or — V= b coth( — V- bt), b <0,

o = {vb tan(VbE) or — Vb cot(VbE), b >0,
_é’ b=0.

We substitute Equations (5) and (6) into Equation (4), we can get a
polynomial in o'(£)(i = 0, +1, + 2, ---). Setting all the coefficients equal

to zero, we can get a set of over determined nonlinear algebraic
equations. By solving these equations, we can construct a variety of exact

solutions.
2.2. Application of this method to nonlinear evolution equation

Substitute Equation (3) into Equation (1), we get the following

equation:

Czu” _ 2a2u!uﬂ _ 2uu"” = 0. (7)
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Then, we use the balancing procedure between Ugllee with Ugege

2m +3 = m +4 = m =1, so the solution has the form
uE) = ag + a0 + b, ®)

where ag a;, b are constants and not all equal to zero. Substituting

Equation (8) into Equation (7), we obtain a system of algebraic equations

for ag a;, by, and b.

- 4a2b2a12 + 4a2ba1b1 - 32a1b2p + 2albc2 =0, ©)]
- 4(12a12 —48ayp = 0, (10)

— 8a2a?b + 4a’ajb; — 80arbp + 2bbic? = 0, (11)

— 4a®a;b%b; + 4a%bb? — 32b%byu + 2bbyc? = 0, (12)
— 4a%a,b%b; + 8a2b%bE — 80b3byp + 2b%byc = 0, (13)
4a%b3b? — 48b*byp = 0. (14)

By using a modem computer algebra system, say, Maple, we get the

results as follows:

Case 1.
2
a = — 12_Mbl_0b__u Qg = Qq.

If b < 0, we obtain the solitary wave solutions

ue) = ag + 22 12“ h(f £), (15)
u(e) = ap + 228 th(\r ). (16)
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If b > 0, we obtain the solitary wave solutions

If b = 0, we obtain the solitary wave solution

u(z) = ag + 2.
Cl

Case 2.

12u 3¢2 c?
by =——5,b=-55-,0a = ao.
a® 8a® 32p

a; =

If b < 0, we obtain the solitary wave solutions

2 2 2 2
uE) = a0 + g tanh(G 55 8) + {,/32 tanh(,| < a)}

43

17

(18)

19)

(20)

12“ o2 o2 32 o2 -1
u(E) = ag + = gg; cothly/3z8) + 52 (|35, ol e

If b > 0, we obtain the solitary wave solutions

12 c2 c? 3c? c?
) = a3 g el 5.8~ 25|~ gy ten(y-

-1
=)

(22)

-1
12u\/ c? \/ c? 3¢? \/ 2 \/ ¢?
ul§) = ag + — —— cot(4/— + - cot(4/— —¢§ .
(€)= a0 + = ot 5308+ 5 ||~ g Oy 50

(23)
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If b = 0, we obtain the solitary wave solution

u(e) = ag + o + 2
a“t 8a
Case 3.
3¢? c?
a =0, =———=,b=-—,ay = ap.
1 1 202 g %0 =%

If b < 0, we obtain the solitary wave solutions

r -1
3¢2 c? c?
9 a0+ 25 o oo
32 | \/72 \/72 N
u(&) = (ZO + E _ 8_”, COth( g&) .

If b > 0, we obtain the solitary wave solutions

- -1
2 2 2
ue) = a0~ \/— & tan<\/— g—ua)} ,

- -1
2 2 2
u() = ag + ;% \/— ;—“ cot(\/— g—ui)] .

If b = 0, we obtain the trivial wave solution

3c2
u(&) = ag + oa? E.

Case 4.

(29)

(25)

(26)

@7

(28)

(29)



TRAVELLING WAVE SOLUTIONS OF NONLINEAR ... 45

Figure 1. Solution (15)if ¢yj =0, a =1, p =c = 8.

Figure 2. Solution (17)if ¢y =0, a =1, p = -8, ¢ = 8.
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Figure 3. Solution (20)if ¢y =0, a =1, p = ¢ = 32.

1 -10

Figure 4. Solution (25)if ¢yp =0, a =1, p =c = 8.
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3. Conclusion

In this paper, by using the modified extended tanh-function, we

obtain the travelling wave solution of nonlinear string vibration equation.

Some of solutions are different from the previous ones in [8]-[10], we can

get various of solitary solutions by choosing different special solutions of

Riccati equation. We got 16 solutions by using expansion (8), if we use

other expansions, we can get more solutions.
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