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Abstract 

Using Nevanlinna theory of the value distribution of meromorphic functions and 
complex differential equations theory, we investigate the properties of one type 
of non-linear differential-difference equation with rational solution and the 
existence of transcendental meromorphic solutions of another type of equation, 
and obtain some results. 

1. Introduction and Main Results 

We use the standard symbols and fundamental results of Nevanlinna 
theory [1, 14]. A function ( ) ( )∞≡/ ,0za  is called a small function with 

respect to ( ),zw  if ( ) ( ),,, wrSarT =  where ( )wrS ,  denotes any quantity 

satisfying ( ) ( )( )wrTowrS ,, =  with ∞→r  outside of a possible 
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exceptional set of finite logarithmic measure. For a meromorphic function 
( ),zw  the order and the hyper-order of w is respectively defined by 

( ) ( ) ,log
,logsuplim r

wrTw
r ∞→

=ρ  

( ) ( ) .log
,loglogsuplim r

wrTw
r ∞→

=σ  

Moreover, we use the notation ( )Pwdeg  for the degree of ( )( )zwzP ,  with 
respect to w. 

Recently, some papers focused on complex difference equations of 
Nevanlinna’s theory and difference analogue. Many authors ([2-9]) have 
discussed the existence and the growth of meromorphic solutions of 
difference equations and obtained many results. 

In 2017, Halburd and Korhonen [10] investigated the properties of 
meromorphic solutions of non-linear differential-difference equation 

( ) ( ) ( ) ( )
( ) ( )( ) ( )( )

( )( ) ,,
,,11 zwzQ

zwzPzwzRzw
zwzazwzw ==

′
+−−+  (1) 

where ( )za  is a rational function, ( )( )zwzP ,  is a polynomial in w having 

rational coefficients in ( )( )zwzQz ,,  is a monic polynomial in ( )wzPw ,,  

and ( )wzQ ,  are co-prime. 

They obtained the following result: 

Theorem A ([10]). Let ( )zw  be a non-rational solution of (1). If 

( ) ,1<σ w  then 

( ) ( ) ,31degdeg ≤+= QP ww  

or the degree of ( )wzR ,  as a rational function in w is either 0 or 1. 

In 2018, Liu et al. [11] considered the following non-linear 
differential-difference equation: 

( ) ( ) ( ) ( )
( ) ( )( ) ( )( )

( )( ) ,,
,,1 zwzQ

zwzPzwzRzw
zwzazwzc ==

′
++  (2) 
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where ( )( )zwzR ,  is rational function in ( ) ( )zazw ,  and ( )zc  are non-zero 

rational functions. ( )( )zwzP ,  and ( )( )zwzQ ,  are defined in (1). They 
have considered the case that (2) admits a rational solution where all the 
coefficients of (2) are constants. A result was obtained as follows. 

Theorem B ([11]). Let ( ) ( )
( )zN
zMzw =  be a non-constant rational 

solution of (2), ( )zM  and ( )zN  be polynomials as follows: 

( ) ( ) ,, 0101 bzbzbzNazazazM n
n

m
m +++=+++= ""  

and let ( ) ( ) ( )0,:,0,:,0,: zQezPgzPh =′==  in (2), we have 

(1) if ( ) ,0deg =Pw  then ;nm =  

(2) if ( ) ( ) ,2deg,3deg == QP ww  then nm ≥  except that 1+= mn  

provided that 0,0 ≠= eh  and .0≠g  

In this paper, we mainly consider the existence problem of 
meromorphic solutions of the Equations (3) and (4) as follows: 

( ) ( ) ( ) ( )
( ) ( ) ( )

( ) ( )( ) ( )( )
( )( ) ,,

,,1 zwzQ
zwzPzwzRzw

zwzbzw
zwzazwzc ==

′′
+

′
++  (3) 

( ) ( ) ( ) ( )
( ) ( ) ( )

( ) ( ),1 zdzw
zwzbzw

zwzazwzc =
′′

+
′

++  (4) 

where ( ) ( ) ( ) ( )zdzczbza ,,,  are non-zero rational functions, ( )( ) =zwzP ,  

( )zwc il
i

l

i

−

=
∑

0
 is a polynomial in ( )( ) ( )zwczwzQw jl

j
l

j

−

=
∑=

0
,,  is a monic 

polynomial in w, and they have no common roots, ( ){ } { ( )}zdzc ji ,  are 

rational functions in z. 

Moreover, we mainly consider the case that all the coefficients of (3) 
are constants. 

Let ( ) ( ) ( ) llll dzQdzPczPc .0,,0,,0, 1 =′== −  and lc  can not 

vanish at the same time. We will prove 
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Theorem 1. Let ( ) ( )
( )zN
zMzw =  be a non-constant rational solution of (3), 

( )zM  and ( )zN  be polynomials as follows: 

( ) ( ) ., 0101 bzbzbzNazazazM n
n

m
m +++=+++= ""  

We have 

(1) if ( ) ,0deg =Pw  then ;nm =  

(2) if ( ) ( ) ( ),711deg,deg ≤≤−== llQlP ww  then ,nm ≥  particularly, 

if 0,0 1 ≠= −ll cc  and ,0≠ld  then .1+= mn  

Theorem 2. If ( ) ( ) ( ) ( ) ,0≠′′+′ zwzbzwza  then (4) has no transcendental 

entire solutions. 

Theorem 3. Suppose that ( )zw  is a transcendental meromorphic 

solution of the Equation (4), then ( ) ( ) ( ).,,, wrSwrNwrT +=  

2. Some Lemmas 

We will use the following lemmas in our proofs of the above theorems. 

Lemma 1 ([12]). Let w be a meromorphic function and ( )wzR ,  be a 

rational function in w and meromorphic in z. If all the coefficients of 
( )wzR ,  are small compared to w, then 

( )( ) ( ) ( ) ( ).,,deg,, wrSwrTRwzRzT w +=  

Lemma 2 ([13]). Let [ ) [ )∞→∞ ,0,0:T  be a non-decreasing 

continuous function and let ( ).,0 ∞∈s  If the hyper-order of T is strictly 

less than one, i.e., 

( ) ,1log
loglogsuplim <σ=

∞→ r
rT

r
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and ( ),1,0 σ−∈δ  then 

( ) ( ) ( ) ,





+=+

δr
rTorTsrT  

where r runs to infinity outside of a set of finite logarithmic measure. 

Lemma 3 ([13]). Let w be a non-constant meromorphic function and 
.Cc ∈  If w is of finite order, then 

( )
( ) ( ) ,,log, 





=






 + wrTr

rOzw
czwrm  

for all r outside of a set E satisfying 

[ ) ,0logsuplim ,1 =
∫

∞→ r
t

dt
rE

r

∩  

i.e., outside of a set E of zero logarithmic density. If ( ) 1<σ=σ w  and 

,0>ε  then 

( )
( )

( ) ,,, 1 





=






 +

ε−σ−r
wrTozw

czwrm  

for all r outside of a set of finite logarithmic measure. 

3. Proof of Theorem 1 

Taking Nevanlinna characteristic function of both sides of (3) and  
applying Lemma 1, we have 

( ( ) ( ) ( ) ( )
( ) ( ) ( )

( ) ) ( )( )wzRrTzw
zwzbzw

zwzazwzcrT ,,1, =
′′

+
′

++  

( ) ( )( ) ( ).log,deg rOzwrTRw +=  
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Using Lemmas 2 and 3, and using the logarithmic derivative lemma [12], 
it follows that 

( ) ( )( ) ( )( ) ( ( )
( ) ) ( ( )

( ) ) ( )rOzw
zwrTzw

zwrTzwrTzwrTRw log,,1,,deg +
′′

+
′

++≤  

( ) ( ( )
( ) ) ( ( )

( ) ) ( )wrSzw
zwrNzw

zwrNwrT ,,,, +
′′

+
′

+≤  

( ) ( )( ) ( ( ) )




 ++≤ zwrNzwrNwrT 1,,,  

( )( ) ( ( ) ) ( )wrSzwrNzwrN ,1,,2 +





 ++  

( ) ( ).,,7 wrSwrT +≤  

Thus, we have 

( ( ) ) ( )( ) ( ),,,7deg wrSzwrTRw ≤−  

which implies that ( ) ,7deg <Rw  i.e., 

( ) ( ) .7deg,7deg ≤≤ QP ww  

We will discuss the following two cases. 

Case 1: ( ) 0deg =Pw  and ( ) ( ),7,,0deg "== llQw  we consider the 
following equation: 

( ) ( )
( )

( )
( )

( )

,1

0

0

zwd

c
zw
zwbzw

zwazcw
jl

j

l

j

−

=
∑

=
′′

+
′

++  (5) 

where ( )ljdj ,,1 "=  are constants, 1,,,, 00 =dccba  are non-zero 

constants. Substituting ( ) ( )
( )zN
zMzw =  into (5), we have 

( )
NMN

NNbMNNNMbNNbMNNNMbNNaMNNNMaNMcM
2

2222 22 ′+′′−′′−′′+′−′+  

.22
2

1
0

0
l

l
jjl

j
ll

l
l

l

NdNMdNMdNMdMd
Nc

++++++
=

−−− ""
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According to the above equation, it follows that 

NNMMdaNMMdc jjl
j

l

j

jjl
j

l

j

2

0

21

0

+−

=

++−

=

′+ ∑∑  

NNMMdbNNNMda jjl
j

l

j

jjl
j

l

j

2

0

11

0

+−

=

++−

=

′′+′− ∑∑  

NNNMMdbNNNMdb jjl
j

l

j

jjl
j

l

j
′′−′′− +−

=

++−

=
∑∑ 1

0

11

0
2  

( ) .2 2
0

2

0
NMNcNNNMdb ljljl

j

l

j

++−

=

=′+ ∑  (6) 

Thus we see that the possible degrees of left-hand side of (6) are 
( ) ( ) ( ) ( ) 131,22 −+++−+++− njmjlnjmjl  or ( ) ( )njmjl 31 +++−  

( ).,,02 lj "=−  The coefficients of maximum degree terms are different, 

so there are no terms that can be cancelled. And we can see that the 
degree of right-hand side of (6) is ( ) .3 nlm ++  

If ,1+≥ nm  we have the maximum degree of left-hand side of (6) is 

( ) nml 22 ++  and the degree of right-hand side of (6) is ( ) ,3 nlm ++  then 

,nm =  a contradiction. If ,1−< nm  we have 

( ) ( ) ( ) ( ) nmlnmlnmlnml 3113123122 ++<−++<−++≤++  

( ) ( )njmjlnlmnlmnlm 3141424 +++−≤≤+<−+<−+≤ "  

( ) ( ) ( ) ( ) mnjmjlnjmjl ≤≤+++−<−+++−<− "311312  

( ) ( ) ( ) .31323 nlmnlmnl ++<−++<−++  

(i) If ,0≠ld  then the degree of left-hand side of (6) is 

( ) ,13 −++ nlm  since ,00 ≠c  the degree of right-hand side of (6) is 

( ) ,3 nlm ++  thus ( ) ( ) ,313 nlmnlm ++=−++  which is impossible. 
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(ii) If 0=ld  and ,00 ≠c  in this case, the degree of right-hand side  

of (6) is ( ) ,3 nlm ++  if ,01 ≠−ld  then the degree of left-hand side of (6) is 

( ) ,122 −++ nlm  then ,1−= mn  which is a contradiction with the 

assumption ;1−< nm  if 01 =−ld  and ,02 ≠−ld  then the degree of left-

hand side of (6) is ( ) ,113 −++ nlm  then ,122 −= mn  a contradiction. 

Similarly, if ( ),,,10 ljdj "==  we have 1−= lmln  a contradiction 

again. If ,1−= nm  then 

( ) ( ) ( ) 2413122231 −+=−++=++<−++ nlmnmlnmlnml  

( ) ( ) ( )mjlnmlnlmnml 12511431 +−=<−+−=−+=++< "  

( ) ( ) ( ) ( ) ( ) 1312223 −+++−=+++−<−++ njmjlnjmjlnj  

( ) ( ) ( ) ( ) ( )nlmnjmjlnjmjl 33124 ++=<+++−<−++−= "  

( ) ( ) ( ) .313222 nlmnlmnlm ++<−++=++<−  

(i) If ,0≠ld  then the degree of left-hand side of (6) is ( ) ,13 −++ nlm  

since ,00 ≠c  the degree of right-hand side of (6) is ( ) ,3 nlm ++  thus 

( ) ( ) ,313 nlmnlm ++=−++  which is impossible. 

(ii) If 0=ld  and ,01 ≠−ld  then the degree of left-hand side of (6) is 

( ) ,122 −++ nlm  then ,1−= mn  which is a contradiction with the 

assumption ;1−= nm  if 01 =−ld  and ( ),02 ljdl =≠−  then the degree 

of left-hand side of (6) is ( ) ,113 −++ nlm  then ,122 −= mn  a 

contradiction. 

Similarly, if ( ),,,10 ljdj "==  we have 1−= lmln  a contradiction 

again. Anyway, 1−≤ nm  is impossible. 

Thus, we have nm =  if ( ) 0deg =Pw  and ( ) ( ).7,,0deg "== llQw  
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Case 2: ( ) lPw =deg  and ( ) ( ),7,,11deg "=−= llQw  we consider 

the following equation: 

( ) ( )
( )

( )
( )

( )

( )

,1

1

0

zwd

zwc

zw
zwbzw

zwazcw
jl

j

l

j

il
i

l

i

−

=

−

=

∑

∑
=

′′
+

′
++  (7) 

where ( ) ( )ljdlic ji ,,2,,,0 "" ==  are constants and 1,,,, 10 =dccba  

are non-zero constants. Substituting ( ) ( )
( )zN
zMzw =  into (7), we have 

( )
NMN

NNbMNNNMbNNbMNNNMbNNaMNNNMaNMcM
2

2222 22 ′+′′−′′−′′+′−′+  

.

1

0

jjl
j

l

j

iil
i

l

i

NMd

NMc

−

=

−

=

∑

∑
=  

According to the above equation, it follows that 

NNMMdaNMMdc jjl
j

l

j

jjl
j

l

j

2

1

21

1

+−

=

++−

=

′+ ∑∑  

NNMMdbNNNMda jjl
j

l

j

jjl
j

l

j

2

1

11

1

+−

=

++−

=

′′+′− ∑∑  

NNNMMdbNNNMdb jjl
j

l

j

jjl
j

l

j
′′−′′− +−

=

++−

=
∑∑ 1

1

11

1
2  

( ) .2 21

0

21

1
NNMcNNNMdb iil

i

l

i

jjl
j

l

j

++−

=

+−

=
∑∑ =′+  (8) 
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Thus we see that the possible degrees of left-hand side of (8) are 
( ) ( ) ( ) ( ) 131,22 −+++−+++− njmjlnjmjl  or ( ) ( ) −+++− njmjl 31  

( )lj ,,12 "=  and the possible degrees of right-hand side of (8) are 

( ) ( ) ,31 nimil +++−  where .,,0 li "=  

If ,nm ≥  since ldc,  are non-zero constants, the degree of both hand 

sides of (8) are equal, both are ( ) ,31 nml ++  this case may happen. 

Next, we assume that nm <  in the following. We have 

( ) ( ) ( ) ( ) <++<<+++−<<+<++ nlmnimilnlmnml 2231431 ""  

( ) .3 nlm ++  

(i) If ,0≠ld  then the degree of left-hand side of (8) is at most 

( ) ,13 −++ nlm  if ,0≠lc  the degree of right-hand side of (8) is at most 

( ) ,3 nlm ++  thus ( ) ( ) ,313 nlmnlm ++=−++  which is impossible; if 

0=lc  and ,01 ≠−lc  the degree of right-hand side of (8) is ( ) ,22 nlm ++  

then we have 

( ) ( ) .2213 nlmnlm ++=−++  

So .1+= mn  If ,01 == −ll cc  and ,02 ≠−lc  by comparing the degrees 

of the two hand sides of (8), it yields ,122 += mn  which is a 
contradiction. 

Similarly, if ( )lici ,,10 "==  and ,00 ≠c  then we have 

,1+= lmln  a contradiction again. 

(ii) If 0=ld  and ,0≠lc  according to the above analysis, we can see 

that the degree of the right-hand side of (8) is at most ( ) ,3 nlm ++  if 

,01 ≠−ld  then the degree of left-hand side of (8) is ( ) ,122 −++ nlm  then 

,1−= mn  which is a contradiction with the assumption ;nm <  if 
01 =−ld  and ,02 ≠−ld  then the degree of left-hand side of (8) is 

( ) ,113 −++ nlm  then ,122 −= mn  a contradiction. 
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Similarly, if ( ),,,20 ljdj "==  since ,11 =d  we have ( ) =− nl 1  

( ) ,11 −− ml  a contraction again. 

In a word, if ( ) lPw =deg  and ( ) ,1deg −= lQw  then .nm ≥  

Specially, if 0,0 1 ≠= −ll cc  and ,0≠ld  we have .1+= mn  The proof 

of Theorem 1 is complete. 

4. Proof of Theorem 2 

Suppose that ( )zw  is a transcendental entire solution of (4). We 

consider the following equation: 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ).1 zwzbzwzazwzdzwzwzc ′′−′−=+   (9) 

If ( )zw  is a transcendental entire solution of (9), then ( )zw  has at most 

finitely many zeros. 

In fact, if ( )zw  has infinitely many multiple zeros, we can fide a zero 

,0z  such that 

( ) ( ) ( ) ( ) ( ) ( ) ,0000000 ≠′′−′− zwzbzwzazwzd  

but the left-hand side of (9) is equal to zero at ,0z  which is a 

contradiction. 

If ( )zw  has infinitely many single zero, by the assume that 

( ) ( ) ( ) ( ) ,0≡/′′+′ zwzbzwza  we can fide a single zero ,1z  such that 

( ) ( ) ( ) ( ) ( ) ( ) ,0111111 ≠′′−′− zwzbzwzazwzd  

but the left-hand side of (9) is equal to zero at ,1z  a contradiction again. 

So ( )zw  has at most finitely many zeros. 
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Thus, according to the Hadamard factorization theorem, we assume 
that 

( ) ( ) ( ),zpezqzw =  

where ( )zq  is non-zero polynomial and ( )zp  is an entire function. 

Substituting into (9), we have 

( ) ( ) ( )11 ++ zpezqzc  

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )[ ] ( ) ( ) ( )

( ) .22




 ′′+′′

+′+′′−



 ′

+′−= zq
zqzpzqzpzqzbzq

zqzpzazd  

(10) 

From (10), we can see that the order of growth of the left-hand side is 
always greater than the right-hand side, which is a contradiction. 
Therefore, (4) has no transcendental entire solutions. The proof of 
Theorem 2 is complete. 

5. Proof of Theorem 3 

Suppose that ( )zw  is a transcendental meromorphic solution of (4). 

Rewrite (4) as 

( ) ( ) ( ) ( ) ( )
( ) ( ) ( )

( )
( )

( ) .1+





 ′′

−
′

−= zw
zw

zw
zwzbzw

zwzazdzwzc  (11) 

Taking proximity functions from both sides of (11), and using the 
logarithmic derivative lemma and Lemma 3, we have 

( ) ( ).,, wrSwrm =  

Thus 

( ) ( ) ( ).,,, wrSwrNwrT +=  

The proof of Theorem 3 is complete. 
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