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Abstract

Using Nevanlinna theory of the value distribution of meromorphic functions and
complex differential equations theory, we investigate the properties of one type
of non-linear differential-difference equation with rational solution and the
existence of transcendental meromorphic solutions of another type of equation,
and obtain some results.

1. Introduction and Main Results

We use the standard symbols and fundamental results of Nevanlinna
theory [1, 14]. A function a(z)(# 0, ) is called a small function with

respect to w(z), if T(r, a) = S(r, w), where S(r, w) denotes any quantity

satisfying S(r, w) = o(T(r, w)) with r — o outside of a possible
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exceptional set of finite logarithmic measure. For a meromorphic function

w(z), the order and the hyper-order of w is respectively defined by

. log T'(r, w)
w) = lim sup —=————~
pw) m sup ===

o(w) = lim sup 28108 T(r. w)
r—o logr

Moreover, we use the notation deg,,(P) for the degree of P(z, w(z)) with
respect to w.

Recently, some papers focused on complex difference equations of
Nevanlinna’s theory and difference analogue. Many authors ([2-9]) have

discussed the existence and the growth of meromorphic solutions of

difference equations and obtained many results.

In 2017, Halburd and Korhonen [10] investigated the properties of

meromorphic solutions of non-linear differential-difference equation

w'(z) P(z, w(z))
w(z) Q(z, w(z))’

where a(z) is a rational function, P(z, w(z)) is a polynomial in w having

w(z+1)-w(z-1)+ a(z) = R(z, w(z)) =

€

rational coefficients in z, @(z, w(z)) is a monic polynomial in w, P(z, w)
and Q(z, w) are co-prime.
They obtained the following result:

Theorem A ([10]). Let w(z) be a non-rational solution of (1). If
o(w) < 1, then

degw(P) = degw(Q)+1 <3,
or the degree of R(z, w) as a rational function in w is either 0 or 1.

In 2018, Liu et al. [11] considered the following non-linear
differential-difference equation:
w'(z) _

c(z)w(z +1) + a(z) o) - R(z, w(z)) =

P(z, w(z))
Q(z, w(z))’

@
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where R(z, w(z)) is rational function in w(z), a(z) and c¢(z) are non-zero
rational functions. P(z, w(z)) and Q(z, w(z)) are defined in (1). They
have considered the case that (2) admits a rational solution where all the
coefficients of (2) are constants. A result was obtained as follows.

M(z)
N(z)
solution of (2), M(z) and N(z) be polynomials as follows:

Theorem B ([11]). Let w(z) = be a non-constant rational

M(z) = a,z" ++az2+ag, N(z)=0b,2"++bz+by,
and let h := P(z, 0), g :== P'(z, 0), e := Q(z, 0) in (2), we have
(1) if deg,, (P) = 0, then m = n;

(2) if deg,(P) =3, deg,(®) =2, then m > n except that n =m +1
provided that h =0, e # 0 and g # 0.

In this paper, we mainly consider the existence problem of

meromorphic solutions of the Equations (3) and (4) as follows:

WE) 0@ g o Pl )
c(z)w(z +1) + a(z) (2] +b(z) () R(z, w(z)) QG w2)’ 3)
2wz +1)+ a(2) LL‘{))((ZZ)) b)Y '((5)) _ d(2), @)

where a(z), b(z), ¢(z), d(z) are non-zero rational functions, P(z, w(z)) =
l ) l .

ZCiwl_L(z) is a polynomial in w, Q(z, w(z)) = chwl_J (z) is a monic
i=0 i=0
polynomial in w, and they have no common roots, {c;(2)}, {dj(z)} are
rational functions in z.

Moreover, we mainly consider the case that all the coefficients of (3)
are constants.

Let ¢; = P(z,0),¢;_; = P'(2,0),d; = Q(z, 0).d; and ¢; can not

vanish at the same time. We will prove
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Theorem 1. Let w(z) = % be a non-constant rational solution of (3),

M(z) and N(z) be polynomials as follows:
M(z) = a,z" +-+az+ag, N(z)=0b,2" +-+bz+b.

We have

(1) if deg, (P) = 0, then m = n;

) if deg,,(P)=1,deg,,(Q)=1-1(1<1<7), then m > n, particularly,
ifcg =0,¢1 #0 and d; # 0, then n = m + 1.

Theorem 2. If a(z)w'(z) + b(z)w"(z) # 0, then (4) has no transcendental
entire solutions.

Theorem 3. Suppose that w(z) is a transcendental meromorphic

solution of the Equation (4), then T(r, w) = N(r, w) + S(r, w).

2. Some Lemmas

We will use the following lemmas in our proofs of the above theorems.

Lemma 1 ([12]). Let w be a meromorphic function and R(z, w) be a

rational function in w and meromorphic in z. If all the coefficients of

R(z, w) are small compared to w, then
T(z, R(z, w)) = deg,,(R)T(r, w) + S(r, w).

Lemma 2 ([13]). Let T :[0, ») — [0, ©) be a non-decreasing
continuous function and let s € (0, ). If the hyper-order of T is strictly
less than one, i.e.,

lim sup log log T'(r) _

c<l1,
r—o log r
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and 8§ € (0,1 - o), then

T(r+s)=T(r)+ o(&g)j,

r
where r runs to infinity outside of a set of finite logarithmic measure.

Lemma 3 ([13]). Let w be a non-constant meromorphic function and

¢ € C. If w is of finite order, then

m(r, w(z + c)j _ O(log r 0, w)),

w(z) r

for all r outside of a set E satisfying

EN1 o

= 0’
r—m logr

i.e., outside of a set E of zero logarithmic density. If o(w) =06 <1 and

() - )

for all r outside of a set of finite logarithmic measure.

€ >0, then

3. Proof of Theorem 1

Taking Nevanlinna characteristic function of both sides of (3) and
applying Lemma 1, we have

w'(z)

w(z)

w'(2)

T(r, c(z)w(z +1) + a(z) w(z)

+b(2) ) =T(r, R(z, w))

= deg,, (R)T(r, w(z)) + O(log r).
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Using Lemmas 2 and 3, and using the logarithmic derivative lemma [12],
it follows that

w'(z)

21, ot

deg,, (R)T(r, w(z)) < T(r, w(z + 1)) + T(r, w'(z)

o )+ O(log r)

w’(z) + r w’ 2) + r, w
o) NG ) 4 S w)

<T(r, w)+ N(r, w(2)

<T(r, w)+ (N(r, w(z)) + N(r, % )j

; Z(N(r, w(z) + N(r, ﬁ )j + S(r, w)

<T7T(r, w)+ S(r, w).
Thus, we have
(degy, (R) = T)T'(r, w(z)) < S(r, w),
which implies that deg,, (R) < 7, i.e.,
deg,,(P) < 7, deg,,(Q) < 7.

We will discuss the following two cases.

Case 1: deg, (P) =0 and deg,(®)=1(!=0, ---, 7), we consider the

following equation:

. e o

Zdjwl_j(z)
=0

cw(z+1)+a

where d;(j =1,--,1) are constants, a,b,c, cy, dy =1 are non-zero
constants. Substituting w(z) = ﬁ into (5), we have
¢MMN? + aM'N?N - aMNN'N + bM'N?N — bMNN'N - 2bM'NN'N + 2b6M(N')> N
MN?N
CoNl

C doM' + 4 MIN + doMIEN? 4k MEINT 4 N
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According to the above equation, it follows that

l
Y d;M"IHMNT? v 0y d; M T MNIN

l
j=0 j=0

l l
~aY d;M'"TINIINN + b d;MIMNTPN
j=0 =0

l ) ) . l ) ) o
-6 d;M"IINIINN - 20> d; M TMNITINN
=0 J=0

+ 20 d;M"INI(N'PN = ¢gMN'"*2N. (6)

l
j=0

Thus we see that the possible degrees of left-hand side of (6) are
U-j+2m+(G+2n, ((-j+1m+(+3)n-1 or (I-j+1)m+(j+3n
- 2(j =0, -+, I). The coefficients of maximum degree terms are different,

so there are no terms that can be cancelled. And we can see that the

degree of right-hand side of (6) is m + (I + 3)n.

If m > n+1, we have the maximum degree of left-hand side of (6) is
(I + 2)m + 2n and the degree of right-hand side of (6) is m + (I + 3)n, then

m = n, a contradiction. If m < n —1, we have
(+2m+2n<(I+1)m+3n-2<(l+1)m+3n-1<(+1)m+3n
<lm+4n-2<Ilm+4n-1<lm+4n<--<(I-j+1)m+(j +3)n

-2<(l-j+1)m+(G+3n-1<(l-j+1)m+(+3)n<--<m
+(l+3m-2<m+({1+3n-1<m+(+3)n.

@ If d; #0, then the degree of left-hand side of (6) is
m+ (I +3)n—1, since ¢y # 0, the degree of right-hand side of (6) is

m + (I + 3)n, thus m + (I + 3)n =1 = m + (I + 3)n, which is impossible.
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@i1) If d; =0 and ¢y # 0, in this case, the degree of right-hand side
of (6)is m + (I + 3)n, if d;_; # 0, then the degree of left-hand side of (6) is
2m + (I +2)n -1, then n=m-1, which is a contradiction with the
assumption m < n-1; if d;_; = 0 and d;_g9 # 0, then the degree of left-

hand side of (6) is 3m + (I + 1)n — 1, then 2n = 2m -1, a contradiction.
Similarly, if d; = 0(j = 1, ---, ), we have In = Im —1 a contradiction
again. If m = n -1, then
(+1m+3n-2<((+2m+2n=(I+1)m+3n-1=Im+4n -2
<(+1)m+3n=Im+4n-1=(1-1)m+6n-2<--=(-j+1)m
+(+3m-2<(l-j+2m+(+2m=(I-j+1)m+(+3)n-1
=(l-jm+{G+4m-2<(l-j+1m+(+3m<--=m+(l+3)n
-2<2m+(+2n=m+({(+3-1<m+(l+3)n.
@) If d; # 0, then the degree of left-hand side of (6) is m + (I + 3)n -1,

since ¢y # 0, the degree of right-hand side of (6) is m + (I + 3)n, thus

m+ (I +3)n -1 =m+ (I + 3)n, which is impossible.

@) If d; = 0 and d;_; # 0, then the degree of left-hand side of (6) is
2m + (I +2)n -1, then n=m -1, which is a contradiction with the
assumption m =n —-1; if d;_; =0 and d;_y # 0(j = [), then the degree
of left-hand side of (6) is 3m+({+1)n—1, then 2n=2m-1, a
contradiction.

Similarly, if d; = 0(j = 1, ---, ), we have In = Im —1 a contradiction

again. Anyway, m < n —1 is impossible.

Thus, we have m = n if deg,,(P) = 0 and deg,,(Q) = (I = 0, ---, 7).
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Case 2: deg,(P)=1 and deg,(@)=1-1(=1,--,7), we consider

the following equation:

l
Zc w7 (z)
w(z) , w'z) _ i
cw(z+1)+a w(z) +b w(2) ; (7)
d; !~ ](z)
=1
where ¢;(i =0, -+, 1), dj(j = 2, -, I) are constants and a, b, ¢, ¢y, d; =1
are non-zero constants. Substituting w(z) = N @) into (7), we have

cMMN? + aM'N*N - a N + NN — "N — 26M'NN'N + 2 VN
MMN? + aM'N2N — aMNN'N + bM'N2N — bMNN'N — 26M'NN'N + 2b6M(N'2 N
MN?N

l
ZCZMZ LNL
=0

=
; .
d:M“INT
2

According to the above equation, it follows that

l l
> d;M'"TIMNI 4 0y d; M MNTN
=1 =1

l 1
I—j+1 arj+1 A7 AT I—JagmaT]+2 7T
—azlde T NJ NN+bElde IM'N'™*N

J= J=

l l
[-j+1 j+1 AT#NT I-j T+l ATIAT
—bElde TN NN—ZbElde TM'N™"N'N

J= J=

! !
+ 2b2del—f+1Nf (N'?N = ZciMl‘”lN”ZZV. ®)
j=1 i=0
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Thus we see that the possible degrees of left-hand side of (8) are
l-j+2m+@G+2n,(I-j+1)m+(+3n-1or ((-j+1)m+(j+3)n-
2(j =1,--+,1) and the possible degrees of right-hand side of (8) are

({-i+1)m+ (i +3)n, where i =0, -, L

If m > n, since ¢, d; are non-zero constants, the degree of both hand

sides of (8) are equal, both are (I + 1)m + 3n, this case may happen.

Next, we assume that m < n in the following. We have

(+1)m+3n<lm+4n<--<((-i+1)m+@GE+3 < <2m+(I+2)n <
m + (I + 3)n.

(@) If d; # 0, then the degree of left-hand side of (8) is at most
m+ (I +3)n -1, if ¢; # 0, the degree of right-hand side of (8) is at most
m+ (I +3)n, thus m+(I+3)n-1=m+ (I +3)n, which is impossible; if
¢; =0 and ¢;_; # 0, the degree of right-hand side of (8) is 2m + (I + 2)n,
then we have

m+(I+3n-1=2m+(l+2)n.

Son=m+1. If ¢ =¢;_1 =0, and ¢;_9 # 0, by comparing the degrees
of the two hand sides of (8), it yields 2n =2m +1, which is a

contradiction.

Similarly, if ¢ =0@=1,--,1) and ¢y #0, then we have

In = Im + 1, a contradiction again.

(1) If d; =0 and ¢; # 0, according to the above analysis, we can see
that the degree of the right-hand side of (8) is at most m + (I + 3)n, if
d;_; # 0, then the degree of left-hand side of (8) is 2m + (I + 2)n — 1, then
n=m-1, which is a contradiction with the assumption m < n; if
d;_1 =0 and dj_o # 0, then the degree of left-hand side of (8) is

3m + (I +1)n -1, then 2n = 2m — 1, a contradiction.
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Similarly, if d; = 0(j = 2, ---, 1), since d; =1, we have (I-1)n =

(I —=1)m — 1, a contraction again.
In a word, if deg,(P)=1! and deg,(®@)=1[1-1, then m > n.

Specially, if ¢; =0, ¢;_; # 0 and d; # 0, we have n = m +1. The proof

of Theorem 1 is complete.
4. Proof of Theorem 2

Suppose that w(z) is a transcendental entire solution of (4). We

consider the following equation:
c2)wE)w(z +1) = d(z)w(z) - alz)w'(z) - b(z)w"(2). 9)
If w(z) is a transcendental entire solution of (9), then w(z) has at most
finitely many zeros.
In fact, if w(z) has infinitely many multiple zeros, we can fide a zero
zq, such that
d(z0)w(zg) — alzow'(z0) - bz¢ w"(29) # O,
but the left-hand side of (9) is equal to zero at z;, which is a
contradiction.
If w(z) has infinitely many single zero, by the assume that
a(z)w'(z) + b(z)w"(z) # 0, we can fide a single zero z;, such that
d(z1)w(z1) - alzy Jw'(z1) = bz w'(z1) = O,

but the left-hand side of (9) is equal to zero at z;, a contradiction again.

So w(z) has at most finitely many zeros.
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Thus, according to the Hadamard factorization theorem, we assume
that

w(z) = q(z)e??),

where ¢(z) is non-zero polynomial and p(z) is an entire function.

Substituting into (9), we have

c(2)q(z +1)ePE*D)

) — aM) we) 2 LET s lora) 1 Toi(a1E 4 4@+ 2P/ (2)'(2)
- d(e)- alo) p1) + L] o) | 0@ + o) 2pent)

(10)

From (10), we can see that the order of growth of the left-hand side is
always greater than the right-hand side, which is a contradiction.
Therefore, (4) has no transcendental entire solutions. The proof of

Theorem 2 1s complete.
5. Proof of Theorem 3

Suppose that w(z) is a transcendental meromorphic solution of (4).

Rewrite (4) as

c(2w(z) = | d(z) - alz w'(z) _ . w'(z)) w(z)
(2ole) = o) - ale) L) - b(a) LS | ), a

Taking proximity functions from both sides of (11), and using the

logarithmic derivative lemma and Lemma 3, we have
m(r, w) = S(r, w).
Thus
T(r, w) = N(r, w)+ S(r, w).

The proof of Theorem 3 is complete.
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