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Abstract

By using two extended (G'/G)-expansion methods, new approach of

(G'/G)-expansion method and new approach of generalized (G'/G )-expansion

method, the coupled Ramani equation is studied, new families of exact solutions
with arbitrary parameters are obtained including the hyperbolic functions, the
trigonometric functions and the rational functions. In methods, the nonlinear
auxiliary equation is implemented. When the parameters in the auxiliary
equation are taken as special values, the new obtained solutions are
degenerated to the known solutions appear in the previous literatures. This

show that these two methods are effective and powerful.
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1. Introduction

Nonlinear partial differential equations (NLPDESs) are used to model
complex phenomena in various scientific fields, such as, mechanics,
biology, solid state physics, nonlinear optics and so on. Therefore,
construction of the analytic exact solutions to NLPDEs plays a vital role
in the study of nonlinear science. In the past decades, a variety of
powerful methods have been developed to generate exact solutions to
NLPDEs. For example, the homogeneous balance method [1], the sine-
cosine method [2], the tanh method [3, 4], the Jacobi elliptic function
expansion method [5], the (G'/G)-expansion method [6], the Lie group

analysis method [7, 8, 9], the Darboux transformation method [10], and so
on.

Recently, Naher and Abdullah [11] extended the (G'/G )-expansion
method and proposed new approach of (G'/G)-expansion method and
new approach of generalized (G'/G )-expansion method to obtain travelling
wave solutions for KdV equation. Later on, many NLPDEs were
investigated by these two methods, such as the (3 +1)-dimensional
potential-YTSF equation and the (2 + 1)-dimensional modified Zakharov-
Kuznetsov equations [12], the ZKBBM equation [13], the (2 + 1)-dimensional
breaking soliton equation [14], the KP-BBM equation [15], the Klein-

Gordon equation [16], etc. To the best of our knowledge, no previous work

has been done by these two methods for the coupled Ramani equation.

In this article, we would like to investigate the following celebrated

coupled Ramani equation:

1 2
g Usxxxxx T 3uxxuxxx + Suxuxxxx + 9uxuxx - (uxxxt + Suxxut + 3uxuxt )
18

U — Uy — SUxlly — 30Uy, = 0. (1.1)
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Equation (1.1) was first introduced in [17] as an integrable extansion of
the Ramani equation, many interesting results have been obtained. For
example, the Lax pairs, Backlund transformations and solition solutions
are investigated by bilinear equations in [17], the multi-solition solutions
are derived by using Pfaffians in [18], the bilinear Backlund and Lax pair
are obtained from its bilinear form in [19], the multiple soliton solutions
are studied by employing the Hirota’s bilinear method in [20]. In the

present work, by using new approach of (G'/G)-expansion method and
new approach of generalized (G'/G)-expansion method, we get many
new exact travelling wave solutions of Equation (1.1) which generalizes

the previous results by choice of special parametric values.

The rest of this paper is organized as follows: In Section 2, we give
new families of exact solutions including the solitons, the hyperbolic, the
trigonometric and the rational forms by the new approach of

(G'/G)-expansion  method and new approach of generalized

(G'/G )-expansion method. In the last section, we give the conclusion.

2. New Travelling wave Solutions

In this part, we would construct exact solutions for Equation (1.1) by

the new approach of (G'/G)-expansion method and new approach of

generalized (G'/G )-expansion method.

Substitution of the travelling wave transformation u = ¢ + F;({),
v = Fy(¢) (where ¢ = x — at) into Equation (1.1) results in the following
ODEs:

F® s 15 R+ 15 FY) + 45 F2FY + 5aF® - 5(3 + o®)F + 30aF{F{
+ 18F; =0,
aFy + Fy + 3F{Fy + 3FyF) = 0, 2.1)

where a prime again denotes differentiation with respect to ¢, and Fl(G)

denotes six order derivatives with respect to .
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2.1. New approach of (G'/G)-expansion method for Equation (1.1)

Step 1. Suppose that the travelling wave solution of Equation (2.1)

can be expressed as follows:

ﬂ—Z;(—) SnEy B Y (S Yy,
' i=1 J=0 Jj=1

1=0
2.2)
where a;, bj(i =1, ..., m), ¢j, dj(j =1, ..., n) are arbitrary constants to

be determined later, a,, and b,, can not be zero at a time, and G satisfies

the following nonlinear auxiliary ordinary differential equation:
AGG" - BGG' - C(G'Y - EG? =0, (2.3)

where prime denotes derivative with respect to C, A, B, C, and E are
real parameters.
Remark 1.If A =1, B=-A, C =0, E = —u, Equation (2.3) coincides

with linear existing ordinary differential equation
G"+ LG +uG = 0.

That is, the new approach of (G'/G)-expansion method extends the
(G'/G )-expansion method. By means of the (G'/G)-expansion method
the travelling solutions of Equation (1.1) have been obtained in [21].

Now, we would present many new travelling solutions for Equation (1.1).

Remark 2. The general solutions of Equation (2.3) given in [11] are

as follows:
(1) When B=0,p=A-C, and Q = B? + 4E(A - C) > 0,

o B JO C s1nh( Vo Q) + Cy cosh( £Q)

el 2w+ % (2.4)

o cosh( \/_ C) + Cy sinh( N Q)
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(2) When B = 0,p=A-C, and Q = B2 + 4E(A - C) < 0,

RN/9) Ja
Q:£+@C1 Sln(z—wC)-i-Cz(ZOS(z—wC) (25)
G 2 2 Jo . NQ '

ClcOS(z—w€)+Czsln(2—wC)

(3) When B # 0,p = A—C, and Q = B + 4E(A-C) = 0,

G' B Cy
G T w oo 26)

Step 2. Taking the homogeneous balance between the highest order
derivatives and the highest order nonlinear terms in Equation (2.2), we

obtain m =1, n = 2. Therefore, the travelling wave solutions of

Equation (2.2) is as follows:

G' [CNS G’ G'
F :a0+a1(6)+b1(6) L Fy=¢ +C1(E)+02(E)2

+ dl(%)_l +d2(%)‘2. 2.7)

Step 3. Substituting Equation (2.7) and Equation (2.3) into Equation
(2.1), we obtain polynomials in G'/G. Setting all the coefficients of like

powers of (G'/G)(i=-2 -1,0,1,...,7) to zero yields a system of

algebraic equations, solving these equations, we get

Case 1:
2y
=2 b =0,d, =0,dy =0
ay a0 » 41 » A9 )
co = - [(5a® +15a)A® — 6aA?B* +15A*B? — B® + 32E%y® - 18aA?B2Ey

+ 24aA%E?p? - 30(a® + 1)A*Eyp - 6B*Ey)]/ (54A°%),
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o = - By[Q? + 5aA%Q — (5a® +15)A* ]/ (9A°),

co = v2[Q? +5aA%Q - (5a? +15)A*]/ (945), (2.8)
ap and d are arbitrary constants.

Case 2:

2F

aq :0, bl A

;0 =0,¢c9 =0,

o = - [(5a® +15a)A% - 6aA%B* +154*B? — B® + 32E%® —18aA?B%Ey
+24aA%E?p? - 30(a® +1)A*Ey — 6B*Ep)]/ (54A%),

d; = BE[Q? +5aA%0 - (5a® +15)A*[ / (9A%),

dy = E2[Q? + 5aA%Q - (5a% +15)A* ]/ (949%), (2.9)

agp and d are arbitrary constants.

For Case 1: Substituting Equation (2.8) into Equation (2.7), along
with Equation (2.4) yields the following hyperbolic function solution:

/8
C smh( C)+C cosh( C)
ul(x,t):t+a0+(£ Jo :

LY )
AT A
C, cosh( 2£w ¢) + Cy sinh( 2£w £)

ul(x, t) = — [(5a® +15a)A® — 6a42B* +15A4B% — B® + 3233
- 18aA%B%Ey + 24aA%E%y?
- 30(a® +1)A*Ey - 6B*Ep]/ (54A°)

B2 o o) sinh(2£g;(;)+ Cy cosh(2£g;C)

B, 2]
4 4 c, cosh(2£f;C)+C2 sinh(2£§;§)

x (02 +5aA%0 — (5a% +15)A%) / (9AF). (2.10)
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Substituting Equation (2.8) into Equation (2.7), along with Equation

(2.5) yields the following trigonometric function solution:

Jo C; sin( 2££;Z;) + Cy cos( 2££;C)

u2(x,t)=t+a0 +(Z+T

C; cos( 2£§;C) + Cy sin( 2£§;C)

v2x, ¢) = - [(5a® +15a)A® — 6aA?B* +154*B? - B® + 32E3)®
—18aA®’B?Ey + 24aA’E?p*

- 30(a? +1)A*Ep - 6B*Ep]/ (54A°)

C; sin( 2££;é;) + Cy cos( 2££;é;) ,

JoBLe
4
C; cos( 2££;§) + Cy sin( 2££;§)
x (02 + 5aA%0 — (5a® +15)A%)/ (94°). (2.11)

Substituting Equation (2.8) into Equation (2.7), along with Equation

(2.4) yields the following rational form solution:

Cy

Cl + CZC ),

2y , B
us(x, t) =t + ag +X(ﬂ+

v3(x, t) = — [(5a® +15a)A® — 6aA%B* +15A4B? — B + 32E33
~18aA%B?Eyp + 24aA%E?y?

C

2
- 30(a” + 1)4"Ep - 6B*E]/ (544°) [ - -+ v (527 ]
1 2

x (02 + 5aA%0 - (5a? +15)A%) / (9A%), (2.12)

where = x — at.
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For Case 2: We omit.

2.2. New approach of generalized (G'/G)-expansion method for

the coupled Ramani equation

Step 1. Suppose that the travelling wave solution of Equation (2.1)

can be expressed as follows:

m G m G
_ . ~ 13 . -~ —1
Fo=Y aid+g )+ bild+ 507
i=0 1=1
n G . n G .
_ . AR Y) . T \J
Fy —Zc](d+ &) +Zd](d+ )7 (2.13)
Jj=0 Jj=1
where a;, bj(i =1, ..., m), ¢j,dj(j =1, ..., n), d are arbitrary constants

to be determined later, and G satisfies Equation (2.3).

Step 2. Taking the homogeneous balance between the highest order
derivatives and the highest order nonlinear terms in Equation (2.13), we

obtain m =1, n = 2. Therefore, the travelling solutions of Equation (2.1)

is as follows:

G' G' - G’ G’
F]_ = Qp +a1(d+E)+b1(d+E) 1,F2 =CO+Cl(d+E)+02(d+5)2

G G -
vdi(d+5) Ly dy(d ) 2, (2.14)

Step 3. Substituting Equation (2.14) and Equation (2.3) into

’

Equation (2.1), we obtain polynomials in d+%. Setting all the

coefficients of like powers of (d + % ¥, (G =-2, -1, ..., 7) to zero yields a

system of algebraic equations, solving these equations, we get
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Case 1:

a1 :%,blzo,dle,d2 :0,

co = - [(5a® +15a)A® — 6a4?B* +15A%B? — B® + 32E%y® - 18aA?B2Ey
+ 24aA%E%p?
-30(a? +1)A%Ey — 6B*Ep) + 6(dBy + d*»?)(Q? + 5aA%Q
- (5a% +15)A%)]/ (54A5),

¢; =— (By + 2dv?)[Q% + 5aA?Q - (5a® +15)A* ]/ (945),

co = v2[Q? +5aA%Q - (5a? +15)A*]/ (945),

(2.15)

ag and d are arbitrary constants.

Case 2:

2,2 _
a1=0,b1=—2(dw +AdB E),01=0,62=0,

co = - [(5a® +15a)A% - 6aA%B* +154*B? - B® —180A%B%Ey + 32E%p®
+ 24aA%E%p?
-30(a? +1)A*Ep - 6B*Ep) + 6(dBy + d%»?)(Q? + 5aA%0Q
~(5a% +15)A%)]/ (54A5),

= — (B +2dp)[Q? + 5aA%0 - (5a® +15)A*|(d%y + dB - E)/ (945),

dy = [Q2 +5aA%Q - (5a% +15)A*](d%v + dB - E)? | (9A%), (2.16)

ap and d are arbitrary constants
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For Case 1: Substituting Equation (2.15) into Equation (2.14), along
with Equation (2.4) yields the following hyperbolic function solution:

B \/— C s1nh(£§)+C2 cosh(—Q)

),
W 2
T o cosh( é;) + Cy smh( )

u4(x, t):t+a0+ (d+

va(x, t) = - [(5a® +15a)A® — 6aA?B* +154*B? - B® + 32E3)®
~18aA%B2Ey + 24aA%E%p?
— 30(a® +1)A*Ey - 6B*Ey + 6(dBy + d%v?)(Q? + 5aA%Q

— (502 +15)4%)]/ (544%)

2 o smh( é;) + Cy cosh( —_— C)
- [d?p? +dBw+B——2

4 C; cosh( «;5 )+ Cq s1nh( Q)
x [Q% + 5aA%Q - (5a? +15)A*]/(94°%). (2.17)

Substituting Equation (2.8) into Equation (2.7), along with Equation
(2.5) yields the following hyperbolic function solution:

\/— C sm( C)+ Cy cos(£§)
ub(x t):t+a0+ (d B JO
, W o cos(£§)+ Cy s1n(£§)

vB(x, t) = — [(5a® +15a)A® — 6aA%B* +1544B? — B + 32E3°
~18aA%B%Ey + 24aA%E%p?
- 30(a? +1)A*Ep - 6B*Ep + 6(dBy + d*v?)(Q? + 5aA%Q

~ (5a% +15)4%)]/ (544°%)
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2 o sm( C) + Cy cos( )
—[d2w2+dBw+BT—%( 2

C; cos(£§)+ Cy s1n(—§)

x [Q? + 5aA%Q - (5a® +15)A* ]/ (9A°). (2.18)

Substituting Equation (2.8) into Equation (2.7), along with Equation
(2.6) yields the following hyperbolic function solution:

2y B Cy
2 e o)

ub(x, t) =t +ag +
v6(x, t) = — [(5a® + 15a)A® — 6aA4?B* +154*B? — B® + 32E%p®
—18aA’B?Ey + 24aA*E?p*
- 30(a® +1)A*Ey — 6B*Ey + 6(dBy + d%»?)(Q2 + 5aA4%Q

~(5a% +15)A%)]/ (54A°)

2,2 3_2_ B, G
— [d*»* + dBy + w(d+ C1+Czc)]
x (Q2 + 5aA%0 - (5a? +15)A%) / (9A°), (2.19)

where { = x — at.

For Case 2: We omit.

Remark 3. It is obvious that if we consider A =1, B=- X, C =0,
E =-y, and a =1, the new approach of (G'/G)-expansion method
coincide with (G'/G)-expansion method, and the exact solution (2.10),

(2.11), (2.12) comes out the existing hyperbolic function solution, the
trigonometric function solution and the rational form solution in [21],

respectively. Furthermore, if d = 0, the new approach of generalized
(G'/G)-expansion method coincide with the new approach of
(G'/G )-expansion method, and the exact solutions (2.17), (2.18), (2.19)
turn out (2.10), (2.11), (2.12), respectively.
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3. Conclusion

In this paper, new families of exact travelling wave solutions with
arbitrary parameters of the coupled Ramani equation are obtained by

means of new approach of (G'/G)-expansion method and new approach
of generalized (G'/G)-expansion method. The solutions include the

hyperbolic, the trigonometric, and the rational forms. In special cases,
the new obtained solutions coincide with the known solutions appear in
the previous literatures. This show that these two methods are effective

and powerful.
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