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Abstract 

In this paper, we first define the notions of a successor of the state q in a max-
min general fuzzy automaton and subautomaton of a max-min general fuzzy 
automaton. Then define a fuzzy subsystem of a max-min general fuzzy 
automaton. Finally, we derive the relationships between them. 

1. Introduction and Preliminaries 

The concept of fuzzy automata was introduced by Wee in 1967 [10]. 

Let ∑ be a non-empty finite set of symbols (alternatively called 

characters), called the alphabet. A string (or word) over ∑ is any finite 
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sequence of symbols from Λ∑.  denotes the empty (or null) string and 

∗∑ the closure of the alphabet, i.e., the set of all words over .∑  The 

length ( )xA  of the word ∗∑∈x is the number of its letters, so ( ) .0=ΛA  

For a nonempty set ( )XPX ~,  will denote the set of all fuzzy sets on X and 

( )XP  will denote the set of all subsets on X. 

A deterministic finite-state automaton is a five-tuple denoted as 
( ),,,,, sTfQA ∑=  where Q is a finite set of states, ∑ is a finite set of 

input symbols, the function f from ∑×Q into Q is the state transition, 

T is a subset of Q of accepting states and Qs ∈  is the initial state. 

A word ∗∑∈= nxxxx …21 is said to be accepted by A if there exist 

states nqqq ,,, 10 …  satisfying 

(1) ,0 sq =  

(2) ( ) iii qxqf =− ,1  for ,,,2,1 ni …=  

(3) .Tqn ∈  

The empty word is accepted by A if and only if .Ts ∈  

A nondeterministic finite-state automaton is a five-tuple denoted as 
( ),,,,, sTfQA ∑=  where Q is a finite set of states, ∑ is a finite set of 

input symbols, the function f from ∑×Q into ( )QP  is the state 

transition, T is a subset of Q of accepting states and Qs ∈  is the initial 
state. 

A fuzzy finite-state automaton (FFA) is a six-tuple ( ,,,~ RQF ∑=  

),,, ωδZ  where Q is a finite set of states, ∑ is a finite set of input 

symbols, R is the initial state of ZF ,~  is a finite set of output symbols, 
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[ ]1,0: →××δ ∑ QQ  is the fuzzy transition function which is used to 

map a state (current state) into another state (next state) upon an input 
symbol, attributing a value in the interval [ ]1,0  and ZQ →ω :  is the 

output function. Associated with each fuzzy transition, there is a 
membership value in [ ]1,0  called the weight of the transition. The 

transition from state iq  (current state) to state jq  (next state) upon 

input ka  is denoted by ( ).,, ji qaq kδ  

We use ( )ji qaq ,, kδ  to refer both to a transition and its weight in 

the sense that whenever ( )ji qaq ,, kδ  is used as a value, it refers to the 

weight of the transition, and otherwise, specifies the transition itself. The 

set of all transitions of F~  will be denoted by .∆  The above definition is 
generally accepted as a formal definition of a fuzzy finite-state automaton 
[2, 3, 6, 7, 8, 9]. 

In 2004, Doostfatemeh and Kremer extended the notion of fuzzy 
automata and introduced the notion of general fuzzy automata [1]. 

In this paper, by using [1] and [11], we define the notions of a 
successor of the state q and subautomaton of a max-min general fuzzy 
automaton. Then define a fuzzy subsystem of a max-min general fuzzy 
automaton. Finally, we derive the relationships between them. 

Definition 1.1 ([1]). A general fuzzy automaton (GFA) is an eight-

tuple machine ( ),,,,~,,~,,~
21 FFZRQF ωδ= ∑  where 

(i) Q is a finite set of states, { },,,, 21 nqqqQ …=  

(ii) ∑ is a finite set of input symbols, { },,,, 21 maaa …=∑  

(iii) R~  is the set of fuzzy start states, ( ),~~ QPR ∈  

(iv) Z is a finite set of output symbols, { },,,, 21 kbbbZ …=  

(v) ZQ →ω :  is the output function, 



MOHAMMAD HORRY 40

(vi) [ ]( ) [ ]1,01,0:~ →×××δ ∑ QQ  is the augmented transition 

function, 

(vii) [ ] [ ] [ ]1,01,01,0:1 →×F  is the membership assignment 

function, 

(viii) [ ] [ ]1,01,0:2 →∗F  is called the multi-membership resolution 

function. 

We note that the function ( )δµ,1F  has two parameters µ  and ,δ  

where µ  is the membership value of a predecessor and δ  is the weight of 

a transition. In this definition, the process that takes place upon the 
transition from state iq  to jq  on input ka  is represented as: 

( ) (( ( )) ) ( ( ) ( )).,,,,,,~
1

1
jii

t
ji

t
ij

t qaqqFqaqqq kk δµ=µδ=µ +  

This means that the membership value (mv) of the state jq  at time 1+t  

is computed by function 1F  using both the membership value of iq  at 

time t and the weight of the transition. 

The usual options for the function ( )δµ,1F  are { } { }δµδµ ,min,,max  

and ( ) .2δ+µ  

The multi-membership resolution function resolves the multi-
membership active states and assigns a single membership value to 
them. 

Let ( )iact tQ  be the fuzzy set of all active states at time .0, ≥∀iti  We 

have ( ) RtQact
~

0 =  and 

( ) {( ( )) ( ) ( ) } .1,,,,,:, 1 ≥∀∆∈′δ∈∃∈′∃µ= ∑− iqaqatQqqqtQ iact
t

iact i  

Since ( )iact tQ  is a fuzzy set, in order to show that a state q belongs to 

( )iact tQ  and T is a subset of ( ),iact tQ  we should write: Domainq ∈  

( )( )iact tQ  and ( )( ).iact tQDomainT ⊂  
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Hereafter, we simply denote them as: ( )iact tQq ∈  and ( ).iact tQT ⊂  

The combination of the operations of functions 1F  and 2F  on a multi-

membership state jq  leads to the multi-membership resolution 

algorithm. 

Algorithm 1.2 ([1]) (Multi-membership resolution). If there are 
several simultaneous transitions to the active state jq  at time ,1+t  the 

following algorithm will assign a unified membership value to it: 

(1) Each transition weight ( )ji qaq ,, kδ  together with ( ),i
t qµ  will be 

processed by the membership assignment function ,1F  and will produce a 

membership value. Call this .iv  

(( ( )) ) ( ( ) ( )).,,,,,,~
1 jii

t
ji

t
ii qaqqFqaqqv kk δµ=µδ=  

(2) These membership values are not necessarily equal. Hence, they 
need to be processed by the multi-membership resolution function .2F  

(3) The result produced by 2F  will be assigned as the instantaneous 

membership value of the active state ,jq  

( ) [ ] [ ( ( ) ( ))],,,,1
1
2

1
2

1
jii

tn

i
i

n

i
j

t qaqqFFvFq kδµ==µ
==

+  

where 

•  n is the number of simultaneous transitions to the active state jq  

at time .1+t  

( )ji qaq ,, kδ•  is the weight of a transition from iq  to jq  upon input 

.ka  

( )i
t qµ•  is the membership value of iq  at time t. 

( )j
t q1+µ•  is the final membership value of jq  at time .1+t  
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Definition 1.3 ([11]). Let ( )21,,~,,,~,,~ FFZRQF δω= ∑  be a 

general fuzzy automaton. We define max-min general fuzzy automata as 

( )21,,~,,,~,,~ FFZRQF ∗∗ δω= ∑  such that: 

[ ],1,0:~ →××δ
∗∗ ∑ QQact  

where { ( ) ( ) ( ) }…,,, 210 tQtQtQQ actactactact =  and for all ,0≥i  

(( ( )) )




 =

=Λµδ∗

otherwise.,0

,,1
,,,~ pq

pqq it  

Also, if the input at time it  be ,iu  where ,1, niui ≤≤∀∈ ∑  then 

(( ( )) ) (( ( )) ),,,,~,,,~ 11 puqqpuqq i
t

i
t ii −− µδ=µδ∗  

(( ( )) )
( )

( (( ( )) ) (( ii
iact

i t
i

t
tQqii

t qquqqpuuqq µ′δ′µδ=µδ −−
∈′+

∗ ,~,,,~,,,~ 11 1 »  

( )) )),,, 1 puq i+′  

and recursively 

(( ( )) ) { (( ( )) ) (( ( )),,~,,,~,,,~
111121 100 pppuqqpuuuqq tt

n
t µδµδ=µδ∗ …  

) (( ( )) ) ( ) ( ),,,,,~, 22111122 1 tQptQppupppu actactnn
t

n n ∈∈µδ −−
−…  

( )}., 11 −− ∈ nactn tQp…  

If ( ),iact tQq ∈  we should write q belongs to an element of .actQ  

Hereafter, we simply denote it as: .actQq ∈  

2. Subautomata of a General Fuzzy Automaton 

Definition 2.1. Let ( )21,,~,,,~,,~ FFZRQF ∗∗ δω= ∑  be a max-min 

general fuzzy automaton and ., Qqp ∈  Then q is called a successor of p 

if there exists ∗∑∈x such that (( ( )) ) .0,,,~ >µδ∗ qxpp t  
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We denoted ( )pS  the set of all successors of p. If ,QT ⊆  then set of 

all successors of T denoted by ( ),TS  is defined by the set ( ) ∪=TS  

( ){ }.: TppS ∈  

Example 2.2. Let ( )21,,~,,,~,,~ FFZRQF ∗∗ δω= ∑  be a max-min 

general fuzzy automaton, where 

{ } { } ( ) {( ( ))} ( ){ },1,,~,,,,, 0000210 0 qqqRtQbaqqqQ t
act =µ==== ∑  

( ) ( ) ω/=δµ=δµ ,0,,Min,1 ZF  and 2F  are not applicable, ( ) ,4.0,, 10 =δ qaq  

( ) ( ) ( ) .2.0,,,3.0,,,5.0,, 222120 =δ=δ=δ qaqqaqqbq  

If we choose the input string ,aaax …=  then 

( ) {( ( ))} ( ) {( ( ))} ,2,,,, 22111 1 ≥∀µ=µ= iqqtQqqtQ itiact
t

act  

( ) (( ( )) ) ( ( ) ( )) ( ) ,4.04.0,1,,,,,,~
110011001 001 ==δµ=µδ=µ FqaqqFqaqqq ttt  

( ) (( ( )) ) ( ( ) ( )) ( ) ,3.03.0,4.0,,,,,,~
121112112 112 ==δµ=µδ=µ FqaqqFqaqqq ttt  

( ) (( ( )) ) ( ( ) ( )) ( ) ,2.02.0,3.0,,,,,,~
122212222 223 ==δµ=µδ=µ FqaqqFqaqqq ttt  

( ) (( ( )) ) ( ( ) ( )) ( ) ,2.02.0,2.0,,,,,,~
122212222 334 ==δµ=µδ=µ FqaqqFqaqqq ttt  

( ) ,5,2.02 ≥∀=µ iqit  

(( ( )) ) ( ),1,,,~
00000 0 qSqqqq t ∈⇒=Λµδ∗  

(( ( )) ) ( ),4.0,,,~
01100 0 qSqqaqq t ∈⇒=µδ∗  

(( ( )) ) ( ),3.03.04.0,,,~
02200 0 qSqqaaqq t ∈⇒==µδ∗   

(( ( )) ) ( ).3.0,,,~
12211 1 qSqqaqq t ∈⇒=µδ∗  
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Definition 2.3. Let ( )21,,~,,,~,,~ FFZRQF ∗∗ δω= ∑  be a max-min 

general fuzzy automaton and ( ).,,~,,,~,,~
21 FFZRTF ∗′∗′ δω= ∑  Then 

∗′F~  is called a subautomaton of ∗F~  if ( ) ,TTS ⊆  where  

( ) .~~
TTQact ××

∗∗′ ∗∑δ=δ ∩  

Definition 2.4. Let ( )21,,~,,,~,,~ FFZRQF ∗∗ δω= ∑  be a max-min 

general fuzzy automaton and λ  be a fuzzy subset on Q. λ  is called a 

fuzzy subsystem of ,~∗F  if 

( ) ( ) (( ( )) ) .,,,,,,~ ∑∈∈∀µδλ≥λ aQqpqapppq t  

Example 2.5. In Example 2.2, let ( ) ( ) 4.0,3.0 10 =λ=λ qq  and ( )2qλ  

( ) .5.02 =λ q  If we choose the input string ,aaax …=  then 

( ) {( ( ))} ( ) {( ( ))} ,2,,,, 22111 1 ≥∀µ=µ= iqqtQqqtQ itiact
t

act  

( ) (( ( )) ) ( ( ) ( )) ( ) ,4.04.0,1,,,,,,~
110011001 001 ==δµ=µδ=µ FqaqqFqaqqq ttt  

( ) (( ( )) ) ( ( ) ( )) ( ) ,3.03.0,4.0,,,,,,~
121112112 112 ==δµ=µδ=µ FqaqqFqaqqq ttt  

( ) (( ( )) ) ( ( ) ( )) ( ) ,2.02.0,3.0,,,,,,~
122212222 223 ==δµ=µδ=µ FqaqqFqaqqq ttt  

( ) (( ( )) ) ( ( ) ( )) ( ) ,2.02.0,2.0,,,,,,~
122212222 334 ==δµ=µδ=µ FqaqqFqaqqq ttt  

( ) ,5,2.02 ≥∀=µ iqit  

( ) ( ) (( ( )) ) ,3.013.0,,,~
00000 0 ==Λµδλ≥λ ∗  qqqqq t  

( ) ( ) (( ( )) ) ,3.04.03.0,,,~
10001 0 ==µδλ≥λ ∗  qaqqqq t  

( ) ( ) (( ( )) ) .3.03.04.0,,,~
21112 1 ==µδλ≥λ ∗  qaqqqq t  

Thus λ  is a fuzzy subsystem of .~∗F  
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Theorem 2.6. Let ( )21,,~,,,~,,~ FFZRQF ∗∗ δω= ∑  be a max-min 

general fuzzy automaton and λ  be a fuzzy subset on Q. Then λ  is a fuzzy 

subsystem of ∗F~  if and only if ( ) ( ) (( ( )) ) ,,,,,,~ Qqpqxpppq t ∈∀µδλ≥λ ∗  

.∗∑∈x  

Proof. Let λ  be a fuzzy subsystem of ∗F~  and .,, ∗∑∈∈ xQqp  We 

prove the theorem by mathematical induction on .nx =  If ,0=n  then 

.Λ=x  Now if ,pq =  then ( ) (( ( )) ) ( ) =λ=µδλ ∗ 1,,,~  pqxppp t  

( ) ( ).qp λ=λ  If ,pq ≠  then ( ) (( ( )) ) ( ) 00,,,~ =λ=µδλ ∗  pqxppp t  

( ).qλ≤  

Assume that the theorem is true for all ∗∑∈u such that ,1−= nu  

.1>n  Let ,aux =  where ∑∈a and .1−= nu  Then we have 

( ) (( ( )) ) ( ) (( ( )) )qaupppqxppp tt ,,,~,,,~ µδλ=µδλ ∗∗   

( ) ( (( ( )) ) (( ( )) ))qurrrappp tt
Qr

,,,~,,,~ µδµδλ= ∗∗
∈

 »  

{( ( ) (( ( )) )) (( ( )) )}qurrrappp tt
Qr

,,,~,,,~ µδµδλ= ∗∗
∈

»  

( ( ) (( ( )) )) ( ).,,,~ qqurrr t
Qr

λ≤µδλ≤ ∗
∈

»  

The converse is trivial.   

Theorem 2.7. Let ( )21,,~,,,~,,~ FFZRQF ∗∗ δω= ∑  be a max-min 

general fuzzy automaton. Then every constant fuzzy set λ  on Q is a fuzzy 

subsystem of .~∗F  
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Proof. Let λ  is constant fuzzy set on Q. So for any ,, Qqp ∈  we 

have ( ) ( ).qp λ=λ  Then for any ,∑∈a  clearly ( ) ( ) ( ) δλ≥λ=λ ~ppq  

(( ( )) ).,,, qapp tµ  Therefore, λ  is a fuzzy subsystem of .~∗F    

Theorem 2.8. Let ( )21,,~,,,~,,~ FFZRQF ∗∗ δω= ∑  be a max-min 

general fuzzy automaton, 1λ  and 2λ  be fuzzy subsystems of .~∗F  Then 

21 λλ ∩  and 21 λλ ∪  are fuzzy subsystems of .~∗F  

Proof. Since 1λ  and 2λ  are fuzzy subsystems of ,~∗F  for ,, Qqp ∈  

,∗∑∈x  we have ( ) ( ) (( ( )) )qxpppq t ,,,~
11 µδλ≥λ ∗  and ( ) ( )pq 22 λ≥λ  

(( ( )) ).,,,~ qxpp tµδ∗  So 

( ) ( ) ( ) ( ) ( ) ( )( ) (( ( )) ).,,,~
212121 qxppppqqq tµδλλ≥λλ=λλ ∗∩  

Hence, 21 λλ ∩  is a fuzzy subsystem of .~∗F  Also, we have 

( ) ( ) ( ) ( ) ( ) ( )( ) (( ( )) ).,,,~
212121 qxppppqqq tµδλλ≥λλ=λλ ∗∪  

Hence, 21 λλ ∪  is a fuzzy subsystem of .~∗F    

Theorem 2.9. Let ( )21,,~,,,~,,~ FFZRQF ∗∗ δω= ∑  be a max-min 

general fuzzy automaton and λ  be a fuzzy subsystem of .~∗F  Then  

( ( ) )21,,~,,,~,,~ FFZRpsupF ∗′∗′ δωλ= ∑  is a subautomaton of ,~∗F  

where ( ( ) ) ( ).
~~

λ××λ
∗∗′ ∗∑δ=δ psuppsupQact∩

 

Proof. Let ( )( ).λ∈ psupSq  Then ( ),pSq ∈  for some ( ).λ∈ psupp  So 

( ) .0>λ p  Since ( ),pSq ∈  then there exists ∗∑∈x  such that 

(( ( )) ) .0,,,~ >µδ∗ qxpp t  Now, since λ  is a fuzzy subsystem of ,~∗F  then 

we have 



SUBAUTOMATA OF A GENERAL FUZZY … 47

( ) ( ) (( ( )) ) .0,,,~ >µδλ≥λ qxpppq t  

Thus ( ).λ∈ psupq  Therefore ( )( ) ( ).λ⊆λ psuppsupS  Hence ∗′F~  is a 

subautomaton of .~∗F    

Theorem 2.10. Let ( )21,,~,,,~,,~ FFZRQF ∗∗ δω= ∑  be a max-min 

general fuzzy automaton and λ  be a fuzzy subset of Q. For ∗∑∈x  and 

,Qq ∈  define the fuzzy subset xλ  of Q by 

( ) ( ) { ( ) (( ( )) )}.,,,~ qxpppqx t
Qp

µδλ=λ ∗
∈

»  

Then λ  is a fuzzy subsystem of ∗F~  if and only if ., ∗∑∈∀λ⊆λ xx  

Proof. Let λ  be a fuzzy subsystem of ∗F~  and ., Qqx ∈∈
∗∑  Then 

( ) ( ) { ( ) (( ( )) )} ( ).,,,~ qqxpppqx t
Qp

λ≤µδλ=λ ∗
∈

»  

Hence, .λ⊆λx  

Conversely, let ∗∑∈x and .Qq ∈  Then for all ,Qp ∈  we have 

( ) ( ) ( ) { ( ) (( ( )) )} ( ) (( ( )) ).,,,~,,,~ qxpppqxpppqxq tt
Qp

µδλ≥µδλ=λ≥λ ∗∗
∈

»  

Hence, λ  is a fuzzy subsystem of .~∗F    

Theorem 2.11. Let ( )21,,~,,,~,,~ FFZRQF ∗∗ δω= ∑  be a max-min 

general fuzzy automaton, [ ]1,0∈α  and ., Qqp ∈  Define the fuzzy subset 
∗

α∑q of Q by 

( ) ( ) { (( ( )) )} .,,,,~ Qqpxqqpq t
x

∈∀µδα= ∗

∑∈

∗
α ∗∑ »  

Then ∗
α∑q  is a fuzzy subsystem of .~∗F  
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Proof. Let ,∗∑∈′x  then we have 

( ) ( ) (( ( )) )rxpppq t ,,,~ ′µδ∗
∗

α∑   

{ (( ( )) )} (( ( )) )rxpppxqq tt
x

,,,~,,,~ ′µδµδα= ∗∗

∑∈ ∗
»  

{ (( ( )) ) (( ( )) )}rxpppxqq tt
x

,,,~,,,~ ′µδµδα= ∗∗

∑∈ ∗
»  

{ (( ( )) )}rxxqq t
x

,,,~ ′µδα≤ ∗

∑∈ ∗
»  

{ (( ( )) )}ruqq t
u

,,,~ µδα≤ ∗

∑∈ ∗
»  

( ) ( ).rq
∗

α∑=  

Hence, ∗
α∑q is a fuzzy subsystem of .~∗F    

Theorem 2.12. Let ( )21,,~,,,~,,~ FFZRQF ∗∗ δω= ∑  be a max-min 

general fuzzy automaton, λ  is a fuzzy subset of [ ] QqQ ∈∈α ,1,0,  and 

( ).qλ≤α  Then λ  is a fuzzy subsystem of ∗F~  if and only if .λ⊆
∗

α∑q  

Proof. Let λ  be a fuzzy subsystem of .~∗F  Then for ,Qp ∈  we have 

( ) ( ) { (( ( )) )}pxqqpq t
x ,,,~ µδα= ∗

∑∈

∗
α ∗∑   

{ ( ) (( ( )) )}pxqqq t
x ,,,~ µδλ≤ ∗

∑∈ ∗   

( ) ( ).ppx λ=λ≤ ∗∑∈
  

Hence, .λ⊆
∗

α∑q  
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Conversely, let Qpq ∈λ⊆∗α∑ ,  and .∗∑∈u  If ( ) 0=λ p  or 

(( ( )) ) ,0,,,~ =µδ∗ qxpp t  then ( ) ( ) (( ( )) ) .0,,,~ =µδλ≥λ ∗ qxpppq t  

Suppose ( ) 0≠λ p  and (( ( )) ) .0,,,~ ≠µδ∗ qxpp t  Let ( )qλ=α  and 

.∗∑∈u  Thus, by the hypothesis, .λ⊆
∗

α∑q  Then we have 

( ) ( ) ( ) { (( ( )) )}pxqqpqp t
x ,,,~ µδα=≥λ ∗

∑∈

∗
α ∗∑   

(( ( )) )puqq t ,,~ µδα≥ ∗  

( ) (( ( )) ).,,~ puqqq tµδλ= ∗  

Hence, λ  is a fuzzy subsystem of .~∗F    

Theorem 2.13. Let ( )21,,~,,,~,,~ FFZRQF ∗∗ δω= ∑  be a max-min 

general fuzzy automaton, [ ]1,0∈α  and .Qq ∈  Then ( ) ( ).qSqsupp =
∗

α∑   

Proof. We have 

( ) (( ( )) ) 0,,~: >µδ∈∃⇔∈ ∗∗∑ pxqqxqSp t  

 { (( ( )) )} 0,,,~ >µδα⇔ ∗

∑∈ ∗
pxqq t

x
»  

 ( ) ( ) 0>⇔
∗

α∑ pq  

 ( ).
∗

α∑∈⇔ qsuppp  

Thus ( ) ( ).qSqpsup =
∗

α∑    
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Definition 2.14. Let ( )21,,~,,,~,,~ FFZRQF ∗∗ δω= ∑  be a max-

min general fuzzy automaton and λ  be a fuzzy subsystem of .~∗F  Then λ  
is called cyclic if there exist [ ]1,0∈α  and Qq ∈  with ( )qλ≤α  such 

that .∗α∑=λ q  

In this case, we call αq  a generator of .λ  

Theorem 2.15. Let ( )21,,~,,,~,,~ FFZRQF ∗∗ δω= ∑  be a max-min 

general fuzzy automaton, [ ] ( )qQq λ≤α∈∈α ,,1,0  and λ  be a fuzzy 

subsystem of .~∗F  If λ  be cyclic with generator ,αq  then ( ) .α=λ q  

Proof. Since ,∗α∑=λ q  then we have 

( ) ( ) ( )qqq
∗

α∑=λ  

{ (( ( )) )}qxqq t
x

,,,~ µδα= ∗

∑∈ ∗
»  

{ (( ( )) )} .1,,,~ α=α=µδα= ∗

∑∈ ∗
 qxqq t

x
»  

 

Theorem 2.16. Let ( )21,,~,,,~,,~ FFZRQF ∗∗ δω= ∑  be a max-min 

general fuzzy automaton, [ ] ( )qQq λ≤α∈∈α ,,1,0  and λ  be a fuzzy 

subsystem of .~∗F  If λ  be cyclic with generator ,αq  then ( ) ( ),pq λ≥λ  

.Qp ∈∀  
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Proof. Let .Qp ∈  Since ,∗α∑=λ q  then we have 

( ) ( ) ( )pqp
∗

α∑=λ  

{ (( ( )) )}pxqq t
x

,,,~ µδα= ∗

∑∈ ∗
»  

{ ( ) (( ( )) )}pxqqq t
x

,,,~ µδλ≤ ∗

∑∈ ∗
»  

( ) { (( ( )) )} ( ).,,,~ qpxqqq t
x

λ≤µδλ= ∗

∑∈ ∗
»  

 

Theorem 2.17. Let ( )21,,~,,,~,,~ FFZRQF ∗∗ δω= ∑  be a max-min 

general fuzzy automaton, [ ] ( )qQq λ≤α∈∈α ,,1,0  and λ  be a fuzzy 

subsystem of .~∗F  If λ  be cyclic with generator ,αq  then for any fuzzy 

subsystem λ′  of ∗F~  such that λ⊆λ′  and ( ) ( ) ,, Qrrq ∈∀λ′≥λ′  we have 

( ) .∗λ′ ∑=λ′ qq  

Proof. Let .Qp ∈  Since ,λ⊆λ′  we have ( ) ( ).pp λ≤λ′  Then  

( ) ( ) ( ).ppp λλ′=λ′   Also, since ,∗α∑=λ q  then we have 

( ) ( ) ( )pqp
∗

α∑=λ  

{ (( ( )) )}pxqq t
x

,,,~ µδα= ∗

∑∈ ∗
»  

{ ( ) (( ( )) )}pxqqq t
x

,,,~ µδλ= ∗

∑∈ ∗
»  

( ) { (( ( )) )}.,,,~ pxqqq t
x

µδλ= ∗

∑∈ ∗
»  



MOHAMMAD HORRY 52

Hence 

( ) ( ) ( )ppp λλ′=λ′   

 ( ( ) ( )) { (( ( )) )}.,,,~ pxqqqp t
x

µδλλ′= ∗

∑∈ ∗
»  

Since ( ) ( ),pq λ′≥λ′  then we have 

( ) ( ( ) ( )) { (( ( )) )}pxqqqqp t
x

,,,~ µδλλ′≤λ′ ∗

∑∈ ∗
»  

 ( ) { (( ( )) )}pxqqq t
x

,,,~ µδλ′= ∗

∑∈ ∗
»  

 { ( ) (( ( )) )} ( ( ) ) ( ).,,,~ pqpxqqq q
t

x

∗
λ′

∗

∑∈
∑=µδλ′=

∗
»  

Therefore ( ) .∗λ′ ∑⊆λ′ qq  By Theorem 2.12, we have ( ) .∗λ′ ∑=λ′ qq   

3. Conclusion 

In this paper, we have defined the notions of a successor of the state q 
and subautomaton of a max-min general fuzzy automaton. Then have 
defined a fuzzy subsystem of a max-min general fuzzy automaton. 
Finally, we have obtained the relationships between them. 
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