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Abstract
In this paper, we first define the notions of a successor of the state ¢ in a max-
min general fuzzy automaton and subautomaton of a max-min general fuzzy
automaton. Then define a fuzzy subsystem of a max-min general fuzzy
automaton. Finally, we derive the relationships between them.

1. Introduction and Preliminaries

The concept of fuzzy automata was introduced by Wee in 1967 [10].
Let Z be a non-empty finite set of symbols (alternatively called

characters), called the alphabet. A string (or word) over z is any finite
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sequence of symbols from Z A denotes the empty (or null) string and
Z* the closure of the alphabet, i.e., the set of all words over Z The

length /(x) of the word x e Z* is the number of its letters, so /(A) = 0.

For a nonempty set X, 13(X ) will denote the set of all fuzzy sets on X and
P(X) will denote the set of all subsets on X.

A deterministic finite-state automaton is a five-tuple denoted as

A=(Q, z, f, T, s), where @ is a finite set of states, Z is a finite set of

input symbols, the function f from @ x Z into @ 1is the state transition,

T is a subset of @ of accepting states and s € @ 1is the initial state.

A word x = x1x9 ...X, € Z* is said to be accepted by A if there exist
states qq, ¢1, ..., q, satisfying

(M qo = s,

2) f(g;_1,x;)=9¢q; fori=1,2,...,n,

3) g, €T.

The empty word is accepted by A if and only if s € T.

A nondeterministic finite-state automaton is a five-tuple denoted as

A=(Q, z, f, T, s), where @ is a finite set of states, Z is a finite set of

input symbols, the function f from QXZ into P(Q) is the state

transition, 7' is a subset of @ of accepting states and s € @ 1is the initial

state.
A fuzzy finite-state automaton (FFA) is a six-tuple F = (@, z, R,
Z, 8, ), where @ is a finite set of states, z is a finite set of input

symbols, R is the initial state of F , Z 1s a finite set of output symbols,
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5 :Qx Zx @ — [0, 1] is the fuzzy transition function which is used to

map a state (current state) into another state (next state) upon an input
symbol, attributing a value in the interval [0, 1] and ® : @ — Z is the

output function. Associated with each fuzzy transition, there is a

membership value in [0, 1] called the weight of the transition. The
transition from state q; (current state) to state g j (next state) upon

input @, is denoted by 3(q;, a;, q;).

We use 8(g;, ai, q;) to refer both to a transition and its weight in
the sense that whenever 3(q;, a;, g;) is used as a value, it refers to the
weight of the transition, and otherwise, specifies the transition itself. The

set of all transitions of F will be denoted by A. The above definition is

generally accepted as a formal definition of a fuzzy finite-state automaton
[2,3,6,7,38,9].

In 2004, Doostfatemeh and Kremer extended the notion of fuzzy
automata and introduced the notion of general fuzzy automata [1].

In this paper, by using [1] and [11], we define the notions of a
successor of the state ¢ and subautomaton of a max-min general fuzzy
automaton. Then define a fuzzy subsystem of a max-min general fuzzy

automaton. Finally, we derive the relationships between them.

Definition 1.1 ([1]). A general fuzzy automaton (GFA) is an eight-
tuple machine F = (@, Z, R, 7,3, o F,, F;), where

(1) @ is a finite set of states, @ = {q1, 92, ---» @5, }>
(i1) Z is a finite set of input symbols, Z: {ai, a9, ..., ay },
(iii) R is the set of fuzzy start states, R € P(Q),

(iv) Z is a finite set of output symbols, Z = {by, by, ..., b} },

(V) o : @ > Z is the output function,
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vi) &:(Qx[0,1])x Zx @ — [0,1] is the augmented transition
function,

(vii) F; :[0,1]x[0,1] - [0,1] is the membership assignment

function,
(viii) Fy : [0, 1]" — [0, 1] is called the multi-membership resolution
function.

We note that the function Fj(u, §) has two parameters p and 3§,
where p is the membership value of a predecessor and § is the weight of

a transition. In this definition, the process that takes place upon the

transition from state g; to ¢; on input a; is represented as:

w(q;) = 3((ai, w' (@), ar, a;) = Fi('(a;), 8(ais ar, q;)).

This means that the membership value (mv) of the state g; at time ¢ +1
is computed by function F; using both the membership value of ¢; at

time ¢ and the weight of the transition.
The usual options for the function Fj(u, §) are max{u, 8}, min{u, &}
and (u+38)/ 2.

The multi-membership resolution function resolves the multi-
membership active states and assigns a single membership value to
them.

Let Q. (¢;) be the fuzzy set of all active states at time ¢;, Vi > 0. We

have Qg (t) = R and

Quet(t;) = {(a, (@) 1 3¢' € Quer(ti 1), 3a € Z 8(q', a, q) € A}, Vi > 1.

Since Qg (¢;) is a fuzzy set, in order to show that a state g belongs to

Quet(t;) and T is a subset of Q,,(¢;), we should write: ¢ € Domain
(Qact (ti )) and T < Domain(Qact(ti ))
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Hereafter, we simply denote them as: ¢ € Q,;(¢;) and T < Qe (¢;)-
The combination of the operations of functions F; and Fy on a multi-

membership state ¢; leads to the multi-membership resolution

algorithm.

Algorithm 1.2 ([1]) (Multi-membership resolution). If there are

several simultaneous transitions to the active state ¢; at time ¢ +1, the

following algorithm will assign a unified membership value to it:

(1) Each transition weight 3(q;, a;, qj) together with u'(g;), will be
processed by the membership assignment function Fj, and will produce a

membership value. Call this v;.

U = g((Qi, Mt(qi))’ ag, qj) = Fl(”'t(Qi)’ S(Qb ar, q; ))

(2) These membership values are not necessarily equal. Hence, they

need to be processed by the multi-membership resolution function Fj.

(3) The result produced by Fy will be assigned as the instantaneous

membership value of the active state g,

Way) = Bylu] = BIRW @), 8, ar. a;)

where

e n is the number of simultaneous transitions to the active state g;

at time ¢ + 1.

e 8(q;, a, qj) is the weight of a transition from g; to q; upon input

aj..
. pt(qi) is the membership value of g; at time ¢.

. u”l(qj) is the final membership value of g¢; at time ¢ + 1.
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Definition 1.3 ([11]). Let F =(Q >, R, Z, 0,5, F}, F;) be a
general fuzzy automaton. We define max-min general fuzzy automata as
F* = (@, Z, R, Z, o 3, F;, Fy) such that:

5" C Quct XZ x @ — [0, 1],

where @y = {Qact (tO)’ Quct (tl)’ Quct (t2)’ } and for all i > 0,

~x t‘ 1’ q = p;
87((q, n(q)), A, p) =
0, otherwise.

Also, if the input at time ¢; be u;, where u; € Z, V1 <1 < n, then

8" ((q, 11(@)), w;, p) = 8((q, 1" (a)), w;, p).

5 (@ 1 @), wition, ) = Y (Bl @) w0 A Bl w
E%qct\l;

(q'))’ Uitl> p)),

and recursively

3" ((q, n'°(q)), wus ... uy, p) = V{3((q, 1°(q)), w1, p1)AS((p1, 12 (p1)),

U, p2)/\---/\ 8((pn71’ “tn_l (pnfl))’ Up, p)lpl € Qact(tl)’ bo € Qact(tQ)’

-y Pp—1 € Qact(tn—l )}

If g € Quu(t;), we should write g belongs to an element of Q.

Hereafter, we simply denote it as: g € Q-

2. Subautomata of a General Fuzzy Automaton

Definition 2.1. Let F* = (@, Z, R, Z, », 8%, Fy, Fy) be a max-min

general fuzzy automaton and p, g € . Then q is called a successor of p

if there exists x e Z* such that 5*((p, u'(p)), x, ¢) > 0.
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We denoted S(p) the set of all successors of p. If T' < @, then set of

all successors of T denoted by S(T), is defined by the set S(T')=U
{S(p): p e T}.

Example 2.2. Let F* = (@, Z, R, Z, o 5", F;, F5) be a max-min

general fuzzy automaton, where

Q = {a0, a1, a2}, )= {a, b}, Quarlto) = B = {(q0, 1"(a0))} = {(a0, D},

Fi(y, 8) = Min(y, §), Z = 0, ® and Fy, are not applicable, 8(qq, a, ¢;) = 0.4,
6(QO7 b7 qZ) = 057 S(QI’ a, qZ) = 037 6(Q27 a, QQ) =0.2.

If we choose the input string x = aa ... q, then
Quet(t1) = (a1, 1 (@)}, Quer(ti) = {(g2, u'i(a2))}, Vi 2 2,
1 (1) = 3((q0, 1(q0)): @ q1) = Fi (1™ (q0). 8(q0. @> q1)) = Fi(1, 0.4) = 0.4,
u(gz) = 3((q1, 1 (@1)): @, q2) = Fi(u"(q1), (a1, @, q2)) = F1(0.4, 0.3) = 0.3,
w3 (g2) = 3((g2, 1%(92)) @, a2) = F(1"%(g2), 8(q2, a, g2)) = F1(0.3,0.2) = 0.2,
1'(g2) = 3((g2, 13 (22)), @, a2) = Fi (1 (q2), 8(as, a, 42)) = F1(0.2, 0.2) = 0.2,
nli(gy) = 0.2, Vi > 5,
3"((g0- 1(q0)), A q9) =1 = qq < S(qo)
3" (0> 1" (90))s @, 1) = 0.4 = gq1 € S(qo),
5"((g0, 1"(90)), aa, g3) = 0.4 A 0.3 = 0.3 = g5 < S(qp),

3" ((q1, 1 (q1)), @, g2) = 0.3 = g3 € S(qy).
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Definition 2.3. Let F* = (@, Z, R, Z, ®, 8", Fy, Fy) be a max-min
general fuzzy automaton and F* = (T, Z, R Z, o 8, F,, Fy). Then

F* is called a subautomaton of F* if S(T)c T, where
5 =9 |(QactﬂT)Xz*XT'

Definition 2.4. Let F* = (@, z, R, Z, o 8, F,, Fy) be a max-min
general fuzzy automaton and A be a fuzzy subset on @. A is called a

fuzzy subsystem of F *if

Ma) = Mp)AS((p, 1'(p)), @, q), VP, g € Q, a € z

Example 2.5. In Example 2.2, let A(qg) = 0.3, AM(¢;) = 0.4 and A(q3)
Mgy) = 0.5. If we choose the input string x = aa...a, then

Quct(t1) = {(q1, 1 (@)}, Qaar(t;) = {(g2, 1% (g2))}, Vi 2 2,

1 (q1) = 3((g0, 1?(20)), @ a1) = Fi(u'(g0), 8(go, @, q1)) = Fi(1, 0.4) = 0.4,
u2(qz) = 8((q1, 1 (@), @, g2) = Fi(u(q1), (a1, @, q2)) = F1(0.4, 0.3) = 0.3,
13 (g2) = 3((g2, n%(92)), @, g2) = Fi(n"(q2), 8(as, a, 42)) = F1(0.3,0.2) = 0.2,
1 (qz) = 3((q2, W'3(a2)), @, g2) = Fi(1'3(q2), 8(gs, a. g2)) = F1(0.2,0.2) = 0.2,
nli(ge) = 0.2, Vi > 5,

Mao) = Ma0) A3 ((g0, 1(g0)), A, go) = 0.3A1 = 0.3,

Mar) = Mao) A3 (a0, 1°(g0)) @ g1) = 0.3A0.4 = 0.3,

Maz) = Ma1) A S ((q1, 1 (q1)), @, g2) = 0.4 A0.3 = 0.3.

Thus A is a fuzzy subsystem of F*.
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Theorem 2.6. Let F* = (Q, Z, R, Z, », 8, Fy, Fy) be a max-min
general fuzzy automaton and L be a fuzzy subset on Q. Then L is a fuzzy

subsystem of F* if and only if M(q) > Mp)A 3" ((p, n'(p)), x, @), ¥p, q € Q,
xeY.

Proof. Let A be a fuzzy subsystem of F* and P,qeQ, x e z* We

prove the theorem by mathematical induction on |x| = n. If n = 0, then
x=A Now if g=p, then A(p)A3*((p, ' (p)), x, q)=r(p)AL=
Mp) = Mg). If g = p, then AMp)AS"((p, n‘(p)), %, q) = Mp)AO =0
< Mq).

Assume that the theorem is true for all u e z* such that |u| =n-1,

n >1. Let x = au, where a € Z and [u| = n —1. Then we have

Mp)A S ((p, 1'(p)), x, @) = Mp)AS*((p, 1'(p)), au, q)

MPIA( V8 (o' (0), @ r)AS ('), . )

VARIAT (2 1! (2))., @ AT (' (). . @)}

IN

N GOINT (W), w 0)) < 2a)
The converse is trivial. O

Theorem 2.7. Let F* = (@, Z, ﬁ’, Z, o, S*, Fy, Fy) be a max-min
general fuzzy automaton. Then every constant fuzzy set A on @ is a fuzzy

subsystem of F*.
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Proof. Let A is constant fuzzy set on Q. So for any p, g € Q, we

have A(p) = Ag). Then for any a € Y, clearly A(q) = A(p) 2 Mp)A S
((p, '(p)), @, q). Therefore, A is a fuzzy subsystem of F*. O

Theorem 2.8. Let F* = (@, Z, R, Z, o 5", F;, Fy) be a max-min
general fuzzy automaton, Ay and L9 be fuzzy subsystems of F*. Then

M Ny and A U Ay are fuzzy subsystems of F*.

Proof. Since A; and Ay are fuzzy subsystems of F'*, for p,q e Q,

xe), wehave 11(g) = 4(p)AS ((p., 1w (p)). x, q) and Xy(q) = ha(p)

A8 ((p, 1 (p)), %, q). So

(t1 N2g) (@) = 21(@) ARg(a) = (i (P) ARo(P) A ™ (P, 1 (P)), %, q)-

Hence, A; N Aq is a fuzzy subsystem of F*. Also, we have

(t Ung) (@) = 21(@)V2A5(q) = (i (p)V 2o (P) A 3" (P, 1 (P)), %, q)-

Hence, A; U Aq is a fuzzy subsystem of F*. O

Theorem 2.9. Let F* = (@, Z, R, Z, o 5", F;, Fy) be a max-min
general fuzzy automaton and A be a fuzzy subsystem of F*. Then
F* = (supp(L), >, R, Z o 8", F, Fy) is a subautomaton of F*
where 8 = 8|, Nsupp(1))+ X" xsupp(v)

Proof. Let ¢ € S(supp(L)). Then q € S(p), for some p € supp(r). So
Mp) > 0. Since g € S(p), then there exists x e Z* such that

5*((p, n'(p)), x, ¢) > 0. Now, since A is a fuzzy subsystem of F*, then

we have



SUBAUTOMATA OF A GENERAL FUZZY ... 47
Mq) = Mp)AS((p, 1 (D)), %, ) > 0.

Thus ¢ e supp(h). Therefore S(supp(L)) < supp(r). Hence F* is a

subautomaton of F*. O
Theorem 2.10. Let F* = (@, Z, R, Z, 0 5%, F;, Fy) be a max-min

general fuzzy automaton and A be a fuzzy subset of . For x < Z* and

q € Q, define the fuzzy subset Ax of @ by
()(@) = Vo) AT (2. 1 (). . 0)).
Then A is a fuzzy subsystem of F* if and only if Ax < A, Vx € Z*
Proof. Let A be a fuzzy subsystem of F* and x e Z*, g € Q. Then
()(a) = VMp)AT ((p, ' (p)). %, 0)} < Ma).
Hence, Ax < A.

Conversely, let x e Z* and ¢ € Q. Then for all p € @, we have
Ma) = (hx)(q) = p\E/Q{K(p)/\g*((p, W' (p), x, @)} = Mp)A S ((p, 1'(P)), x, q).

Hence, X is a fuzzy subsystem of F*. O

Theorem 2.11. Let F* = (@, Z, E, Z, o, S*, F;, Fy) be a max-min

general fuzzy automaton, o € [0, 1] and p, q € Q. Define the fuzzy subset

2. of Qby

@250 = Y 1end (@ w'@). 5 p) va < @

Then qaz* is a fuzzy subsystem of F*.
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Proof. Let x' e z*, then we have

(02 )P AT (o 1 (p)). ¥ 7)

\é (@A S (g, 1 @), x. )} AS"((p. 1 (P)). 2", 1)

\é (@ A3 (¢, 1(@), x. PIAS* (P, (D)), x', 1)}

IA

xe\é {a A8 ((q. u'(g)), xx', 1)}

IA

ue\é {a A8 ((g, W' (@), u, 1)}

= (g0, 0.

Hence, q, Z* is a fuzzy subsystem of F*. O

Theorem 2.12. Let F* = (@, Z, }N?, Z, o, 5*, F;, Fy) be a max-min

general fuzzy automaton, A is a fuzzy subset of @, a. € [0, 1], ¢ € @ and

a < Mq). Then M\ is a fuzzy subsystem of F* if and only if qaz* c A

Proof. Let A be a fuzzy subsystem of F*. Then for p € Q, we have

(02 Y. D) = V, 5o e A5 (g, 1(@)), %, p)}

<V, oo M@ A3 (g, 1 (2)), x, P))

<V oo Mp) = Mp).

Hence, qaz* c A
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Conversely, let qaz*g L pe® and ue z* If Mp)=0 or
3" ((p, W' (p)), x, @) = 0, then AMg) = Mp)AS*((p, n'(p)), x, q) = 0.

Suppose A(p) =0 and 5*((p, p'(p)), x, ¢) # 0. Let a = A(g) and
u e Z* Thus, by the hypothesis, qaz* c L. Then we have
Mp) 2 (90 ) V(D) = Vo ipe la A5 (0, (@), %, )}

> aAd (g, 1 (@), u p)
= Me)A 3" (g, 1*(@)), v p).
Hence, A is a fuzzy subsystem of F*. O
Theorem 2.18. Let F* = (@, z, R, Z, o 3", F;, Fy) be a max-min
general fuzzy automaton, o. € [0, 1] and q € Q. Then supp (qaz* ) = S(q).

Proof. We have
peSa e Ie) :5((a 1) x p)>0

o x\é {a A" (¢, v'(q)), x, p)} > 0

& (@ay, )p)>0
& pesupplay Y, ).

Thus supp(a, Y. ) = S(a). O
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Definition 2.14. Let F* = (Q, Z, R, Z, 0, 8", Fy, Fy) be a max-

min general fuzzy automaton and A be a fuzzy subsystem of F*. Then X

is called cyclic if there exist a € [0,1] and ¢ € @ with o < A(g) such
that A = qaz*.

In this case, we call g, a generator of A.

Theorem 2.15. Let F* = (@, Z, R Z, o 5, F,, Fy) be a max-min

general fuzzy automaton, o € [0,1],q € @, oo < AM(q) and A be a fuzzy

subsystem of F*. If L be cyclic with generator Qq> then AMq) = o.

Proof. Since A = qaz*, then we have

Ma) = (Y )(@)

- xe\é {a A" (g, 1'(9)), %, )}

=an V(@ @) %) = on = a

O
Theorem 2.16. Let F* = (Q, Z, R, Z, o 5, F;, Fy) be a max-min
general fuzzy automaton, o € [0,1],q € @, oo < AM(q) and A be a fuzzy

subsystem of F*. If L be cyclic with generator 4y, then AMq) = Mp),

Vp € Q.
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Proof. Let p € . Since A = qaz*, then we have

Mp) = (22 Y ) (D)

= V {ar5 (g, 1'(@)), %, p)}

xey*

< V0@ (@ w'@) % o))

= Ha)n V3 ((@ w'@), % p)} < o).

O

Theorem 2.17. Let F* = (@, Z, R, Z, 0 5, F;, Fy) be a max-min
general fuzzy automaton, o € [0,1], ¢ € @, o < A(q) and A be a fuzzy
subsystem of F*. If A be cyclic with generator q,, then for any fuzzy

subsystem \' of F* such that \' = A and \(q) = X'(r), Vr € @, we have
M= (g2 -
Proof. Let pe @. Since A <A, we have A'(p) < A(p). Then

M(p) =M (p)AMp). Also, since A = qaz*, then we have

Mp) = (g2 Y (D)

V {a A5 ((q, 1 (@), x. p)}

xey*

V (ua) A 3" ((a, 1 (@), x, D)}

xey*

= Ma)A \é {8"((q. v'(@)). . p)}.
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Hence

M(p) = M'(p) A Mp)
- (x'(pm(que\; (5" ((¢. '(@)). 2. p)}.
Since 1'(q) > A'(p), then we have

2(p) < (M(g) A "(‘”)Axe\é 3*((a. v' (@), x. D)}

w(que\g* 3"((¢. 1'(@)). x. p)}

Y 0@ (@ i @), 5 2 = (492 ) ()

Therefore L' < CIx’(q)z*- By Theorem 2.12, we have A" = qk’(q)z*' O

3. Conclusion

In this paper, we have defined the notions of a successor of the state q
and subautomaton of a max-min general fuzzy automaton. Then have
defined a fuzzy subsystem of a max-min general fuzzy automaton.

Finally, we have obtained the relationships between them.
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