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Abstract

In this paper, we study the Hyers-Ulam stability of a nonlinear multi-term
fractional differential equation with Caputo derivative on bounded time
interval. First we discuss the existence and uniqueness for the solutions of
initial value problem of a nonlinear multi-term fractional differential equation
and second we give a criteria for Hyers-Ulam stability which is our main
purpose. The technique relies on the fixed point theorem in the Banach space
and the equivalence between Chebyshev norm and Bielecki norm.

1. Introduction

Nowadays, it became widely known that fractional differential
equations serve a strong tool in modelling many phenomena in various

fields such as engineering, economics, chemistry, etc. For more details
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on fractional differential equations, one can see the monographs of
Kilbas et al. [1], Podlubny [2], and Miller and Ross [3]. The research of
the fractional differential equations is more difficult than that of
integer-order differential equations, because they are nonlocal and have

weakly singular kernels.

Recently, one of the most active research topics of fractional
differential equations is the Ulam stability theory. Ulam stability of
differential equations is very important, since it guarantees the
existence of solution and provides the theoretical basis of approximate
solution. Obloza [4] initiated the study of the Ulam stability of
differential equations and after that several results of the Ulam stability

of classical differential equations were given by many researchers [5-12].

In recent years, the study of the Ulam stability of fractional
differential equations is proceeding widely and many remarkable results
on that have come out. Wang et al. [13] discussed the Hyers-Ulam
stability and the Hyers-Ulam-Rassias stability of the fractional

differential equation
“D%(¢t) = f(t, x(t)), te]a,b],

where o € (0,1) and “D“ is Caputo fractional derivative of order a.

Wang et al. [14] obtained the criteria for the Hyers-Ulam stability and

Hyers-Ulam-Rassias stability of fractional differential equation
‘Dg,y(x) = F(x, y(x)), tel,
where I is a given interval and a € (0, 1).

Wang and Xu [15] proved the Hyers-Ulam stability of two types of

fractional linear differential equations

(“Dgry) (x) = ry(x) = f(x),

(“DE.y) (x) = M D, y) (x) = &(x),
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where x > 0, A € (o, +©), 0 < B < a, f(x) and g(x) are real functions
defined on R,. Mohamed [16] studied the Ulam stability of fractional
impulsive differential equations by using singular Gronwall inequality.
Besides, in many papers, the Ulam stability of classical differential

equations has been extended to the several types of fractional

differential equations. For more details, one can see [17-22].

Although there are many articles and papers on the Ulam stability
of fractional differential equations, to our best knowledge, most results
on that are restricted to monomial fractional differential equations. So
we discuss the Hyers-Ulam stability of the following nonlinear multi-

term fractional differential equation on bounded time interval.
“D§ult) = f(t, ult), DB, u(t)), 1)

where °D§, 1is the Caputo fractional derivative of order

ae€(1,2),0<B <aand 0 <t <b< +om

The rest of this paper is consisted as follows: In Section 2, we
introduce the basic definitions and lemmas which are used in this paper.
In Section 3, we give the criteria for the Hyers-Ulam stability of the
Equation (1).

2. Preliminaries

Definition 2.1. The fractional integral of order o > 0 with the

lower limit a for function f € L;[a, b] is defined as

t
1%, f(¢) = ﬁ j (t -0 f()dr, a<t<b,

where T(.) is the Gamma function.
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Definition 2.2. The Caputo fractional derivative of order o > 0 for

function f is defined as

")

_ T)a—n+1 &

t
‘Dg f(t) = 15;*[D"f(t)] = r(nl_ a) I (t

where f(") e Li[a, b], n = [a] +1 and [a] is integer part of a.
Lemma 2.1. For a function f(x) = (x —a)?, let p > -1, o > 0. Then

19, £() = %a e

Lemma 2.2. Ifa e R,,n-1<a<n,neN, f e AC"[a, b], then

18.°DE,f(t) = £(t) -

Definition 2.3. A function u(t) such that Dg,u e C[0, b] is called
solution of Equation (1) if it satisfies Equation (1).
Definition 2.4. Equation (1) is Hyers-Ulam stable if for a function

u(t) satisfying the following inequality:

| D u(e) - f(2, w(t), “DF,u@)leo.p < & @)
and for some ¢ > 0, there exist a solution u((t) of the Equation (1) such
that
lee = wollcpo, 7 < K, ®3)
where K(e¢) is only dependent on & and ”'"C[O, b] is the Chebyshev
norm.

Definition 2.5. u(¢) such that “Dg,u € C[0, b] is called solution of

inequality (2) if it satisfies Equation (2).
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3. Hyers-Ulam Stability of Nonlinear Multi-term

Fractional Differential Equation
Let u(¢) be the solution of inequality (2). If we define A(t) as below,
A(t) = DS, ult) - (¢, ult), DS, u(t)), t [0, b], (4)
then "h”C[O, b S &

Lemma 3.1. Let us suppose u(t) is a solution of inequality (2). Then

v(t) such that DS u(t) = v(t) satisfies the following fractional integral

equation:
u(t) - £(t, w(0) + w(0) + I§,v(t), “DB, (w'(0)) + I Pu()) = A(2), ¢ < [0, b].
()
Conversely, u(t) such that
ut) = u(0) + u'(0) + I, v(t) (6)

is a solution of inequality (2), where v(t) satisfies Equation (5) in

clo, b].
Proof. First, we prove the first part of the lemma.

From the hypothesis of the first part, u(¢) is a solution of inequality
(2) and

Do ult) = v(t). @

“D§,u(t) e C[0, b], so we can apply fractional integral operator I§, to

the both sides of the equality (7). Then we have the following equalities:
Ig+cDg+u(t) = I5.v(t),

u(t) = u(0) - w'(0)t = I.v(t),
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u(t) = w(0) + u'(0)t + I§,v(¢),
‘D u(t) = D, (' (0)t) + I3 Pu(t).
By substituting above equalities into (4), Equation (5) is obtained.
Now, we prove the second part of the lemma.
v(¢) is a solution of Equation (5) and u(t) = w(0) + u'(0)t + I§, v(t).

By applying the fractional differential operators CDg o °Dg, to the both

sides of (6), the following equalities are obtained:
DB u(t) = °Df, (w(0) + w(0)t) + DB I$,v(t) = °DF, (w'(0)t) + IS Pu(t), (8)

“Dgult) =D, (u(0) + u'(0)t) + “Dg, I, v(t) = v(t). ©)
From the Equation (5) and equalities (7)-(9), we have equality (4). O
Lemma 3.2. Under the assumption:
(Hg) There exist I > 0,1y >0 such that |f(t, x1, y1)— f(¢, x2, ¥2)|
< lifwy — xo| + boly1 — yof for any (xy, 31), (%3, y2) € R%.

Then the following nonlinear fractional integral equation has the

unique solution in C[0, b].
u(t) — £(t, w(0) + w(0)t + I§,v(t), DB, (w'(0)t) + IS Pu(t)) = 0, ¢ e [0, b].

(10)

Proof. Let us consider the following iterative scheme:
Va1 (t) = f(t, w(0) + w(0)t + I§,v,,(t), &(t)+ 1§ P, (1),

where g(t) = CD(L;’Jr(u'(O)t).



HYERS-ULAM STABILITY OF A NONLINEAR ... 27

Indeed, {v,(t)} is Cauchy sequence in C[0, b]. By considering the

assumption (Hy),
[Vns1(®) = vn (@)
= |£(t, w(0) + w(0)t + I§,v, (1), (t) + 15 Pvy () = f(z, w(0) + w/(0)t
F 18,1 (1), g(0) + I8 Pu, 1 0))

< 4|18 vn(6) = 18.vn 1 O] + bl 15 Pv, (0) = I Pv, 1 ().

Now we use the following Bielecki norm which is equivalent to

Chebyshev norm.
el = max{e ¥ |x(t)[}, x e C[0, b], k > 0.
Then the following inequalities hold:

|Ig+vn(t) - Ig+1/n,1(t)| < Ig+|vn(t) - anl(t)l - Ig+€7kt|un(t) _ anl(t)lekt
<lvn = vaca b I8ve™ < vn = vaaly o

In the same way, we obtain

ekt

|26 Pvn (@) = 16 Pv 1 ()] < |va = via LB

Therefore, we have

[ l
[Vpa @) =vp @] < vy, — vy "kekt( k% + ka2—[3 ),

and by multiplying e ™ to the both sides,

l l
lns —valy <lve —vaa "k(k% + ka2_ﬁ

)

is obtained.
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Now we choose k, := k such that p = (L + b ) < 1, then the
A kon—B
following relation holds:
||Un+1 - Un"k* < p"Un ~Vn-1 "k*

So {v,(¢)} converges as n — o and the limit v.(¢) is the unique

solution of Equation (10). O

Lemma 3.3. If w(t) is the unique solution of Equation (10), then the

function
ug(t) == u(0) + u'(0) + I, w(t) (11)

is a solution of Equation (1), where w(t) is the unique solution of

Equation (10).

Proof. From the assumption of the lemma, the following equality
holds:

w(t) - f(t, w(0) + w(0)t + I§w(t), DB, (w(0)t) + IS Pw(t)) = 0, t € [0, b].
(12)

By applying the fractional differential operator D, , cDg . to the both
sides of (11):

“DE uo(t) = °DE, (w(0)t) + 12 Pw(), (13)
“DgLug(t) = w(). (14)

By substituting (11), (13), and (14) into (12), the following equality is

obtained:

CDg+uO(t) = f(t> uO(t)’ CDnguo(t)), te [09 b] 0
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Theorem 3.4. Under the assumption (Hy), the Equation (1) is

Hyers-Ulam stable.
Proof. For any ¢ > 0, let u(t) be the solution of inequality (2). From

the definition of fractional differential inequality, “ Dg u(t) exists and so
u(0) and u'(0) also exist. Therefore, from the Lemma 3.1, u(t) is

denoted as below.
u(t) = u(0) + w'(0) + I, v(t),
where v(t) is the solution of Equation (5) and
A(t) = “Dg,u(t) - (¢, ult), DB u(t)), t < [0, b].

On one side, from Lemma 3.2, fractional integral equation

w(t) - f(t, w(0) + w(0) + I§,w(t), “DE, (w'(0)) + I Pw(t)) = 0, t e [0, b]

(15)
has the unique solution. So from Lemma 3.3, a function u(¢) such that
ug(t) = u(0)+ u'(0) + I, w(t) 16)

is the solution of Equation (1).

Now, we estimate |u — uO"C[O b From (6) and (16), we have

t) = o ()] = |18, v(t)  I§.0(0). an
By using Bielecki norm as in the proof of Lemma 3.2,
| 150(0) ~ I w(®)] < I, 1u(0) — w()] = I ,e™e ™ u(e) - w(t)] < [vl0) - o), 15 e™.

From the inequality, the following inequality holds:

kt
|18 () - I§w()| < v - w, Z_a (18)
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By multiplying e M to the both sides of (18), we obtain

A e (19)
From (17) and (19),
e =l = V28w I <l — wl (20)
From (5) and (15), |v(¢) — w(¢)| is estimated as the following:
[u(t) - w(t)] < |£(2, w(0) + w'(0)t + I§,v(t), “Df, (w(0)t) + I¢Pu(t))
— £(t, w(0) + w'(0)t + I§,w(t), DB (w'(0)) + IS Pw(@))| + [h(2)|

< 4| I§,v(8) - I8,w(e)] + | I6Pu(e) - I8 Puw(o)] + ()|

ekt ekt
< G - wly =t T e |[n(£)], t € [0, b].
Therefore,
e e) ~ wle)] < Bl -~ wl, 5+ Dol — wl, g + e (e
1 k i k B ’
l l L +1
o=l = (s =l + il = =l +
Now we can easily investigate there exists k£, > 0 such that ¢ := % > 0,
ke~
1—q>0,L 1 <1. Then
k*1-q
o -, < T2l 21
ke =1 = q ks’
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and from (20) and (21), the following inequalities hold:

1 1
le = woll;, < (k_“ HJ IPlly, < WP, - (22)

The following inequalities show us the equivalence of Chebyshev norm

and Bielecki norm.
e_kb"x"c[o,b] < ¢l < lellepo, b
Then
e = ol eqo,5 < e = wolly, < I, < Ihlego.s)
and therefore,
e = wollcpo, 5 < et WPl cpo, o)-
From "h”C[O, p) < & we obtain the following result:

)]
Jw = uollgo ) < Ke, K = €. (23)

(13) shows us the Equation (1) is Hyers-Ulam stable. O

Theorem 3.5. Let Dy = {k|k > (I, +15)""* P} and D, = {k|b < In

(k* — kB4 + L)%} If DN Dy # ¢, then (23) is estimated as the

following:
e = wolleo, ) < & (24)

Proof. D; N Dy # ¢, so if we select k, in Dy N Dy, then 1 —q > 0

from the definition of D;, where

ll + Z2
= —k*a—B .
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On one side, the following relations hold:
b < In(k* - kP + 1) *
& kb < In(k,* - k*B(ll +13))
& 0 < —kb+ In(b* - kPl + 1))
1< e_k*b(k*a - k*B(h +1y))

o1<e®r*1-q)

1 1 < o kb
k14

*

From (20) and (21),

11 kb
IW—%M*S&;qt;ﬁWhﬁe I,
sk

and due to the equivalence of Chebyshev norm and Bielecki norm,

e—k*b —ksb

ek

h"k* <e

b
le = wollcpo, 5 < e = wolly, < hlcpo, o)

Therefore, we have
—kib _kib
e - uO"C[O,b] se e ||h||c[0,b] = ||h||c[0,b]’
and by considering "h"C[O b < & inequality (24) holds. O

Remark 3.6. In (23), K is a kind of characteristic of Hyers-Ulam

stability. Theorem 3.5 shows us K =1 in some strict condition.
4. Conclusion

In this paper, we give a criteria for the Hyers-Ulam stability of a
nonlinear multi-term fractional differential equation on bounded

interval by using fixed point theorem in Banach space, Chebyshev norm
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and Bielecki norm. We think this method can be extended to the various

differential equations. In the similar way, we can also expect the

affirmative results on the Hyers-Ulam stability of fractional impulsive

differential equations and fractional differential equations with

p-Laplacian.
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