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Abstract 

In this paper, we study the Hyers-Ulam stability of a nonlinear multi-term 
fractional differential equation with Caputo derivative on bounded time 
interval. First we discuss the existence and uniqueness for the solutions of 
initial value problem of a nonlinear multi-term fractional differential equation 
and second we give a criteria for Hyers-Ulam stability which is our main 
purpose. The technique relies on the fixed point theorem in the Banach space 
and the equivalence between Chebyshev norm and Bielecki norm. 

1. Introduction 

Nowadays, it became widely known that fractional differential 
equations serve a strong tool in modelling many phenomena in various 
fields such as engineering, economics, chemistry, etc. For more details 
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on fractional differential equations, one can see the monographs of 
Kilbas et al. [1], Podlubny [2], and Miller and Ross [3]. The research of 
the fractional differential equations is more difficult than that of 
integer-order differential equations, because they are nonlocal and have 
weakly singular kernels. 

Recently, one of the most active research topics of fractional 
differential equations is the Ulam stability theory. Ulam stability of 
differential equations is very important, since it guarantees the 
existence of solution and provides the theoretical basis of approximate 
solution. Obloza [4] initiated the study of the Ulam stability of 
differential equations and after that several results of the Ulam stability 
of classical differential equations were given by many researchers [5-12]. 

In recent years, the study of the Ulam stability of fractional 
differential equations is proceeding widely and many remarkable results 
on that have come out. Wang et al. [13] discussed the Hyers-Ulam 
stability and the Hyers-Ulam-Rassias stability of the fractional 
differential equation 

( ) ( )( ) [ ],,,, battxtftxDc ∈=α  

where ( )1,0∈α  and αDc  is Caputo fractional derivative of order .α  

Wang et al. [14] obtained the criteria for the Hyers-Ulam stability and 
Hyers-Ulam-Rassias stability of fractional differential equation 

( ) ( )( ) ,,, ItxyxFxyDa
c ∈=α

+  

where I is a given interval and ( ).1,0∈α  

Wang and Xu [15] proved the Hyers-Ulam stability of two types of 
fractional linear differential equations 

( ) ( ) ( ) ( ),0 xfxyxyDc =λ−α
+  

( ) ( ) ( ) ( ) ( ),00 xgxyDxyD cc =λ− β
+

α
+  
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where ( ) ( )xfx ,0,,,0 α<β<∞+−∞∈λ>  and ( )xg  are real functions 

defined on .+R  Mohamed [16] studied the Ulam stability of fractional 

impulsive differential equations by using singular Gronwall inequality. 
Besides, in many papers, the Ulam stability of classical differential 
equations has been extended to the several types of fractional 
differential equations. For more details, one can see [17-22]. 

Although there are many articles and papers on the Ulam stability 
of fractional differential equations, to our best knowledge, most results 
on that are restricted to monomial fractional differential equations. So 
we discuss the Hyers-Ulam stability of the following nonlinear multi-
term fractional differential equation on bounded time interval. 

( ) ( ( ) ( )),,, 00 tuDtutftuD cc β
+

α
+ =   (1) 

where α
+0Dc  is the Caputo fractional derivative of order 

( ) β<∈α 0,2,1  α<  and .0 +∞<<< bt  

The rest of this paper is consisted as follows: In Section 2, we 
introduce the basic definitions and lemmas which are used in this paper. 
In Section 3, we give the criteria for the Hyers-Ulam stability of the 
Equation (1). 

2. Preliminaries 

Definition 2.1. The fractional integral of order 0>α  with the 
lower limit a for function [ ]baLf ,1∈  is defined as 

( ) ( ) ( ) ( ) ,,1: 1 btadfttfI
t

a
a ≤≤τττ−

αΓ
= −αα

+ ∫  

where ( ).Γ  is the Gamma function. 
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Definition 2.2. The Caputo fractional derivative of order 0>α  for 
function f is defined as 

( ) [ ( )] ( )
( )( )

( )
,1: 1 τ

τ−

τ
α−Γ

==
+−α

α−
+

α
+ ∫ d

t
f

ntfDItfD n

nt

a

nn
aa

c  

where ( ) [ ] [ ] 1,,1 +α=∈ nbaLf n  and [ ]α  is integer part of .α  

Lemma 2.1. For a function ( ) ( ) ,paxxf −=  let .0,1 >α−>p  Then 

( ) ( )
( ) ( ) .1

1 p
a atp

ptfI +αα
+ −

++αΓ
+Γ

=  

Lemma 2.2. If [ ],,,,1, baACfnnn n∈∈≤α<−∈α + NR  then 

( ) ( )
( )( ) ( ) .!

1

0

j
jn

j
a

c
a atj

aftftfDI −−= ∑
−

=

α
+

α
+  

Definition 2.3. A function ( )tu  such that [ ]bCuDc ,00 ∈α
+  is called 

solution of Equation (1) if it satisfies Equation (1). 

Definition 2.4. Equation (1) is Hyers-Ulam stable if for a function 
( )tu  satisfying the following inequality: 

( ) ( ( ) ( )) [ ] ,,, ,000 ε≤− β
+

α
+ bC

cc tuDtutftuD  (2) 

and for some ,0>ε  there exist a solution ( )tu0  of the Equation (1) such 

that 

[ ] ( ),,00 ε≤− Kuu bC   (3) 

where ( )εK  is only dependent on ε  and [ ]bC ,0⋅  is the Chebyshev 

norm. 

Definition 2.5. ( )tu  such that [ ]bCuDc ,00 ∈α
+  is called solution of 

inequality (2) if it satisfies Equation (2). 
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3. Hyers-Ulam Stability of Nonlinear Multi-term  
Fractional Differential Equation 

Let ( )tu  be the solution of inequality (2). If we define ( )th  as below, 

( ) ( ) ( ( ) ( )) [ ],,0,,,: 00 bttuDtutftuDth cc ∈−= β
+

α
+   (4) 

then [ ] .,0 ε≤bCh  

Lemma 3.1. Let us suppose ( )tu  is a solution of inequality (2). Then 

( )tν  such that ( ) ( )ttuDc ν=α
+0  satisfies the following fractional integral 

equation: 

( ) ( ( ) ( ) ( ) ( )( ) ( )) ( ) [ ].,0,0,00, 000 btthtItuDtItuutft c ∈=+′+′+− β−α
+

β
+

α
+ ννν  

(5) 

Conversely, ( )tu  such that 

( ) ( ) ( ) ( )tItuutu να
++′+= 000   (6) 

is a solution of inequality (2), where ( )tν  satisfies Equation (5) in 

[ ].,0 bC  

Proof. First, we prove the first part of the lemma. 

From the hypothesis of the first part, ( )tu  is a solution of inequality 

(2) and 

( ) ( ).0 ttuDc ν=α
+   (7) 

( ) [ ],,00 bCtuDc ∈α
+  so we can apply fractional integral operator α

+0I  to 

the both sides of the equality (7). Then we have the following equalities: 

( ) ( ),000 tItuDI
c

να
+

α
+

α
+ =  

( ) ( ) ( ) ( ),00 0 tItuutu να
+=′−−  
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( ) ( ) ( ) ( ),00 0 tItuutu να
++′+=  

( ) ( )( ) ( ).0 000 tItuDtuD cc νβ−α+
β
+

β
+ +′=  

By substituting above equalities into (4), Equation (5) is obtained. 

Now, we prove the second part of the lemma. 

( )tν  is a solution of Equation (5) and ( ) ( ) ( ) ( ).00 0 tItuutu να
++′+=  

By applying the fractional differential operators α
+

β
+ 00 , DD cc  to the both 

sides of (6), the following equalities are obtained: 

( ) ( ) ( )( ) ( ) ( )( ) ( ),000 000000 tItuDtIDtuuDtuD cccc νν β−α
+

β
+

α
+

β
+

β
+

β
+ +′=+′+=  (8) 

( ) ( ) ( )( ) ( ) ( ).00 0000 ttIDtuuDtuD ccc νν =+′+= α
+

α
+

α
+

α
+  (9) 

From the Equation (5) and equalities (7)-(9), we have equality (4).   

Lemma 3.2. Under the assumption: 

( )0H  There exist 0,0 21 >> ll  such that ( ) ( )2211 ,,,, yxtfyxtf −  

212211 yylxxl −+−≤  for any ( ) ( ) .,,, 2
2211 Ryxyx ∈  

Then the following nonlinear fractional integral equation has the 
unique solution in [ ].,0 bC  

( ) ( ( ) ( ) ( ) ( )( ) ( )) [ ].,0,00,00, 000 bttItuDtItuutft c ∈=+′+′+− β−α
+

β
+

α
+ ννν  

(10) 

Proof. Let us consider the following iterative scheme: 

( ) ( ( ) ( ) ( ) ( ) ( )),,00, 001 tItgtItuutft nnn ννν β−α
+

α
++ ++′+=  

where ( ) ( )( ).00 tuDtg c ′= β
+  
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Indeed, ( ){ }tnν  is Cauchy sequence in [ ].,0 bC  By considering the 

assumption ( ),H0  

( ) ( )tt nn νν −+1  

 ( ( ) ( ) ( ) ( ) ( )) ( ( ) ( )tuutftItgtItuutf nn 00,,00, 00 ′+−++′+= β−α
+

α
+ νν  

( ) ( ) ( ))tItgtI nn 1010 , −
β−α

+−
α
+ ++ νν  

( ) ( ) ( ) ( ) .10021001 tItIltItIl nnnn −
β−α

+
β−α

+−
α
+

α
+ −+−≤ νννν  

Now we use the following Bielecki norm which is equivalent to 
Chebyshev norm. 

{ ( ) } [ ] .0,,0,max: >∈= − kk
k bCxtxex t  

Then the following inequalities hold: 

( ) ( ) ( ) ( ) ( ) ( ) t
nn

t
nnnn etteIttItItI kk

1010100 −
−α

+−
α
+−

α
+

α
+ −=−≤− νννννν  

.101 α−
α
+− −≤−≤

k

k

k
k

k

t
nn

t
nn

eeI νννν  

In the same way, we obtain 

( ) ( ) .1100 β−α−−
β−α

+
β−α

+ −≤−
k

k

k

t
nnnn

etItI νννν  

Therefore, we have 

( ) ( ) ( ),21
11 β−αα−+ +−≤−

kk
k

k
llett t

nnnn νννν  

and by multiplying te k−  to the both sides, 

( )
β−αα−+ +−≤−

kkkk
21

11
ll

nnnn νννν  

is obtained. 
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Now we choose kk =∗ :  such that ( ) ,1: 21 <+=
β−αα kk

llp  then the 

following relation holds: 

.11 ∗∗ −+ −≤− kk nnnn p νννν  

So ( ){ }tnν  converges as ∞→n  and the limit ( )t∗ν  is the unique 

solution of Equation (10).  

Lemma 3.3. If ( )tw  is the unique solution of Equation (10), then the 

function 

( ) ( ) ( ) ( )twItuutu α
++′+= 00 00:   (11) 

is a solution of Equation (1), where ( )tw  is the unique solution of 

Equation (10). 

Proof. From the assumption of the lemma, the following equality 
holds: 

( ) ( ( ) ( ) ( ) ( )( ) ( )) [ ].,0,00,00, 000 bttwItuDtwItuutftw c ∈=+′+′+− β−α
+

β
+

α
+  

(12) 

By applying the fractional differential operator β
+

α
+ 00 , DD cc  to the both 

sides of (11): 

( ) ( )( ) ( ),0 0000 twItuDtuD cc β−α
+

β
+

β
+ +′=   (13) 

( ) ( ).00 twtuDc =α
+   (14) 

By substituting (11), (13), and (14) into (12), the following equality is 
obtained: 

( ) ( ( ) ( )) [ ].,0,,, 00000 bttuDtutftuD cc ∈= β
+

α
+    
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Theorem 3.4. Under the assumption ( ),H0  the Equation (1) is 

Hyers-Ulam stable. 

Proof. For any ,0>ε  let ( )tu  be the solution of inequality (2). From 

the definition of fractional differential inequality, ( )tuDc α
+0  exists and so 

( )0u  and ( )0u′  also exist. Therefore, from the Lemma 3.1, ( )tu  is 

denoted as below. 

( ) ( ) ( ) ( ),00 0 tItuutu να
++′+=  

where ( )tν  is the solution of Equation (5) and 

( ) ( ) ( ( ) ( )) [ ].,0,,,: 00 bttuDtutftuDth cc ∈−= β
+

α
+  

On one side, from Lemma 3.2, fractional integral equation 

( ) ( ( ) ( ) ( ) ( )( ) ( )) [ ]bttwItuDtwItuutftw c ,0,00,00, 000 ∈=+′+′+− β−α
+

β
+

α
+  

(15) 

has the unique solution. So from Lemma 3.3, a function ( )tu0  such that 

( ) ( ) ( ) ( )twItuutu α
++′+= 00 00:   (16) 

is the solution of Equation (1). 

Now, we estimate [ ].,00 bCuu −  From (6) and (16), we have 

( ) ( ) ( ) ( ) .000 twItItutu α
+

α
+ −=− ν   (17) 

By using Bielecki norm as in the proof of Lemma 3.2, 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) .t
a

tt
aaaa eItwttwteeItwtItwItI k

k
kk α

+
−α

+
α
+

α
+

α
+ −≤−=−≤− νννν  

From the inequality, the following inequality holds: 

( ) ( ) .00 α
α
+

α
+ −≤−

k

k

k

tewtwItI νν  (18) 
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By multiplying te k−  to the both sides of (18), we obtain 

.1
00 kk k

wwII −≤−
α

α
+

α
+ νν  (19) 

From (17) and (19), 

.1
000 kkk k

wwIIuu −≤−=−
α

α
+

α
+ νν  (20) 

From (5) and (15), ( ) ( )twt −ν  is estimated as the following: 

( ) ( ) ( ( ) ( ) ( ) ( )( ) ( ))tItuDtItuutftwt c ννν β−α
+

β
+

α
+ +′+′+≤− 000 0,00,  

( ( ) ( ) ( ) ( )( ) ( )) ( )thtwItuDtwItuutf c ++′+′+− β−α
+

β
+

α
+ 000 0,00,  

( ) ( ) ( ) ( ) ( )thtwItIltwItIl +−+−≤ β−α
+

β−α
+

α
+

α
+ 002001 νν  

( ) [ ].,0,21 btthewlewl
tt

∈+−+−≤
β−αα kk

k

k

k

k νν  

Therefore, 

( ) ( ) ( ) ,11
21 thewlwltwte tt k

kk
k

kk
−

β−αα
− +−+−≤− ννν  

.2121
kkkkk kkk

hwllhwllw +−
+

≤+−





 +≤−

β−αβ−αα
ννν  

Now we can easily investigate there exists 0>∗k  such that ,0: 21 >
+

=
β−α

∗k
llq  

.11
11,01 ≤
−

>−
α
∗

qq
k

 Then 

,1
1

∗∗ −
≤− kk hqwν  (21) 
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and from (20) and (21), the following inequalities hold: 

.1
11

0 ∗∗∗
≤










−

≤−
α
∗

kkk k
hhquu  (22) 

The following inequalities show us the equivalence of Chebyshev norm 
and Bielecki norm. 

[ ] [ ].,0,0 bCbC
b xxxe ≤≤−

k
k  

Then 

[ ] [ ],,00,00 bCbC
b hhuuuue ≤≤−≤−

∗∗
∗−

kk
k  

and therefore, 

[ ] [ ].,0,00 bC
b

bC heuu ∗≤− k  

From [ ] ,,0 ε≤bCh  we obtain the following result: 

[ ] .,,00
b

bC eKKuu ∗=ε≤− k   (23) 

(13) shows us the Equation (1) is Hyers-Ulam stable.  

Theorem 3.5. Let { ( ) ( )}β−α+>= /1
211 : llD kk  and { ln:2 <= bD k  

( ( )) }./1
21

kkk ll +− βα  If ,21 φ≠DD ∩  then (23) is estimated as the 

following: 

[ ] .,00 ε≤− bCuu   (24) 

Proof. ,21 φ≠DD ∩  so if we select ∗k  in ,21 DD ∩  then 01 >− q  

from the definition of ,1D  where 

.21
β−α

∗

+
=
k

llq  
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On one side, the following relations hold: 

( ( )) ∗+−< β
∗

α
∗

kkk /1
21ln llb  

( ( ))21ln llb +−<⇔ β
∗

α
∗∗ kkk  

( ( ))21ln0 llb +−+−<⇔ β
∗

α
∗∗ kkk  

( ( ))211 lle b +−<⇔ β
∗

α
∗

− ∗ kkk  

( )qe b −<⇔ α
∗

− ∗ 11 kk  

.1
11 beq

∗−
α
∗

<
−

⇔ k

k
 

From (20) and (21), 

,1
11

0 ∗
∗

∗∗
−

α
∗

≤









−

≤− k
k

kk k
hehquu b  

and due to the equivalence of Chebyshev norm and Bielecki norm, 

[ ] [ ].,00,00 bC
bb

bC
b heheuuuue ∗

∗
∗

∗
∗ −−− ≤≤−≤− k

k
k

k
k  

Therefore, we have 

[ ] [ ] [ ],,0,0,00 bCbC
bb

bC hheeuu =≤− ∗∗− kk  

and by considering [ ] ,,0 ε≤bCh  inequality (24) holds.  

Remark 3.6. In (23), K is a kind of characteristic of Hyers-Ulam 
stability. Theorem 3.5 shows us 1=K  in some strict condition. 

4. Conclusion 

In this paper, we give a criteria for the Hyers-Ulam stability of a 
nonlinear multi-term fractional differential equation on bounded 
interval by using fixed point theorem in Banach space, Chebyshev norm 
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and Bielecki norm. We think this method can be extended to the various 
differential equations. In the similar way, we can also expect the 
affirmative results on the Hyers-Ulam stability of fractional impulsive 
differential equations and fractional differential equations with              
p-Laplacian. 
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