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Abstract

The Minimum Cost Flow Problem (MCFP) is a logical and distribution problem
which is one of the classical combinatorial optimization and an NP-hard
problem. We propose a new version of a MCFP, this version is a Minimum Cost
Flow Problem on a Time-Varying and Time-Windows (MCFPTVTW). A
mathematical model of the MCFPTVTW is presented. The objective is to find an

optimal schedule to send a flow from the source vertex s to it’s the sink vertex p

satisfies a time-varying and time-windows constraint with the minimum cost of
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the arc c,(a,t,;) and a minimum waiting times at vertices c;,(v;, ty, ),

subject to the constraint that the flow must arrive at the sink vertex with time
ty; <T. Finally, an algorithm of the MCFPTVTW is presented.

1. Introduction

The minimum cost flow problem (MCFP) is a basic problem in
network flow theory with several applications, which is one of the
classical combinatorial optimization and an NP-hard problem. The MCFP
on a network has been studied extensively, see ([1, 2]). We consider

G=(V,Alb,c,,cy, [avl., by, ], s, p) be a network without parallel
arcs and loops, where Vis a set of vertices and A is a set of arcs. For each
vertex v; € V,i =1, 2, ..., n is an associated a three integer parameters,
a waiting cost c¢,(v;, t,, ), a vertex capacity I(v;,?, ) and a time-
windows [a, , b, ] For each arc a = (v;, v;,1) € A is an associated a
three integer parameters, a positive transit time b(a, ¢, ), a transit cost
¢;(a, t,, ), and a positive capacity limit /(a, ¢, ). All these parameters
are functions of the time ¢,. € [0, T'], where a,. <¢, <b, . The source
1 13 13 1
vertex s and the sink vertex p are time-windows [ag, b5], [a,, b, ]

respectively, see ([8, 9, 10, 11, 16]), the flow must arrived at a vertex

v; € V before the time b, , if it arrives before @, , it must a waiting
time a,, before treating the flow at a vertex v; € V (a waiting time

w(v;) = 0), see ([3, 4, 5, 6, 7]). The problem is to determine how given the

amount of the flow can be sent from one vertex s (the source) to another

vertex p (the sink) at the minimum cost, subject to the capacity limits on

the arcs of a network, see ([12, 13, 14, 15). Traditionally, this problem is
considered as a static one, where it is assumed that it takes zero time to
traverse any arc, and all attributes of the network, including the cost to
send a flow on the arc, and the capacity of the arc, are time invariant. A
more realistic model is to take into account the time needed to traverse an

arc. The transit times b(v;, v;,;) on the arc (v;, v;,;) e A,i1=1,2,...,n
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and time-windows [a,,, b, ], @,; <t, <b,.,t, €0, T] for each vertex

v; € V, subject to the condition that the schedule remains optimal for

any ¢, < T. The new version of the problem becomes so-called a

minimum cost flow problem on a time-varying and time-windows
(MCFPTVTW).

The remainder of this article is organized as follows, after the
introduction; in Section 2, we will introduce some important basic
concepts and definitions of a time-varying and time-windows of a shortest
dynamic f-augmenting path and a dynamic residual network. In Section
3, we presented the dynamic residual network with a time-varying and
time-windows. In Section 4, we propose, the general mathematical model
of the MCFPTVTW. In Section 5, we consider an instance without a
waiting time. In Section 6, we presented an algorithm of the
MCFPTVTW. Finally, the conclusion is given in Section 7.

2. Basic Concepts, Notations and Definitions

Let G=(V, A, Lb,c,,cy, [avi, by, ], s, p) be a network without a

parallel arcs and loops, where V is a set of vertices and A is a set of arcs.

The parameters [, b, ¢, ¢,, of the network are functions of time ¢, < T,

where t, € [0, T, a,, <t, <b,,i=12 .., n is an integer number,

[a,., b,.] is a time-windows for each vertex v; € V. More specifically,
12 l

Uvi, vis1s ty,,,) is the capacity of an arc (v;,vy)e A at time

ty.» Wvis t,,), vi € V\{s, p} is the capacity of a vertex v; during the

v

to t which 1s the maximum allowable flow

period from ¢, Vie1?

that can wait at the vertex of any time during the period

[y, by, ] B(vi, vis, B, ) is the transit time needed to send a flow
through the arc (v;, v;y;) at time ¢, , ¢, (v, vi, ¢y, ) is the cost for a

transmitting one unit of flow through the arc (v;, v;,;) at time ¢, and
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eV, ty, ) is the unit cost for keeping one unit of the flow waiting at the

vertex v; for the duration [z, , ¢, , ]. We assume that b, /, c,, and c,

Vi+l
are integers, and two particular vertices s and p are the source and the

sink vertices, respectively.

In this article, we consider n = [V|, m =|4|, and f(v;, vi 1, ¢,. ) be

Vi+l
a flow value on the arc (v, v;,1) during the period [z, , ¢, +b(v;, Vi,

)], f(vis t,,), Vv € VN s, p} is a flow value waiting at the vertex

Vit
v; during the period [¢,,, ¢, , ], a,, < ¢, <b,, and f(a, T) is the total
flow value under a schedule o, which specifies when and how to send a
flow from the source vertex s to the sink vertex p within a time-varying,
time-windows and a time limit 7", then

f(OL, T) = Z f(Ui7 P, tvi ) (1)

(Ui’p) EAvtVL' +b(uivp’tui ) < T

A minimum cost flow problem with time-varying and time-windows is to

find a feasible schedule to send a given flow v, from s to p within the

time limit 7" so as to minimize the total cost satisfy all the constraints.

A time-varying and time-windows is an essential ingredient which we
must consider in our model. Consequently, some important concepts and
procedures will have to be re-defined and re-constructed, to take into
account the existence of dynamic time. Without ambiguity, in the
following, we will assume that the length of an arc is equal to its cost,
and use interchangeably the terminologies cost and length of the shortest

path and cheapest path. Further, we denote P(s, v;) as a directed path
;v €V,

from s to v; connecting to the vertices s =vq, vy, ..., Vy;

i=1,2, ..., n, where B(v;), w(v;), and t(v;) are respectively, the arrival
time, the waiting time, and the departure time at the vertex v; with a
time ¢, , a,; <t, <b,,t, [0, T]. The path has a time ¢, if the total

time required to traverse this path is ty;, < T.
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Definition 2.1. Let G =(V, A, 1, b, ¢c;, ¢y, [ay,, b, ], 5,71) be a
network where Vis a limited set of vertices v; e V,i1=1,2,...,n and A
is a set of arcs. Each arc (v;, v;) € A has an integral numbers I, b, c,,
and c,,. The source vertex s and the sink vertex p with time-windows
las, bs], [ap, b, ], respectively. A time-window is defined by, for each

vertex v;,v; €V has time-windows [a,,b, ] and [a,,j,buj],

respectively, i = j; i, j =1, 2, ..., n, see Figure 1.
. 1BE e, v,
O > O
[-ﬂ‘l.J ,b‘.l_ ] [al'f flbrJ ]

Figure 1. A representation of time-windows of the two vertices

vi,vieVoi# i, )=4L2 .., n

Definition 2.2. The path P(s,v;) is said to be a dynamic
f-augmenting path from s to v; with time-varying and time-windows

t,, <T, a, <t, <b, ifitsatisfies

o (Vi) +0(viy, vi, (vig)) = Bv;), @)
o Blv;)+w(v;) = o(v;), 3
o Uviq, v, W(vig)) -0, 4)
o lvi,t, ,)>0, 6
for i =2,3,...,n and t(v;_1) = B(v;_1), then there is no waiting time,

ie., (w(v;_1)=0).
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Definition 2.3. Let P(s, v;) be a dynamic f-augmenting path from s

to v;, with time-varying and time-windows ¢, <T, a,, <¢, <0, , the

capacity of the path P(s, v;) is defined as Cap(P(s, v;)) = min{3;, 85},

where &; = min l(v;_q, v;, ©(v,_ and 89 = min min Wv;_
L= 9di<n (vie1> vio o(vi1)) 2 2<i<n 0<t,,, <w(v;_;) (vi-1,

B(vi-1))-
In this work, the algorithm to be developed will search, successively,

the shortest paths from the source vertex s to the sink vertex p in a
dynamic residual network and then the transmit time as much as
possible flow along the paths, also, satisfy a time-varying and time-
window constraint. In [13], we will need the network updating procedure
to keep the needed information on the current dynamic flow, which is to
be introduced below. In our network of the updating procedure, we
create, initially, a new network to replace the original one.

Definition 2.4. For every arc (v;, v;,;) € A, we create an artificial
arc, denoted by [v;,, v;]. It's a transit time b[v;,q, v;, ¢, ], a transit cost
¢;[visi, vis £, ], and the capacity [v;,q, v;, t,, ], where a,, <t, <b,

are defined as follows:

Forv, eV;i=1,2...,n

blvi, vis ty; 1= = b(vi, viy, w)if 0<t,  =u+blv,vig,u)<T,0<u<T
= o otherwise, (6)

lviesvisty, 1= = (v vig, w)if 0<t,  =u+bv, vig, u)<T,0<u<T
= o otherwise, (7)

Mvipr, vis ty, 1= 0, V(v viq) € A, 0<t, <T,a, <t, <b,. (8

Vi Vi Vi

For every vertex v; € V, we define [v;, ¢, ] as the capacity within which

a flow can be waiting at v; from time ¢, to and ¢, vy, t,, | as the

Vi-1

cost from a flow to stay at v; from time ¢, to ¢, . Initially, let
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fvi, t,,]=0and c,[viq, ¢ = Vi, by, ), Vi=1,2, ..., nmt, €[0, T]

Vi+1] =

(€)

No flow can be send along any artificial arcs in the network as defined
above since the capacities of these arcs are a set to zero. Hence, this a
new network is equivalence to the original one, and so we will still denote
it by G.

3. A Dynamic Residual Network with Time-Varying

and Time-Windows

Let P(s, p) be a dynamic f-augmenting path from s to p, and fp be
the flow value send along P(s, p) which satisfies 0 < f,, < Cap(P(s, p)).
For i=12..,n-La, <t, <b,,t, € [0, T] and [avi, bvi] is a
time-windows for each vertex v; € V \ {s, p}, then the update of the arc
capacity is given by:

o If (v;, v;,1) is not an artificial arc. Let
Wvis vier, W)+ fp = Uvi, vigr, (1)), (10)
Mvisas vis Bvist)] = fp = Hvis1s vis B(vis)]. (11)

o If (v;, v;,1) is an artificial arc. Let

Mvi, viea, tvi)l+ fp = Uvi, visg, W(v;)), (12)
Wviss vi, Bvizr)) = fp = Uvisr, vis Bving)). (13)
For i =1, 2, ..., n — 1, the update of a vertex capacity is given by:

e If the waiting time at vertex v; is positive (w(v;) = 0). Let
Wvi, )+ fp = Uvi, 8y, ), where ¢, = 1(v;), (14)

Mvi, ty; 1= fp = v, t,, ], where t,. = B(v;). (15)
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e If the waiting time at vertex v; is negative (w(v;) < 0). Let
Mvi, ty, 1+ fp = vy, t,, ], where ¢, = 1(v;), (16)
Wvi, ty,) = fp = Uvi, t, ), where ¢, = B(v;). 17)
The network generated by the network updating procedure above is said

to be a dynamic residual network of the time-varying and time-windows.

The optimization problem in the original network and in a dynamic
residual network time-windows is equivalent to the sense that there is a

one-to-one correspondence between their feasible solutions.

In the original network, we assume that all transit times

b(vi, vis, by, ) = 0. Thus, the first dynamic f-augmenting path will
only contain arcs with positive a transit times b(v;, v;,1, ty; ) > 0 and
positive waiting times w(v;, ¢,,) = 0. But in a dynamic residual network

of the time-varying and time-windows, the transit time associated with
an artificial arc is a negative number, and a flow can be stored at a vertex
for a negative waiting time. Therefore, a dynamic f-augmenting path
found in the dynamic residual network of a time-varying and time-
windows may contain some arcs with negative a transit times and

negative waiting times.

Definition 3.1. Let B(v;), t(v;) and w(v;),i =1, 2, ..., n, w(v;) < 0,

then P(s, v;) is said to be f-augmenting path from s to v;. If for

1=2..,na, <t, <b,,t, <T, then for each vertex v; e Wis, p} it
satisfies:
o wvig)+0[vig, vi, W(vig)] = Bv;), (18)
o Bli)+wlv;) = o(v;), 19)
e [v,q,v;, t(v;_1)] = 0, if (v;_1, v;) is an artificial arc, (20)

o f[viq,t;1]1>0,¢, . =Bvq), if w(v;_;) < 0, where

Vi-1

0<B;)<T,0<t(v;)<T, fori=2..,n (21)
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Definition 3.2. For a vertex v; € V \ {s} and a given time-varying

and time-windows ¢, < T, where a, <¢, <b, , the cost of a shortest
dynamic f-incrementing path from s to v; with time Ly, is said to be
infinity if:
e there is no path from s to v;, or
e all paths from s to v; either have times greater than ¢, or a violate
of some other constraints and thus the infeasible.
4. A Mathematical Model of the MCFPTVTW

e The general mathematical model of the problem is given by:

min Z Z cr(vi7 Vitls tvi )f(Vi, Vitls tvi )
(visviy1)edt,, <T,a,, <t,, < b,

* Z Z cw(Vis 8y, )f(vi, 8y,), (22)

vieVt,, <T,ay, <t,; <b,,

subject to:
Z f(S, Vi, tui ) = Z Z f(vi> o8 tvi )’
(s,vi)eAt,, <T (visp)eAlty; ty; + b(v;,p.ty; ) < T}

Vv, eV, ¢, € [0, T'], (23)

f(vi, vigs t),) + f(visas t,, )

(VivViJrl)EAvtl'/i + b(viv Vi+l» t{/i ) = tui

= Z f(UiJrl’ Vi, tui+1 )’
(vis1,vi)ed

Vi, vigg € V\ {s, p}, ty, € [0, T'], a, <t, <b,,i=12 ..,n, (24)
0< f(Vi, Vitls tv”l ) = l(vi7 Vitls tU”l )7

V(vi,vis) e Aty €[0,T], @, <t <b,,i=12 .., n, (25)
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0<f(vi, t,,) <Uvi, b, Vv eVt €0, T], @, <t, <b,,i=12,..,n

(26)

Equation (22) is the objective function that minimizes the total cost.
Equation (23) is the flow value departure from the source s and arrival to

the sink p with time t,, < T. Equation (24) is flow conservation.

Equations (25) and (26) are the capacity constraints on arcs and vertices,
respectively. All constraints are satisfies the time-varying and time-

windows conditions.
5. An Instance without a Waiting Time

Consider G =(V, A, [, b, c,, ¢, [avl., by, ], s, p) be a network of a

time-varying and time-windows with nonzero transit times, arbitrary
costs, and no negative cycles. We will develop an algorithm to find a

shortest dynamic f-augmenting path from s to p with time at most
t,, <T, where no waiting time (w(v;) =0), Vv; e V\{s,p}, i =1, 2,
.., n 1s permitted at any vertex. We will develop a procedure, called a

shortest dynamic f-augmenting path of time-varying and time-windows
searching process for the zero waiting time, which contains two different

searching operations:
e the first is a forward searching,
e the second is a backward searching.

Both operations are designed by using the dynamic programming
method, and the forward searching is to deal with positive transit times
while backward searching will deal with negative transit times. The
procedure will be solve the following sub-problem, where a transit times
and a costs can be negative, and a negative cycle is defined as such a

cycle that one can traverse at a time ¢,, and return to the original place
at the same time ¢, , where ¢, €[0,T], a,, <t, <b,,i=12..,n

with the total cost being negative.
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Definition 5.1. Let P(s, v;) be a dynamic f-augmenting path with a
time-varying and time-windows from s to ¢, <7, a, <t, <b,. A
section P(v;, v;),1<i<j<n is defined as a sub-path of P(s, v;),
where all the transit times have the same sign. A section of P(s, v;) is
said to be positive (or negative) if its transit times are all positive (or

negative).

Remark. A dynamic f-augmenting path with a time-varying and
time-windows consists of the several positive and negative sections
alternatively. The number of these sections is said to be the alternating

number of P(s, v;).

Definition 5.2. Let d(v;, t,, ) is the length of a shortest dynamic

f-augmenting path with a time-varying and time-windows from the

source vertex s to the vertex v; of time exactly ¢, <7, with the

alternating number at most k.

Since there are no negative cycles in G, it is clear that a shortest
dynamic faugmenting path P cannot contain more than n vertices and

each vertex cannot be visited more than once at any time ¢, , ¢, € [0, T'],

a,, <t, < bUi; i =1, 2, ..., n. Therefore, P cannot contain more than nT

Vi
sections. In the other words, d,(v;, ty, )k is the length of the shortest

dynamic f-augmenting path with a time-varying and time-windows from

s to v; of time exactly ¢,., when k > nT.

We now describe the procedure to solve the sub-problem, in which A"

and A~ denote the set of all positive and negative arcs, respectively, where
a positive (negative) arc means an arc with positive (negative) transit

time.



12 NASSER A. EL-SHERBENY

In the following sections, we will present an algorithm of the
MCFPTVTW; our algorithms satisfy the time-varying and time-windows

constraint of the network problem without a waiting time.
6. An Algorithm of the MCFPTVTW

(i) The first algorithm:

Begin

Initialize: d (s, 0)° = 0, d,(s, t, Y =, t, <T,

Vi
d(Vis1s by, )" =0, Vg e VN {shit, < T, a, <t, <b,,i=0,1,..,1m

Sort all values u + b(v;, vj41, u) for ue[l, T] and for all arcs
(vis visn) € AT

Sort all values u + b[v;, v;,1, u] for u € [0, T —1] and for all arcs
[v;, vis1]le A7 0= 0;

Do

1=1+1;
Forall v,y e V,t, €0, T]do d (v, b, ) =d (v, b, )7
Case 1:iis an odd number:

For1<t, <T do

For every v;,; € V \ {s} do forward searching operation:

i i .
dz(yi+1’ tvi+1) = mln{dz(yi+1’ tvi+1) ’ min +
ivivis )eA™ )

min du~,ui+c Vi, Vii1, U)f};
{u:u+b(ui,ui+1,u)=tw/\l(vi,vi+l,u)>0}{ 2(vi> 1) r(vi> vis, )i}
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Case 2: 1 1s an even number:

For t, [T -1,0] do
For every v;,; € V \ {p} do backward searching operation:

dZ(Ui+l’ tUiJrl )l = min{dz(”i-%—b tvl‘+1 )L7 min B
{vi:(vi,vip)eA™}

1 d,(v; : + Ve ;
{wu+b[vi,v; 1, u]ril}flr,liAl[ui,uiH, u]>0}{ Z(U“ u) Cr[yl’ Vitls u]}}’

While there exists at least one d,(v;,1, ¢, , ¥ % d,(v;,q, ty, . ¥l
* _ . i,
Let d(p) = OSI}EI%T d.(p. tui) ;

End

Theorem 6.1. d.(p) is the length of a shortest dynamic f-augmenting
path with a time-varying and time-windows from s to p at most

T t, <T, a, <t, <b, when the above algorithm with no waiting

time is terminated.

Proof. Foreach v; € V. t,, < T, a,, <t, <b,, then d,(v;yy, ¢, )
obtained by the above algorithm which is the length of the shortest
dynamic f-augmenting path from s to v;,; of a time-varying and time-
windows exactly by with the alternating number at most i+1.
Furthermore, any shortest path must contain a positive section as it’s the
first section since there are no negative arcs (s, v;;,;)€ A~ in the

original network G or any residual networks. So, we only need to consider

the paths whose first sections are positive.
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The proof is carried out by double inductions on i, ty; - Consider
i = 1. Use the second induction on time ¢, <7, a, <t, <b,. When
ty, = 0, since i =1 is an odd number, no positive dynamic path
P(s, viy1) of the time exactly ¢, exists in G except when v;,; =s. We

know that the length of the shortest dynamic path P(s, s) of time 0 is 0.

In the initialization of the above algorithm, we have d,(v;,;, 0)° = oo,

viy1 € V\ {s! and d,(s, O)' = 0; hence the claim holds.

Assume that ¢, ~ 0 and, for all values ¢, <¢,, d (v, ¢y, Y is

’
Vi+l

the length of a shortest dynamic path P(s, v;,;) of time exactly ¢

with the alternating number at most 1 for all vertices v;,1.

Consider a vertex v;.;. First we prove that there exists a path of

time exactly ty; < T with the alternating number 1 and with length
d(viasty,,, ) = o, there is nothing to prove. So assume d,(v;,1, ty )
is finite. Then by the forward searching operation, d,(v;,;, ty; ) comes

from d,(v;, u)' + ¢, (v;, v;4q1, u) for some v; such that (v;, v;,;)e A"

and some u such that u + b(v;, v;,, u) =t By the induction on ¢

Vi1 Vitl?

we know that there is a path P' = (s = vy, ..., v,,_; = v;) of time exactly
u with the alternating number at most 1 and with the length d,(v;, u)'.
Then, we extend the path with the vertex v;,;, obtaining a path

P(s, vii1). The time of P(s, v;,;) is exactly a <t <b and

Vi+l Vit+l Vil

the length is d,(v;, )t + ¢, (v;, visy, u) = dy(viag, ty, ). This is what

we want to obtain.
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We now proof that d,(v;,, t ! is the length of the shortest path

Vi+l )
from s to v;,; of time exactly ¢, < T. Let P =(s=vy, ..., v, = Vjy)
be the shortest path of the time-varying and time-windows exactly ty;

with the alternating number at most 1. If P is an empty path, then v;,; = s

and the time of P is zero. Then the value d,(s, 0)' = 0 is correct.

Let the path is not empty. Let v; be the predecessor of v;,; on this
path. Let u be the time of the sub-path P(s, v;), and let y(v;) be the

length of P(s,v;). By definition, ¢, = =u+0b(v;, vy, u). Since

+1
u < t,., by the induction on ¢, , y(v;) 2 d.(v;, u)'. By the calculation

formula, P is a path of shortest possible length and of the time exactly

ty,; < T, since there is exist a path of time exactly by, that achieves the

length d, (v, ¢, , )', as we showed above. This completes the proof for

time ¢, on i = 1.

Assume that for i < &k, the claim is true. Now consider i = k. We
discuss two cases in which 7 are an odd number and an even number,
respectively. Suppose ¢ is an odd number. Consider ¢, = 0. Since no
negative cycles in G, the length of the shortest dynamic path P(s, s) of

time exactly 0 with the alternating number at most i is 0. For the vertex

vi,1 # 8, since no flow can depart from v;,; at time 0, no residual

network can contain a negative arcs which allow a flow to reach a vertex

v;,1 from any other vertex v; at time 0. This means that, there is no a

dynamic path P(s, v;,;) of time exactly 0. On the other hand, in the
above algorithm, we let d,(v;,;, 0) =d,(v;.1, 0) ! at first. By the
induction on i we know d,(v;.;, 0)"" = o and by the formula of the
forward searching operation, d,(v;,, O)i are unchanged. Thus

dz(”i-%—b O)i = +oo.
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Assume the claim holds for ¢, <, . Now, consider the case at the
time ty, < T. One can see that there exists a path of time exactly ty,
with the alternating number at most ¢ and with the length

d.(vias ty,,, ). We now prove that d_(v;,;,t, ) is the length of the

Vi+1
shortest path from s to v;,; of the time exactly ¢,, . Let P = (s =vq,
.., VU, =vj;1) be a shortest path of the time exactly t,;,, with the

alternating number at most i. If P is an empty path, then v;,; =s and

the time of P is 0. The value d,(s, 0)° = 0 is correct.

Assume that P is not empty. Let v; be the predecessor of v; ; on this
path. Let u be the time of the sub-path P(s, v;), and let y(v;) be the

length of P(s,v;). By definition, ¢, .

=u+b(vj, viy1, u). By the
induction, since w < t,., w(v;) > d.(v;, u)'. By the definition, P(s, v;,;)
is a path of the shortest possible length and of the time exactly by S T,
and since there exists a path of time exactly ¢,,  ~ that achieves the
length d, (v, ¢y, , )i. In the following, v € V represents of given a flow
value to be sent from the source s to the sink p, and let f; the maximal
flow value which can be send along the j-th f~augmenting path with the

time-varying and time windows P;(s, p).

e The first algorithm can be implemented in O(nmT?) time.

(ii) The second algorithm:

Begin

<|
Il
L

For j=1,2,...,n do

Call the first algorithm;
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If d.(p) <o then call the algorithm UP-NET; (there is an
f-augmenting path Pj(s, p) with the time-varying and time-windows of

the flow value f; = Cap(P;(s, p)); so update the network)

Else stop; (no feasible solution to send all v units of the flow from s

to p within the time ¢,, < T, a,, <t,, <b,, ).
Vi=Uv+ fj;

If v > v then stop;

End

Theorem 6.2. The second algorithm solves optimally the minimum
cost flow problem with the time-varying and time-windows with no

waiting times (w(v;) = 0) at each vertex v; € V \ {s, p}.

Proof. It will suffice for us to prove that neither the original network
G nor each the dynamic residual network contains any negative cycle.
This will guarantee that the first algorithm can be applied correctly. For

convenience, we denote the original network G by G, and the residual

network generated after the j-th iteration by G;

- Suppose that G]-

contains a negative cycles with the minimum subscript, and the cycle
C = (vg, Vi, ---» V], Vpy» V1, ---» V1, Vo) 1S One among these a negative

cycles with the minimal length. We represent the shortest f-augmenting

path Pj(s, p) = (s, ..., Vo, V1, ..., Vy, ..., p) found in the j-th iteration.
The path P' = (v,, v,_1, ..., V,) is generated after the j-th iteration.
The path P(vg, v;) exists before the j-th iteration. Note that if we ignore
the direction, P and P’ become the same, which we denote as P. We

claim that P;(s, p) can only have one common sub-path P with C.

We prove the claim as follows; If P;(s, p) has at least two common
sub-paths with C, then there must exist a cycle C' = (v;, ..., Vps «ees Vies

s Vg wees v;), since C' exists in Gj_l, it must have a positive length,
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e, W(C)=w(vi, ..., vps ooy Vi) WV, oo, Vg, oy v;) 2 00 I w(CY) - 0,
we have —y(v;, ..., vp, ..., g ) < W(vg, ..., Vg, ..., v;). Then, a replacing
P(vg, ..., vg, .oy Vi) by P(vg, ..., vp, ..., v;) in C will be create a new
cycle, and the length of this new cycle will be less than y(C). However,
we have assumed that C is the minimal one among all negative cycles.

Thus we must have y(C') =0, ie., —y(v;, ..., vp, ..., i) = W(vy, ...

Vg o> Vi). Then, we can use P(v, ..., vp, ..., v;) to replace P(vy, ...

q7

>

Vgs - v;) in C to eliminate cycle C' and combine two the common sub-

paths into one. Following this operation, we can eliminate all other cycles

and make P;(s, p) have only one common sub-path with C.

Now, we consider C = (vg, Vi, ..., V], Vp,, Vp_1, V1, Vg ), W(C) = 0, we
have —y(v,, v,_1, ..., vo) > w(vg, V1, ..., v,,). On the other hand, we
know  w(vg, Vi, o5 V) = —W(Vys Vit -5 Vo), thus  w(vg, vy, ...,

vp) > w(vg, vi, ..., v, ). Noting that P;(s, p) is the shortest path from s
to p in G;_; and P(vg, vy, ..., v, ), P(vg, vi, ..., v,) existin G;_;, we
can use P(vg, vy, ..., v,) to replace P(vg,vq,...,v,) in Pj(s, p) to
obtain another path, P'(s, p), with the property that y(P’') < w(P). This

is a contradiction. Therefore, G; can not contain any negative cycles.

e The second algorithm can be implemented in O(anT2 ) time.

7. Conclusion

We consider the minimum cost flow problem on a time-varying and
time-windows (MCFPTVTW) which is a new version of the minimum cost
flow problem (MCFP). The objective is to find an optimal schedule to send
a flow from the source vertex to the sink vertex with the time-varying
and time-windows subject to the constraint that the flow must arrive at
the sink vertex before a deadline 7. We propose a mathematical model of
the MCFPTVTW. We give an instance without a waiting time. Finally, an
algorithm of the MCFPTVTW is presented.
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