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Abstract

Radial size of two-step sinusoidal movable tooth drive is small, especially
suitable for robot arm and other technical fields requiring compacting. However,
as the size of the drive decreases, the lubrication state of the meshing pair
becomes worse and should be improved. In this paper, the minimum oil film
thickness of the elastic hydrodynamic lubrication for the drive system is
investigated by determining the suction velocity of the moving pair, the radius
of curvature and the load per unit length. The influence of the drive parameters
on the minimum oil film thickness is analyzed. Results show that the minimum
oil film thickness of the drive system can be increased by increasing the
eccentric distance of the eccentric wheel, center distance between the movable
tooth and the eccentric wheel, and radius of the movable tooth. The good
lubrication state can be achieved by using proper tooth surface processing
technology.
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1. Introduction

Mechanical drive technology i1s an important symbol of the
development of mechanical equipment. The movable tooth drive has a
novel structure, high speed ratio and high efficiency. It can be widely
used 1n aerospace, petroleum and precision instruments and other
technical fields [1, 2].

In 80-90’s of the 20th century, reducer without teeth and novel
differential gear reducer system were proposed [3, 4]. Since the
beginning of the 21st century, the research on movable tooth drives has
been increasing. In 2009-2010, Terada and Imase [5, 6] proposed a two-
step ball tooth drive and calculated its profile. In 2013, Han [7] designed
the electric roller based on movable tooth drive, which extended the
service life of the electric roller. In 2014, Kong [8] developed a precise
cycloidal movable tooth drive reducer suitable for heavy duty industrial
robot. In 2015, Wang and Chang [9] investigated tooth profile of swing
movable teeth transmission and analyzed meshing curve of the
transmission. In 2015-2016, Liang and Xu [10, 11] put forward
electromagnetic harmonic movable tooth drive system. In 2003-2017,
Liang et al. [12, 13] established the dynamic model of swing movable
tooth drive and completed its modal analysis and investigation of the
thermo-elastic coupling deformation of tooth surface. In 2017, Li et al.
[14] investigated chaotic vibration of drive system for a movable tooth
piezoelectric motor. A new two-stage sinusoidal movable tooth
transmission was presented in 2017. Its remarkable advantages are large
speed ratio, small volume, and especially suitable for compact structure
situations such as robot and oil drilling [15]. Forces and stress in the
novel two-step movable tooth drive were analyzed [16]. However, the
reduction of drive size also reduces the area of heat dissipation, resulting
in high temperature rise when lubrication is poor. Therefore, it is
necessary to study the elasto-hydrodynamic lubrication of two-stage

sinusoidal movable tooth drive.
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In this paper, the basic principle of a two-stage sinusoidal movable
tooth drive is introduced. Equations of the suction velocity of the moving
pair, the radius of curvature and the load per unit length for the drive
are deduced. Based on it, the equation of the minimum oil film thickness
of the elastic hydrodynamic lubrication for the drive system is
determined. Using the equation, the minimum oil film thickness of the
elastic hydrodynamic lubrication for the drives system is investigated
and the effects of the drive parameters on the minimum oil film thickness
are analyzed. The research results can be used to design lubrication state

of the two-stage sinusoidal movable tooth drive.

2. Basic Principle of Two-Stage Sinusoidal
Movable Tooth Drive

The two stage sinusoidal movable tooth drive combines the space
movable tooth drive with the plane movable tooth drive, and reduces the
axial dimension while realizing a large speed ratio. Structure of two-
stage sinusoidal movable teeth drive, as shown in Figure 1, consists of a
input shaft, a guide frame, a shell, a movable tooth carrier, a central
wheel and two teams of the movable teeth. The motor inputs the power to
the input shaft, which rotates at a uniform speed, moves the movable
teeth under the push of a single cycle closed slot. This is constrained by
the multi-period closed slot on the shell, and moves around the common
axis of the input shaft and the shell at equal speed. The eccentric wheel
on the guide frame serves as the output of the first stage and the input of
the second stage, which effectively connects the two stages of drives.
When the eccentric wheel rotates at a uniform speed, the single cycle
closed slot on the eccentric wheel drives the movable teeth to move along
the multi-period closed slot on the central wheel, while the movable tooth
inversely pushes the movable tooth carrier to rotate at a uniform speed,

thus completing the rotational speed transformation.
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Figure 1. Two-step sine movable tooth drive.

3. Minimum Oil Film Thickness in EHL

The meshing process between the movable teeth and the inner or
outer sinusoidal raceways is very complicated in the two-step sinusoidal
movable tooth drive, because the direction and values of the entrainment
velocity at different meshing points change. So, the oil film thickness is
very uneven. In addition, the oil film thickness will become smaller when
the viscosity of lubricating oil decreases due to friction temperature rise.
The two-step sinusoidal movable tooth drive is a reducer system. The
first stage is a space movable tooth drive, and the second stage is a plane
movable tooth drive. The moving pair of the second stage drive has a
smaller entrainment speed and a thinner oil film. That is, the lubrication
state of the second stage movable tooth drive determines the whole
lubrication state of the drive system. The important sign of the
lubricating state of the lubricating parts is the oil film thickness.
Therefore, this paper only studies the minimum oil film thickness in the

second stage drive.

For gear and rolling bearing, point or line contact occurs so contact
pressure is quite high. It will increase the viscosity of lubricant, and high
pressure will cause elastic deformation of the contact elements. This

lubrication problem, which takes into account the influence of elastic
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deformation and pressure-viscosity variation on hydrodynamic lubrication,
is called elasto-hydrodynamic lubrication [17-19]. The minimum oil film

thickness is calculated by Dowson-Higginson formula [19]:

0.54 0.7 » 0.43
a "y -U)"'Rg
7/0.03 013

H ., =265 , 1)

where H,;,is the minimum oil film thickness; o is pressure viscosity
coefficient; ng is dynamic viscosity of lubricant under normal pressure; U

is entrainment velocity; E' is effective elastic modulus; Wis load per unit

length; and Ryg is effective curvature radius.

In the second stage of sinusoidal movable tooth drive, there are three
basic parts: the guide frame (eccentric wheel, H), the movable tooth

carrier (G), and the center wheel (K).

Their angular velocities are g, 3, and ®p, respectively
(counterclockwise), in which the center wheel is fixed, so g = 0. An
additional angular velocity (-w3) is now added to the whole movable

tooth drive. According to the principle of relative motion, there is no
influence on the relative motion between any two components in the
movable tooth drive. In this case, the movement state of each component
becomes: the eccentric wheel rotates counterclockwise at the angular

velocity of (wg — w3), the movable tooth carrier is fixed, and the center

wheel rotates clockwise at the angular velocity of ws.

Zz +Z4

The speed ratio of the second stage drive is iy = 7
2

>

_ oy S,
®, T
here Z, is period number of tooth slot on eccentric wheel, Z, is period

number of the tooth slot on central wheel. Then, the angular velocity of

the movable tooth around its axis is

®9S,
= — 2
(Dm in ’ ( )



66 LIZHONG XU and PEINI YAO

where S, is theoretical tooth profile of central wheel, S, = acos Z,0pg

+ \/b2 - a? sin® Z403;
@3 is rotation angle of the movable tooth carrier; and r is radius of the
movable tooth.
The motion velocity of the movable tooth is
Vi = @p - T 3

The motion velocity of the eccentric wheel is

Vy = (09 — 03) Rp, 4)
where R, is radius of the eccentric wheel.

The motion velocity of the central wheel is
Vk = - o03-S,. (5)

Thus, entrainment velocities between the movable tooth and

eccentric wheel, movable tooth carrier, or central wheel are

1 1| w9S
U, :E(Vm +VH)=§[ ?20 +(032_0)3)RP}
_l _l(’)ZSc
U2_2Vm_2 L'2 (6)
1 1 (S
Us =§(Vm+VK)=§( f . +(D3Sc)
2

The curvature radius of a point on a surface is the radius of a close
circle of that point. The movable tooth is a sphere, and the close circle of

each point is itself, so its radius of curvature is its own radius.

The sinusoidal raceway with different periods is processed on the
eccentric wheel and the central wheel. The section of the raceway is
circular, so the curvature radius of the raceway is the raceway radius.
The tooth surface of the movable tooth and the sinusoidal raceway are

two conjugate surfaces, and the two conjugate surfaces can be considered
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as internal meshing. In summary, the effective radius of curvature can be

obtained from the induced normal curvature. It is

1

kV
k, =k -k’

Rg =

: (7

where & is curvature of the movable tooth, k =1/r; k' is curvature of

the tooth slot.

The track curve of sinusoidal raceway on eccentric wheel is as

follows:
x = r'cost,
8)
y = r'sint.
From Equation (8), curvature k' of the tooth slot can be obtained
.l - i
(62 + 57
The load per unit length between the meshing pair is
F@
W, = zl ,(n=1,238), (10)

where Frg‘?) is normal force applied to movable tooth and L is length of

the contact line
L=r sin(g - yj, 11)
where y = arcsin(% sin Z 4@3); A is the wave coefficient

Forces on the second stage movable tooth drive are shown in Figure
2. From Figure 2, the angle a can be calculated as

dy' {_ Z4 sin Z @3 cos g + \/7\2 — sin? Z 4¢3 sin @g (12)

a = P arctan
X Zy sin Z4 @3 sin @3 — \/7»2 — sin? Z 43 COS Pg
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(a) forces on tooth in horizontal plane

Fsi

(b) relation of three forces
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(c) forces on tooth in vertical plane
Figure 2. Forces in the second step drive.

Three forces are subjected to the movable tooth, which includes force

from eccentric wheel (Fj;), force from the movable tooth frame (Fy;),

and the force from central wheel (F i ). From Figure 2(b), it is known

P Fi (3
sin(o — @g; +7)  sin(B + ¢g;)

Substituting o and y into (13), yields
Fy = (‘% sin Z4(p3ij . Fj. (14)

In a same manner, it is given as well

1 2 .2 2
Fg = (x\/(Z —1)sm Z403; + X )Fji. (15)
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Under the torque, the elastic contact deformation between the
movable tooth and the eccentric wheel occurs. It changes in a sinusoidal
function.

The relationship between the elastic deformation ¢; at any position

and the maximum elastic deformation ¢ is:

_ &

" (cos Zy0g; + \/}\.2 — sin? Z403; j sin Z40g;. (16)

€j

From Hooke law, the relationship between the force F ;i at any

position and the maximum force F; 1s

F] 9 .9 .
F;; = T(COS Z493; +\/k —sin Z4(p3i)sm Z403;, am

where

F, ==, (18)

n
Z; = Zsin2 Z4(p3i(cos Z403; + \/k2 — sin? Z4(p3i)
k=0

. [a(cos Z403; + \/7? — sin? Z4(p3i) - r}. (19)

Substituting Equation (17) into (14) and (15) yields

T R :
Fj; = Z (cosZ4(p3i+\/k —sin Z4(p3ijs1nZ4(p3i

T,i 9 . 9 . 9
F, = nthz (cosZ4(p3i +\/k — sin Z4(p3ijs1n Z403;

(20)

ng = Tg—tk(cos Z403; + \/kz — sin? Z4‘P3i}

- sin Z,¢s3; \/(Z% - 1)sin2 Z405; + W2




ELASTIC HYDRODYNAMIC LUBRICATION OF ... 71

Forces on tooth in vertical plane are shown in Figure 2(c). From
Figure 2(c), it is given

. 1 oaq
s1n6—§(1—5). (21)

Thus, the forces on the movable tooth can be obtained

9 T\ 2 . 9 .

Fl(i ) = Zt’;—ine(cos Z403; + \/7\. —sin Z4(p3ijsm Z40s3;
T,

F2) :M(COSZ 0g; + 12 —sin? Z,0 .)sinZZ 03

2 Zt 4%¥3i \/ 4%¥3i 4%¥3i (22)

2 Toqn 2 .9 .
F?Ei) = Zt’;—ine(cos Z49s3; + \/k — sin Z4(p3ijs1n Z403;

: \/(Z:% - l)sin2 Zy9g; + 22

Substituting Equation (22) into (10), the load per unit length between

the meshing pair can be given

T 1A : i
W, = nl (COS Zyo3; + \/7»2 — sin® Z4p3; ) sin Z4@s;
Z;rsin 0 sin(g - y)
T qi ; i
Wy = #ﬁ(cos Z403; + \/7»2 — sin® Z4p3; J sin® Z,4 03
Zyr sin(g - Yj - 23

Toah

Ws =

(COS Z4(P3i + \/7\‘2 - sinz Z4(p3ij
Z;rsin 0 sin(g - y)

-sin Z4¢3; - \/(Z:% - l)sin2 Zy93; + 2

where Wy, W;, and W5 are loads per unit length between the movable
tooth and eccentric wheel, movable tooth frame, or central wheel,
respectively. Substituting Equations (6), (7), and (23) into (1), the
minimum oil film thickness between the movable tooth and eccentric
wheel, movable tooth frame, or central wheel can be determined.

4. Results and Discussion

Using above equations, the minimum oil film thickness at different
positions of the drive system is simulated. Table 1 gives parameter
values example drive system. The torque is 140N - mm, input speed is
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n = 2800r/min. For the simulation, the mechanical lubricating oil grade
22 # is used and its main parameters are: o = 2.1x10 °m? /N and

No = 20 x 1073Pa - s. Figure 3 gives the overall technical route diagram

of the methodology. Figure 4 gives the minimum oil film thickness at

different positions of the drive system. It shows

Table 1. Parameter values of the drive system

rmm)  F(mm) Rmm)  Amm) 2z, Zz a@mm) bmm) z, 2z,

2.5 2.7 1.8 14.5 1 6 1.8 18.5 1 6

input lubricating
oil parameters

input system
parar neters

synthetic roughness of entrainment velocity synthetic working load per unit
two surfaces of motion pair curvature length
the minimum oil film
thickness

the film thickness
ratio

i output ;
[ end )

Figure 3. Overall technical route diagram of the methodology.
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Figure 4. Minimum oil film thickness at different positions.

In the drive system, the minimum oil film thickness H,;,; between

the movable tooth and the eccentric wheel at the meshing contact point is

about 0.1146-0.1915um, and the minimum oil film thickness H ;9

between the movable tooth and the movable tooth carrier at the meshing
contact point is about 0.039-0.1049um. The minimum oil film thickness

H . in3 between the movable tooth and the central wheel at the contact

point is about 0.0524-0.1000um.

Film thickness H,;,; 1is the largest among the three oil film
thickness. Film thickness H;,s is larger than H, ;3. It is because

entrainment velocities between the movable tooth and the eccentric
wheel, the movable tooth carrier or central wheel has the following

relation: Uy > Ug > Us.
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The minimum oil film thickness is distributed periodically with
rotation angle of the input shaft and the angle period is 49n /6, which
depends on the period of the entrainment velocity of the meshing pairs.
Here, periodic peaks of the oil film thickness occur because forces
between mesh elements are distributed periodically. The film thickness

peaks correspond to small forces between mesh elements.

In order to effectively optimize the two-stage sinusoidal movable
tooth drive, the effects of drive parameter and temperature on the
minimum oil film thickness of drive system were studied (see Figure 5).
In the study, it is found that the influence trend of the drive parameters
on the minimum oil film thickness H .1, Hpne, and Hp;,s is the
same. So, only the variation of H,;,; with drive parameters was given
in Figure 5. Results show:

(1) As the eccentric distance a of the eccentric wheel, the center

distance b between movable teeth and input shaft, and the radius r of the

movable teeth are increased, the minimum oil film thickness H .1,
H_;n9, and H, ;3 are increased.

(2) The eccentric distance a of the eccentric wheel has the greatest
influence on the minimum oil film thickness H,;,; between the movable

teeth and the eccentric wheel. The effect of eccentric distance a on the

minimum oil film thickness H,;,3 between movable teeth and central
wheel is larger than H,;,o between movable teeth and movable tooth

carrier.

(3) The center distance b between the movable tooth and the input

shaft has the greatest effect on the minimum oil film thickness H, ;.3

between the movable tooth and the central wheel. The effect of center

distance b on the minimum oil film thickness H,;,9 between movable
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teeth and movable tooth frame is larger than H,;,3 between movable

teeth and central wheel.

(4) The radius r of the movable tooth has the greatest influence on

the minimum oil film thickness H,;,; between the movable teeth and

the eccentric wheel. The effect of radius r on the minimum oil film

thickness H,,; o between movable teeth and movable tooth carrier is

larger than H,;,3 between movable teeth and central wheel.

(6) Among three drive parameters, eccentric distance a of the
eccentric wheel has the greatest influence on the minimum oil film
thickness for the drive system. The effect of radius r on the minimum oil
film thickness of the drive system is larger than that of the center

distance b.

(6) The minimum oil film thickness between meshing pairs decreases
significantly with increasing temperature. The minimum oil film
thickness at 55°C is only about 1/3 at 25°C and 1/2 at 40°C. This is
because the decrease in the viscosity of lubricating oil due to the rise in

temperature. The viscosity of mechanical lubricating oil grade 22 # at 25°C,
40°C, and 55°C is 43x1072Pa-s, 20x102Pa-s, and 7.5x10°Pa s,

respectively.
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Figure 5. Effects of the drive parameters on H ;1.
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Let the root-mean-square values of two surface roughness be o; and

og. The effective roughness of two surfaces can be calculated as
c = \,(512 + 622. Thus, film thickness ratio A can be determined as
follows:

Hin

c \/012 + 022

The surface roughness of the movable teeth and sinusoidal raceways

can reach 0.20um after grinding, and the effective roughness of the two
surfaces is calculated to be about 0.40um. The above equation is used to
calculate film thickness ratio A of the drive system (see Figure 6).
Results show that film thickness ratio A of the drive system changes
periodically with the rotation angle of the input shaft as well. However,
the film thickness ratio A is smaller than 1 which shows that fluid
lubrication state is not realized in the drive when the movable teeth and
sinusoidal raceways of the main elements are grinded.

1 1
/.,] /;2 /‘_;
0.6~
0.4~
02 L
0.'_ r =
0 98m/6 1967/6

¢p(rad)

Figure 6. Film thickness ratio.
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In order to increase the film thickness ratio, the minimum oil film
thickness can be increased or the effective roughness of the two surfaces
can be reduced. The suction speed of the moving pair is proportional to
the minimum oil film thickness, which can be increased by increasing the
rotational speed. However, the calculation shows that the film thickness
ratio can be greater than 1 only when the input shaft speed is greater

than 80000 rpm, so it is not feasible.

In order to reduce the effective roughness of two surfaces, the surface
accuracy of movable teeth and sinusoidal raceways should be improved.
The surface roughness obtained by different machining methods is

obtained by mechanical design handbook and shown in Table 2.

Table 2. Surface roughness achieved by different methods

Process methods roughness (um)

Polish Ra =0.63-0.01

Fine finish Ra =0.2-0.012
Fine polish Ra <0.01

By calculation and analysis, it can be found that after the surface of
movable teeth and sinusoidal raceways is treated by ultra-finishing, the
film thickness ratio is greater than 1, which can reach partial or full film

elastic hydrodynamic lubrication state.
5. Conclusion

(1) The eccentric distance of eccentric wheel, the center distance
between movable tooth and eccentric wheel, and the radius of movable
tooth have important influence on the minimum oil film thickness in the
two stage sinusoidal movable tooth drive. The minimum oil film
thickness can be increased effectively by increasing the eccentric
distance, the center distance and movable tooth radius. The increase of

eccentricity decreases the working load per unit length, which is
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beneficial to the thickness of oil film. The increase of the center distance
between the movable tooth and the eccentric wheel leads to the increase
of the entrainment velocity and the decrease of the working load per unit
length, both of which are beneficial to the thickness of the oil film. The
increase of the radius of the movable teeth leads to the decrease of the
working load per unit length and the increase of the curvature radius,

both of which are beneficial to the oil film.

(2) The lubrication state between the movable tooth carrier and the
movable tooth is the worst in the two-stage sinusoidal movable tooth
drive. It should be taken as characteristic points of lubrication design. In
order to ensure that the two-stage sinusoidal movable tooth drive is in an
ideal elastic hydrodynamic state, the machining accuracy of the meshing
pair surface can be reasonably selected and determined according to the

minimum oil film thickness.
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Nomenclature

. . Force on the movable tooth from eccentric wheel,

F; : Force on the movable tooth from the movable tooth frame;
- : Force on the movable tooth from central wheel;

F; : The maximum value of the force Fj;

F .

i - Normal force per unit length applied to movable tooth;

E' : Effective elastic modulus;



ELASTIC HYDRODYNAMIC LUBRICATION OF ... 81

H : The minimum oil film thickness;

min

H : Oil film thickness between the movable tooth and eccentric

minl
wheel,

H ;.o : Oil film thickness between the movable tooth and movable
tooth carrier;

H in3 @ Oil film thickness between the movable tooth and central

wheel;
io : Speed ratio of the second stage drive;
k, : Induced normal curvature between meshing pairs;
k : Curvature of the movable tooth;
k' : Curvature of the tooth slot;
[ : Length of the contact line;
r : Radius of the movable tooth;
r' : Radius of the tooth slot;

Rg : Effective curvature radius;

R, : Radius of the eccentric wheel;

R, : Effective radius of curvature between meshing pairs;
S, : Theoretical tooth profile of central wheel;

t : The time;
T : The temperature;
T,1 : Drive torque;

U : Entrainment velocity;
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U; : Entrainment velocity between the movable tooth and eccentric

wheel;

U, : Entrainment velocity between the movable tooth and movable

tooth carrier;

V., : Motion velocity of the movable tooth;

Vi : Motion velocity of the eccentric wheel;

Vi : Motion velocity of the central wheel;

x and y : Coordinates of the tooth slot on eccentric wheel,

W : Load per unit length,;

W; : Load per unit length between the movable tooth and eccentric

wheel;

W5 : Load per unit length between the movable tooth and movable

tooth frame;

W5 : Load per unit length between the movable tooth and central

wheel;

Zg : Period number of tooth slot on eccentric wheel;
Z, : Period number of the tooth slot on central wheel;

Z; : Coefficient related to parameters and position of the movable

tooth;

o : Angle between force F; and axis y;
o, : Pressure viscosity coefficient;
v : Angle between force Fj; and line of centers;

¢ : The maximum elastic deformation of the movable tooth;
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g; : Elastic deformation of the movable tooth at any position;
No : Dynamic viscosity of lubricant under normal pressure;
0 : Contacting half angle of the movable tooth;

A : The wave coefficient;

A, @ Film thickness ratio;

o : Effective roughness of two surfaces;

o7 and o9 : Root-mean-square values of two surface roughness in

mesh;

(1]

(2]

(3]

@9 : Rotation angle of the eccentric wheel;

¢4 : Rotation angle of the movable tooth carrier;

®9 : Angular velocity of the guide frame (eccentric wheel);
o3 : Angular velocity of the movable tooth carrier;

og : Angular velocity of the center wheel;

o, : Angular velocity of the movable tooth around its axis.
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