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Abstract 

In this paper, we mainly use the Galerkin approximation method and the iteration 
inequalities of the Maslov type index theory to study the properties of subharmonic 

solutions for the Hamiltonian systems ( ) =tz� ( )( ) ,, tztHJ∇  where ( ) ( ( ) )zztBztH ,ˆ
2
1, =  

( ) ( )tBztH ˆ,,ˆ+  is a semipositive symmetric continuous matrix and Ĥ  is unbounded. We 
prove that these Hamiltonian systems exist subharmonic solutions, and these solutions are 
pairwise geometrically distinct under certain conditions. 

Keywords: subharmonic solution, Maslov-type index, Hamiltonian 
systems. 
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1. Introduction 

In this section, we consider the subharmonic solutions of the 
Hamiltonian systems 

( ) ( )( ),, tztHJtz ∇=�   (1.1) 

where 












 −
=

0

0

n

n

I

I
J  is the symplectic matrix, nI  is the unit matrix 

of order ( )RRR ,, 22 nCHn ×∈  and ( )ztH ,∇  is the gradient of ( )ztH ,  

respect to z. Recall that a solution ( )tz  of (1.1) is called subharmonic if 

( )tz  is kT-periodic for some positive integer .k  Given an integer j and a 

kT-periodic solution z of (1.1), the phase shift zj ∗  of z is defined by 

( ) ( ) ( ).jTtztzj +=∗  

We shall say two solutions 1z  and 2z  are geometrically distinct if 

,,,21 Z∈∀∗≠∗ ljzlzj  

where Z  is the set of all integers. 

The generic form of Hamiltonian function H is given by 

( ) ( ( ) ) ( ),,ˆ,ˆ
2
1, ztHzztBztH +=  

where ( )tB̂  is a T-periodic symmetric continuous matrix and Ĥ  has 

subquadratic behaviour, and Ĥ  and B̂  satisfy the following conditions: 

(h1) There is a constant 0>M  such that ( ) MztH ≤∇ ,ˆ  for all 

[ ]Tt ,0∈  and ;2nz R∈  

(h2) ( ) +∞→ztH ,ˆ  as +∞→z  uniformly for [ ];,0 Tt ∈  

(h3) ( )tB̂  is a T-periodic symmetric continuous matrix, δ≤0ˆ
CB  for 

some ,0≥δ  and ( )tB̂  is semipositive for all [ ].,0 Tt ∈  
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We state the main result: 

Theorem 1.1. Suppose that (h1)-(h3) hold, then for each positive ,k  (1.1) 

has a nonconstant kT-periodic solution kz  such that jz  and pjz  are 

geometrically distinct for ( ( ) ( ) ) ( ( ) ( )BBinBBip TTTT ˆˆ1ˆˆ νν ++++>  

).1+− n  If all kz  are nondegenerate, then jz  and pjz  are geometrically 

distinct for .1>p  

The first result on subharmonic solutions was obtained by 
Rabinowitz in his pioneer work [17]. Since then, many new contributions 
have appeared. See, for example, [5, 6, 8, 9, 10, 11, 13] and the references 
therein. In [6], Ekeland and Hofer proved that under a strict convex 
condition and a superquadratic condition, the Hamiltonian system (1.1) 
possesses subharmonic solution kz  for each integer 1≥k  and all of these 

solutions are pairwise geometrically distinct. In [11], Liu generalized the 
result of [6] to the nonconvex case conditionally. For the subquadratic 
Hamiltonian systems, many papers, for example, [17] and the references 
therein, proved the existence of subharmonic solutions. 

2. Preliminaries 

In this section, we briefly recall the Maslov-type index theory for 
symplectic matrix paths. For the systematic statements of this index 
theory can be found in reference [13]. 

As usual, the 2n-dimensional symplectic group ( )nSp 2  is defined by 

( ) { ( ) },2 2 JJMMMnSp Tn =∈= RL  

where ( )n2RL  is the set of all real nn 22 ×  matrices, TM  is the 

transpose of matrix M. Denote by ( )n
s

2RL  the subset of ( )n2RL  

consisting of symmetric matrices. 
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In the case of linear Hamiltonian systems 

( ) ,, 2nyytJBy R∈∀=�  

where ( ( ))n
sCB 2, RR L∈  is T-periodic. Its fundamental solution  

Bγ=γ  is a symplectic path starting from identity matrix ,2nI  i.e., 

( )nB 2P∈γ=γ  with ( ) { ([ ] ( )) ( ) }.02,,02 2nInSpTCn =γ∈γ=P  

In the study of periodic solutions of Hamiltonian systems, an index 
theory for such symplectic path was introduced by Conley and Zehnder in 
[4] for nondegenerate elements in ( )n2P  with ,2≥n  the 1=n  case of 

the nondegenerate elements in ( )n2P  was introduced by Long and 

Zehnder in [15], the general case for any symplectic path in ( )n2P  was 

introduced by Long in [14] and Viterbo in [18]. We call this index theory 
the Maslov-type index theory and denote it by 

( ) ( ( ) ( )) { },2,,1,0,, 1111 nii "×∈γγ= Zνν  

where ( )γ= 11 ii  is the index part or rotation number of γ  and ( )γ= 11 νν  

is the nullity. 

The Maslov-type index of Bγ=γ  on the interval [ ]T,0  is also called 

the Maslov-type index of the matrix function B. In this case the nullity is 
defined by 

( ( ) ).kerdim 2nT IT −γ=ν  

We know that B is also a kT-periodic matrix function, thus its 

fundamental solution can be extended to the interval [ ].,0 Tk  In fact, we 

define a symplectic path [ ] ( )nSpT 2,0: →γ kk  by 

( ) ( ) ( ) ( ) .10,1for −≤≤+≤≤γ−γ=γ kk jTjtjTTjTtt j  
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We denote the corresponding Maslov-type index of kγ  on the interval 

[ ]Tk,0  by 

( ) ( ( ) ( )) ( ( ) ( )).,,, k
k

k
kkkkk γγ≡γγ= TTTTTT iii ννν  

3. Proof of Theorem 1.1 

Consider the Hamiltonian systems 

( ) ( )( )

( ) ( )





=

∇=

.0

,,

Tzz

tztHJtz�
   (3.1) 

Theorem 3.1. Suppose that (h1)-(h3) hold, then (3.1) has a nonconstant 
T-periodic solution z whose Maslov-type pair satisfies 

( ) ( ) ( ) ( ) ( ).1ˆˆ zziBBizi TTTTT νν +≤++≤  

In order to prove Theorem 3.1, we need the following arguments. Let 

( ).TZST R=  Denote ( )n
TSWE 22,21 , R=  the Sobolev space of all 

( )tz  in ( )n
TSL 22 , R  whose Fourier series 

( ) ( ) ,,2exp 2nzzTtJtz R∈π= ∑
+∞=

−∞=
kk

k

k
k  

satisfies 

.22
0

2 +∞<⋅+≡ ∑
+∞=

−∞=
k

k

k
k zTzTz E  

The inner product of E is defined by 

( ) ( ) ( ),,,, 212
0

1
021 kk

k

k
k zzTzzTzz E ∑

+∞=

−∞=

+=  

where ( ) ( ) .2,1,2exp =π= ∑
+∞=

−∞=
izTtJtz i

k

k

k
k  
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Denote the linear operator A and B̂  on E by extending the bilinear 
form 

( ) ( ) ( ) ( ) .,ˆ,ˆ,,,
00

dtvuBvuBdtvuJvAu
T

E
T

E ∫∫ =−= �  

Then A is a bounded self-adjoint linear operator and B̂  is compact self-
adjoint linear operator. Denote the eigenvalues of self-adjoint operator 

BA ˆ−  by 

.0 2112 "" ≤λ≤λ<<λ′≤λ′≤  

Let { }je′  and { }je  be eigenvectors of BA ˆ−  corresponding to jλ′  and ,jλ  

respectively. For ,0>m  set 

{ } { },,,,,, 11 mmmm eespanEeespanE ′′== −+ ""  

( ) ,,ˆker 00 EEEEBAE mmm ⊕⊕=−= −+  

let mm EEP →:  be the orthogonal projection. Then { }",1,0, ==Γ mPm  

is a Galerkin approximation frame with respect to .B̂A −  

For ,0>d  we denote by ( ) −+=∗⋅∗ ,0,,dM  the eigenspaces 

corresponding to the eigenvalues λ  belong to [ ) ( )ddd ,,, −∞+  and 

( ],, d−−∞  respectively. And denote by ( ) −+=∗⋅∗ ,0,,M  the eigenspaces 

corresponding to the eigenvalues λ  belong to ( ) { }0,,0 ∞+  and ( ),0,−∞  

respectively. For any adjoint operator Q, we denote ( ) ,1
Im

−= QQQ�  and 

we also denote ( ) m
LW

mmmm QPPQPP =  (see [11]). 
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Theorem 3.2. For any continuous T-periodic symmetric matrix function 
( )tB  with the Maslov-type index pair ( ( ) ( )),, BBi TT ν  there exists an 

00 >m  such that for ,0mm >  

( ( ) ) ( ) ( ) ( ) ( ),ˆˆdim BBiBBimPBAPM TTTTmmd νν ++−−=−+  

( ( ) ) ( ) ( ),ˆdim BiBimPBAPM TTmmd +−=−−  

( ( ) ) ( ).dim 0 BPBAPM Tmmd ν=−  

We also need the following two iteration inequalities (see [11-13]). 

Theorem 3.3. For any ,N∈k  and any continuous T-periodic symmetric 

matrix function ( )tB  with the Maslov-type index pair ( ( ),BiT  ( )),BTν  

there hold 

( ( ) ( ) ) ( ) ( ) ( ( ) ) ( ) ( ),BBnnBiBiBnnBBi TTTTTTT νννν +−−+≤≤−+−+ kk kk  

( ( ) ( ) ) ( ) ( ( ) ) ( ).BnnBiBinnBBi TTTTT kk kk νν −++≤≤−−+  

Define a function ( )R,ˆ 2 EC∈ϕ  as above, i.e., 

( ) ( ) ( )( )dttztHzAzz
T

E ,,2
1ˆ

0∫−=ϕ  

(( ) ) ( )( ) .,,ˆ,ˆ
2
1

0
EzdttztHzzBA

T
∈∀−−= ∫Ε  

Let 
mEm ϕ=ϕ ˆˆ  be the restriction of ϕ̂  on .mE  Similar to [8], we 

have the following two lemmas. 

Lemma 3.1. For every mm ϕ> ˆ,1  satisfies ( )cPS  condition for every 

,R∈c  i.e., if { } m
m Xz ⊂  satisfies ( ) 0ˆ →ϕ′ mm z  and ( ) ,ˆ czmm →ϕ  then 

{ }mz  has a convergent subsequence. 
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Lemma 3.2. ϕ̂  satisfies ( )∗cPS  condition for .R∈c  i.e., each sequence 

{ }mz  such that ( ) 0ˆ, →ϕ′∈ mm
m

m zXz  and ( ) czmm →ϕ̂  possesses a 

convergent subsequence in X. 

In order to prove Theorem 3.1, we need the following definition and 
the saddle-point theorem (see [7]). 

Definition 3.1. Let E be a 2C -Riemannian manifold and D be a closed 
subset of E. A family of subset of ( )αφ,E  is said to be a homological 

family of dimensional q with boundary D if for some nontrivial class 
( )., DEHq∈α  The family ( )αφ  is defined by 

( ) { ( ) ( )},,,:ofimagetheinis: DEHDGHiEG qq →α⊆=αφ ∗  

where ∗i  is the homomorphism induced by the immersion .: EGi →  

Theorem 3.4. For above E, D and ,α  let ( )αφ  be a homological family of 

dimension q with boundary D, suppose that ( )R,2 ECf ∈  satisfies (PS) 

condition. Define 

( )
( ).supinf xfc

GxG ∈αφ∈
=  

Suppose ( ) cxf
Dx

<
∈

sup  and f ′  is Fredholm on 

( ) { ( ) ( ) }.,0: cxfxfExfc ==′∈≡K  

Then there exists an ( )fx cK∈  such that the Morse indices ( )xm−  and 

( )xm0  of the functional f at x satisfy 

( ) ( ) ( ).0 xmxmqxm +≤≤ −−  

 

 



SUBHARMONIC SOLUTIONS OF … / IJAMML 9:1 (2018) 11-26 19

It is clear that a critical point of ϕ̂  is a solution of (3.1). For a    

critical point ( ),tzz =  we define the linearized system at z by  

( ) ( )( ) ( )., tytztHJty ′′=�  Let ( ) ( )( ),, tztHtB ′′=  then the Maslov-type index 

pair of z is defined by ( ( ) ( )) ( ( ) ( )).,, BBizzi TTTT νν =  

Proof of Theorem 3.1. We also prove this result in 3 steps. 

Step 1. The critical points of .ˆ mϕ  

Set .,0 +− =⊕= mmmm EVEEU  Then +=+= mEmUm
0dimdim  

( ) .dim,ˆ mVB mT =ν  In the following, we prove that ( )zmϕ̂  satisfies: 

(1) ( ) ( ) ;0,0ˆˆ 1 mm VBzz ∩ρ∂∈∀>β≥ϕ  

(2) ( ) ,,ˆˆˆ 11 mm Qzz ∂∈∀β<ξ<ϕ  where { [ ]} ( ( )0,0 21 rm BrrreQ ⊕∈=  

) ( ) .0,,0, 211 >ρ>∂∈ rrBVeU mm ∩∩  

First we prove (1). Take ,mVz ∈  we have that ( ) zbaztH +≤,ˆ  for 

some constants ba,  and all ,2nz R∈  then 

( ) (( ) ) ( )( )dttztHzzBAz
T

Em ,ˆ,ˆ
2
1ˆ

0∫−−=ϕ  

( )( )dttztHz
T

E ,ˆ
2 0

21 ∫−λ
≥  

( )dtzbaz
T

E +−
λ

≥ ∫0
21

2  

,ˆ
2 1

21 aTzbz EE −−
λ

≥  

where .ˆˆ 11 bab =  Choose 0>ρ  large enough such that 

,0ˆˆ
2 11

21 >β≥−ρ−ρ
λ aTb  

which are independent of m. 
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Now we prove (2). Let ,0
mUzzz ∈+= −  denote ,ˆ0 EBAM −=  

then 

( ) (( ) ( ) ) ( )dtreztHrezrezBArez
T

Em +−++−=+ϕ ∫ ,ˆ,ˆ
2
1ˆ

0
 

(( ) ) (( ) ) ( )dtreztHeeBArzzBA
T

EE +−−+−= ∫−− ,ˆ,ˆ
2,ˆ

2
1

0

2
 

( ) [ ( ) ( )] ,,ˆ,ˆ,ˆ
22

0
0

0
0

2021 dtztHreztHdtztHrMz
TT

E −+−−+
λ′

≤ ∫∫−  

while 

( ) ( ) ( ) ( ) dtztHreztHdtztHdtreztH
TTT 0
0

0
00

,ˆ,ˆ,ˆ,ˆ −+≤−+ ∫∫∫  

( ) dsdtWsWztH
T

⋅+∇≤ ∫∫ 01

00
,ˆ  

,ˆ 1
0 E
T

WMdtWM ≤≤ ∫  

where .,ˆˆ 11 rezWMaM +== −  Then 

( ) ( ) E
T

Em WMdtztHrMzrez 1
0

0
2021 ˆ,ˆ

22
ˆ +−+

λ′
≤+ϕ ∫−  

( ) .ˆˆ,ˆ
22 11

0
0

2021 rMzMdtztHrMz E
T

E ++−+
λ′

= −− ∫  

We can choose large enough ρ>21, rr  independent of m such that 

.,ˆˆˆ 11 mm Qz ∂∈∀β<ξ<ϕ  
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Step 2. Since mQ  is deformation retract of ,mE  there holds ( ,mq QH  

) ( ),, mmqm QEHQ ∂≅∂  where ( ) ,dim1ˆ1dim mTm QBmUq =++=+= ν  

and mQ∂  is the boundary of mQ  in { }.eUm R⊕  But ( )mmq QQH ∂,  

( ) .1
1 R≅≅ −
−

q
q SH  Denote by EPQi mm →:  the inclusion map. Let 

[ ] ( )DQHQ mqm ,∈=α  be a generator. Then α∗i  is nontrivial in 

( ),, mmq QEPH ∂  and ( )αφ ∗i  defined by Definition 3.1 is a homological 

family of dimension q with boundary mQD ∂=:  and ( ) mm QiQ ∂αφ∈ ∗ .  

and ( ) mVB ∩0ρ  are homologically link. By Lemma 3.1, mϕ̂  satisfies 

( )cPS  condition for .R∈c  Define 
( )

( ).ˆsupinfˆ zc m
GziGm ϕ=

∈αφ∈ ∗
 We have 

( ) ( ) .2
ˆsupˆˆˆˆsup 2

1
0

11 rMzcz m
Qz

mm
Qz mm

≤ϕ≤≤β<ξ<ϕ
∈∂∈

 

Since mE  is finite dimensional, mϕ′ˆ  is Fredholm. By Theorem 3.4, mϕ̂  

has a critical point mẑ  with critical value ,ˆmc  and Morse indices 

( )mzm ˆ−  and ( )mzm ˆ0  of mẑ  satisfy 

( ) ( ) ( ) ( ).ˆˆ1ˆˆ 0
mmTm zmzmBmzm +≤++≤ −− ν  

Since { }mĉ  is bounded, passing to a subsequence, suppose 

[ ,ˆˆˆ 1β∈→ ccm  ].2
2

1
0 rM  By ( )∗cPS  condition, passing to a subsequence, 

there exists an Ez ∈ˆ  such that 

( ) ( ) .0ˆˆ,ˆˆˆ,ˆˆ =ϕ′=ϕ→ zczzzm  

Then ẑ  is a solution of (3.1). Since zc ˆ,0ˆ >  is nonconstant. 

 

 

 



Chong Li / IJAMML 9:1 (2018) 11-26 22

Step 3. Let ( ) ( ( )) ( ) .4
1,ˆ, EBAdtztHtB �−=′′=  Since 

( ) ( ) ,0ˆas0ˆ →−→−−ϕ′′ EE zxBAx  

there exists a 03 >r  such that 

( ) ( ) ( ) { }.ˆˆ,4
1ˆ 33 rzxExzVxdBAx ErE ≤−∈=∈∀<−−ϕ′′  

Then for m large enough, there holds 

( ) ( ) ( ) .ˆ,2
1ˆ

3 mrEmmm EzVxdPBAPx ∩∈∀<−−ϕ′′  

For ( ) ( )( ) { },0\,ˆ
3 mmdmr PBAPMuEzVx −∈∀∈ −∩  from above we have 

( ( ) ) ( )( ) ( ) ( ) 2ˆ,,ˆ EEmmmEmmEm uPBAPxuuPBAPuux ⋅−−ϕ ′′+−≤ϕ ′′  

.02
1 2 <−≤ Eud  

Thus 

( ( )) ( )( ) ( ) .ˆ,dimˆdim 3 mrmmdm EzVxPBAPMxM ∩∈∀−≥ϕ′′ −−  

Similarly, we have 

( ( )) ( )( ) ( ) .ˆ,dimˆdim 3 mrmmdm EzVxPBAPMxM ∩∈∀−≥ϕ′′ ++  

By Theorem 3.2 and above inequalities, for large m, we have 

( ) ( )mT zmBm ˆ1ˆ −≥++ ν  

 ( )( )mmd PBAPM −≥ −dim  

 ( ) ( ).ˆ BiBim TT +−=  
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So we have ( ) ( ) ( ) ,1ˆˆˆ ++≤ BBizi TTT ν  and we also have 

( ) ( ) ( )mmT zmzmBm ˆˆ1ˆ 0+≤++ −ν  

( )( ) ( )( )mmdmmd PBAPMPBAPM −⊕−≤ − 0dimdim  

( ) ( ) ( ).B̂iBBim TTT −++= ν  

So we have ( ) ( ) ( ) ( ) .1ˆˆˆˆ ++≥+ BBizzi TTTT νν  Combining the above two 

inequalities, we have 

( ) ( ) ( ) ( ) ( ).ˆˆ1ˆˆˆ zziBBizi TTTTT νν +≤++≤  

 

We also use the following lemma: 

Lemma 3.3. Suppose ( )tB̂  is a T-periodic semipositive symmetric 

continuous matrix, then ( ) ( ) .ˆˆ nBBi TT ≥+ ν  

Proof of Theorem 1.1. For every positive integer ( )ztH ,,k  is a            

kT-periodic in t. By Theorem 3.1, (3.1) has a Tk -periodic solution kz  

whose Maslov-type index pair satisfies 

( ) ( ) ( ) ( ) ( ).1ˆˆ
kkk zziBBizi TTTTT νν +≤++≤   (3.2) 

If jz  and pjz  are the same geometrically, there exists integer l and m 

such that 

,pjj zmzl ∗=∗  

where ( ) ( ) ( ).lTtztzl jj +=∗  By Lemma 4.1 of [11], 

( ) ( ) ( ) ( ),, jjTjjTjjTjjT zzlzizli νν =∗=∗  

( ) ( ) ( ) ( )., pjpjTpjpjTpjpjTpjpjT zzmzizmi νν =∗=∗  



Chong Li / IJAMML 9:1 (2018) 11-26 24

Take pjj,=k  in (3.2), respectively, we have 

( ) ( ) ( ) ( ) ( ).1ˆˆ jTjjTTTpjpjT zziBBizi νν +≤++≤  

Thus by above equations, 

( ) ( ) ( ) ( )pjpjTpjpjTTT zmiziBBi ∗=≥++ 1ˆˆ ν  

( ( ) ( ) ) nnzlzlip jTjjT −−∗+∗≥ ν  

( ( ) ( ) ) nnzzip jjTjjT +−+= ν  

( ( ) ( ) ) .1ˆˆ nnBBip TT +−++≥ ν  

Since ( )tB̂  is semipositive for all [ ],,0 Tt ∈  by Lemma 3.3, 

( ) ( ) .01ˆˆ >−++ nBBi TT ν  

Hence ( ( ) ( ) ) ( ( ) ( ) ).1ˆˆ1ˆˆ +−++++≤ nBBinBBip TTTT νν  

In the case of all kz  are nondegenerate, if jz  and pjz  are the same 

geometrically, then 

( ) ( ) ( )pjpjTTT ziBBi ≥++ 1ˆˆ ν  

( ( ) ( ) ) ( )jjTjjTjjT znnzzip νν −+−+≥  

( ( ) ( ) ) .1ˆˆ nnBBip TT +−++≥ ν  

Then .1≤p   
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