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Abstract

In this paper, we mainly use the Galerkin approximation method and the iteration
inequalities of the Maslov type index theory to study the properties of subharmonic

solutions for the Hamiltonian systems 2(t) = JVH(t, z(t)), where H(¢, z) = %(E(t)z, z)

+H (¢, 2), B(t) is a semipositive symmetric continuous matrix and H is unbounded. We

prove that these Hamiltonian systems exist subharmonic solutions, and these solutions are
pairwise geometrically distinct under certain conditions.
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1. Introduction

In this section, we consider the subharmonic solutions of the

Hamiltonian systems

2(¢) = JVH(, 2(2)), (1.1)
0 -1,
where J = is the symplectic matrix, I, is the unit matrix
1, 0
of order n, H € C*(R x R?", R) and VH(t, z) is the gradient of H(t, z)
respect to z. Recall that a solution z(t) of (1.1) is called subharmonic if

z(¢) is kT-periodic for some positive integer k. Given an integer j and a

kT-periodic solution z of (1.1), the phase shift j * z of z is defined by
(*2)() = 2t + jT).
We shall say two solutions z; and z9 are geometrically distinct if
Jrz #lxz9, Vj,lel,
where Z is the set of all integers.
The generic form of Hamiltonian function H is given by

H(, z) = %(B(t)z, 2)+ H, 2),

where E(t) is a T-periodic symmetric continuous matrix and H has

subquadratic behaviour, and H and B satisfy the following conditions:

(h1) There is a constant M > 0 such that |V1':I(t, z)| < M for all

t [0, T] and z € R?";
(h2) ﬁ(t, z) - +o as |z| > +oo uniformly for ¢ € [0, T'];

(h3) B(t) is a T-periodic symmetric continuous matrix, |B|Co < & for

some 8 > 0, and B(t) is semipositive for all ¢ < [0, T].
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We state the main result:

Theorem 1.1. Suppose that (h1)-(h3) hold, then for each positive k, (1.1)

has a nonconstant kT-periodic solution z such that z; and z,; are

geometrically distinct for p > (ip(B)+vp(B)+n+1)/ (ip(B)+vyp(B)

—n+1). If all z;, are nondegenerate, then zj and z,; are geometrically

distinct for p > 1.

The first result on subharmonic solutions was obtained by
Rabinowitz in his pioneer work [17]. Since then, many new contributions
have appeared. See, for example, [5, 6, 8, 9, 10, 11, 13] and the references
therein. In [6], Ekeland and Hofer proved that under a strict convex
condition and a superquadratic condition, the Hamiltonian system (1.1)

possesses subharmonic solution z;, for each integerk > 1 and all of these

solutions are pairwise geometrically distinct. In [11], Liu generalized the
result of [6] to the nonconvex case conditionally. For the subquadratic
Hamiltonian systems, many papers, for example, [17] and the references

therein, proved the existence of subharmonic solutions.
2. Preliminaries

In this section, we briefly recall the Maslov-type index theory for
symplectic matrix paths. For the systematic statements of this index

theory can be found in reference [13].

As usual, the 2n-dimensional symplectic group Sp(2n) is defined by
Sp2n) = {M e L(RZ)MTIM = J},

where 2(R?") is the set of all real 2nx2n matrices, M is the

transpose of matrix M. Denote by £ (R2") the subset of #£(R%")

consisting of symmetric matrices.
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In the case of linear Hamiltonian systems
y = JB(t)y, VyeR™,

where B e C(R, Z(R?")) is T-periodic. Its fundamental solution
y =yg is a symplectic path starting from identity matrix Io,, i.e.,
v =vp € P(2n) with P(2n) = {y € C([0, T], Sp(2n))[v(0) = I5, }.

In the study of periodic solutions of Hamiltonian systems, an index

theory for such symplectic path was introduced by Conley and Zehnder in

[4] for nondegenerate elements in P(2n) with n > 2, the n =1 case of
the nondegenerate elements in P(2rn) was introduced by Long and
Zehnder in [15], the general case for any symplectic path in P(2n) was

introduced by Long in [14] and Viterbo in [18]. We call this index theory
the Maslov-type index theory and denote it by

(i, v1) = (G1(v), vi(y)) € Zx {0, 1, -+, 2n},
where i; = i;(y) is the index part or rotation number of y and v; = v;(y)
1s the nullity.

The Maslov-type index of y = yp on the interval [0, T'] is also called

the Maslov-type index of the matrix function B. In this case the nullity is
defined by

vp = dim ker(y(T) - I5y,,).

We know that B is also a kT-periodic matrix function, thus its
fundamental solution can be extended to the interval [0, £T']. In fact, we

define a symplectic path y* : [0, kTl > Sp(2n) by

v¥() = vt - jTWTY for jT <t <(j+1)I, 0<j<k-1
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We denote the corresponding Maslov-type index of yk on the interval

[0, kT] by

(i vir ) = (e (), vir (1) = Gar (V" ), vir (v9)).
3. Proof of Theorem 1.1

Consider the Hamiltonian systems
2(¢) = JVH(E, 2(2)),
(3.1)
2(0) = 2(T).
Theorem 3.1. Suppose that (h1)-(h3) hold, then (3.1) has a nonconstant
T-periodic solution z whose Maslov-type pair satisfies
ir(z) <ip(B)+vp(B)+1 < ip(z) + vp(2).
In order to prove Theorem 3.1, we need the following arguments. Let

Sy =R /(TZ). Denote E = WI/Q’Z(ST, R2") the Sobolev space of all

2(t) in L?(Sp, R?") whose Fourier series

k=400
2(t) = Z exp(2kntd | T)zy., z;, € R®",
k=—o0
satisfies
k=40
2 2 2
el = Theol* +T 3" - |4[* < .
k=—w
The inner product of E is defined by
k=00
(21, 22) = T(2b, 25)+ T D (2}, 27),
k=—w

k=40 )
where z() = Y exp(2kntd [ T)zj, i =1, 2.

k=-0
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Denote the linear operator A and B onE by extending the bilinear

form

T R T .
(Au, v)g = IO (- Jit, v)dt, (Bu, v)g = jo (Bu, v)dt.

Then A is a bounded self-adjoint linear operator and B is compact self-

adjoint linear operator. Denote the eigenvalues of self-adjoint operator
A-B by
e <A SA <0<y Shg £oen

Let {ej} and {e;} be eigenvectors of A — B corresponding to A and Aj,

respectively. For m > 0, set
E;, = spanie;, -+, e, }, E,, = spanfei, -+, el },
E® =ker(A-B), E,, = E}, ® E,, ® E°,
let P, : E —» E,, be the orthogonal projection. Then T = {P,,, m = 0, 1, --- }

A

is a Galerkin approximation frame with respect to A — B.
For d >0, we denote by Mj(-),*=+,0, - the eigenspaces
corresponding to the eigenvalues A belong to [d, +»), (-d, d) and

(—o0, — d], respectively. And denote by M*(:), * = +, 0, — the eigenspaces

corresponding to the eigenvalues A belong to (0, +x), {0} and (-, 0),

respectively. For any adjoint operator @, we denote @ = (@1, Q )_1, and

we also denote P"'QP™ = (P"QP™ )|W£n (see [11]).
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Theorem 3.2. For any continuous T-periodic symmetric matrix function
B(t) with the Maslov-type index pair (ip(B), vp(B)), there exists an

mq > 0 such that for m > my,

dim MJ(P,,(A - B)P,,) = m — ip(B) - vy (B) + i (B) + vp(B),
dim M3(P,,(A - B)P,,) = m — ip(B) + iy (B),
dim MJ(P,,(A - B)P,,) = vy (B).

We also need the following two iteration inequalities (see [11-13]).

Theorem 3.3. For any k € N, and any continuous T-periodic symmetric

matrix function B(t) with the Maslov-type index pair (ip(B), vy(B)),
there hold

k(ip(B) + vp(B) = n) + n—vp(B) < iyp(B) < k(ip(B) + n) = n —vyp(B) + vp(B),
k(ip(B) + vp(B)—n)—n < ip(B) < k(ip(B) + n) + n — vy (B).

Define a function ¢ € C2(E, R) as above, i.e.,

o(2) = %(Az, 2)p - .[OTH(t’ 2(t))dt

1 . T .
= 5((A - B)z, z); — -[0 H(t, 2(t))dt, Vz € E.

Let ¢, = (PlEm be the restriction of @ on E,,. Similar to [8], we

have the following two lemmas.

Lemma 3.1. For every m > 1, ¢,, satisfies (PS), condition for every

ceR, ie,if {z,,} = X™ satisfies ¢},(z,,) > 0 and ¢,,(2,,) > ¢, then

{z,,} has a convergent subsequence.
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Lemma 3.2. ¢ satisfies (PS), condition for ¢ € R. i.e., each sequence

{z,} such that z, € X", ¢y(z,,) > 0 and ¢,,(z,,) — ¢ possesses a

convergent subsequence in X.

In order to prove Theorem 3.1, we need the following definition and
the saddle-point theorem (see [7]).

Definition 3.1. Let E be a C2-Riemannian manifold and D be a closed

subset of E. A family of subset of E, ¢(a) is said to be a homological

family of dimensional ¢ with boundary D if for some nontrivial class
o € Hy(E, D). The family ¢(a) is defined by

d(a) = {G < E : o is in the image of i, : H (G, D) - H,(E, D)},
where i, is the homomorphism induced by the immersion i : G — E.

Theorem 3.4. For above E, D and a, let ¢(a) be a homological family of

dimension q with boundary D, suppose that [ e CQ(E, R) satisfies (PS)

condition. Define

c= 1nf supf(x).
GE(I)(Q)xer f( )

Suppose sup f(x) < ¢ and f' is Fredholm on
xeD

He(f)=f{x e E: fi(x)=0, f(x) = c}.

Then there exists an x € J,(f) such that the Morse indices m™ (x) and

mP(x) of the functional f at x satisfy

m(x) < q <m (x)+m°(x).
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It is clear that a critical point of ¢ is a solution of (3.1). For a
critical point z = z(t), we define the linearized system at z by
y(t) = JH"(t, z(t))y(t). Let B(t) = H'(¢, 2(t)), then the Maslov-type index
pair of z is defined by (ir(2), vy(2)) = (ip(B), vy (B)).

Proof of Theorem 3.1. We also prove this result in 3 steps.

Step 1. The critical points of @,,.

Set U, = E, ®E°, V, =E;. Then dimU,, = m +dim E® = m +

vp(B), dim V,, = m. In the following, we prove that ¢,,(z) satisfies:
(1) ¢,(2) = By > 0, Vz € 0B, (0) N Vy;

2) om(2) < & < By, Vz € 0Q,,, where @, = {relr € [0, n]} @ (B, (0)
NU,,), e eV, NoB;(0), r, >p, 1y > 0.

First we prove (1). Take z € V,,, we have that |H(t, z)| < a + bl¢| for

some constants a, b and all z € RQn, then

. 1 : T A

om(e) = 5 (A= Bl 2)p - [ A =)t
> %"z"% - I()T H(t, 2(t))dt
> e - [ s e

M2 2
> MLl el -,

where 131 = a4;b. Choose p > 0 large enough such that

%pz—@p—aTZﬁl >0,

which are independent of m.
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Now we prove (2). Let z =2 +27 ¢ U,,, denote My =|A - B||E,

then

N T .,
Oz +re) = %((A - B)(z+re), z+re)g —J‘ H(, z + re)dt
0
1 A r2 ~ T .
= E((A -B)z", 2_)E +7((A - B)e, e)p —J. H(t, z + re)dt
0

' T . T . N
<M %ﬂ - IO A(t, 2%)dt - IO [E(t, = + re) - H(t, 2°)]dt,

while

T . T . 0 T . N 0
U H(t,z+re)dt—j H(t, 2°)dt gj (2, 2 + re) — H(t, 2°)|dt
0 0 0

T 1 R 0
< j j IVE(t, 2% + sW)| - [W|dsdt
04J0
T ~
< MJ Wit < NG W,,
0
where Ml =aM, W =z~ + re. Then

R Ay - M T . ~
(Pm(z + re) < 71"2 ”%’ +TO’,.2 _-[0 H(t’ ZO )dt + M1”W"E

My -2 M T . .
= Sl Ig + 5 r® - IO H(t, 20)dt + 27| + My

We can choose large enough r, r, > p independent of m such that

O < él < [31, Vz € 0Q,,.
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Step 2. Since @, is deformation retract of E,,, there holds H, (@,
0Q,,) = Hy(E,,, 0Q,,), where ¢ =dimU,, +1=m+vp(B)+1=dim@,,,
and 0@, is the boundary of @, in U, @ {Re}. But H, (@, 0Q,)
= q_l(Sqfl) = R. Denote by i: @, — P,E the inclusion map. Let
o=[Q,]e Hy(Qy, D) be a generator. Then i.a is nontrivial in
H,(P,E, 6Q,,), and ¢(i,o) defined by Definition 3.1 is a homological
family of dimension ¢ with boundary D = 0Q,, and Q,, € ¢(i.a). 0Q,,
and B,(0)(V,, are homologically link. By Lemma 3.1, ¢,, satisfies

(PS), condition for ¢ € R. Define ¢,, = inf sup@,,(z). We have
Ged(iva) zeG

N 2 A o R M
sup (Pm(z) <& <Pr ¢y < sup (Pm(z) < _0,.12'
zedQy, z2eQp, 2

Since E,, is finite dimensional, ¢}, is Fredholm. By Theorem 3.4, ¢,,

has a critical point 2,, with critical value ¢,,, and Morse indices

m~(%,,) and m°(2,,) of 2,, satisfy
m (3,)<m+vp(B)+1<m (3,)+m’3,).

Since {¢,} 1is bounded, passing to a subsequence, suppose

. - n M - .
Cm — € € [Py, Torlg]. By (PS). condition, passing to a subsequence,

there exists an 2 € E such that
ém g 29 (Ap(é) = é’ (AP’(ZA') = 0

Then Z is a solution of (3.1). Since ¢ > 0, Z is nonconstant.
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Step 3. Let B(t) = H'(t, £(t)), d = +[(4 - BY|;. Since

¢"(@) (A~ B)|g > 0asfx-2]z >0,

there exists a r3 > 0 such that

oy /4 1 A A
¢"(x) - (A-B)|g <Zd’ Vi e Vi, (2) = {x € E| |x - 2| <3}

Then for m large enough, there holds
o 1 A
[67 (x) = Py (A = B)P, |z < §d, Va e Vi, (2) N Ey,.

For x € V, ()N E,,, Yu € My(Py,(A - B)P,)\ {0}, from above we have

IA

(60 (), w)gy < (Ppu(A = B)Pyyus, w) g + [0 (x) = Py (A = B)Pyy | - Il

IA

- dful}, <o.
Thus

dim M~ (¢}, (x)) > dim Mg(P,(A = B)Py,), Vx € V, (2) N E,.
Similarly, we have

dim M (¢}, (x)) > dim Mj(P,,(A - B)P,,), Vx € Vi (2)N Ey,.

By Theorem 3.2 and above inequalities, for large m, we have

\2

m+ uT(B)+1 m(Z,,)

[\

dim M;(P,,(A - B)P,,)

m —ip(B) + iy (B).
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So we have ip(2) < ip(B) + vp(B) + 1, and we also have

m+vp(B)+1<m™(3,)+m°%,)

IA

dim M7(P,,(A - B)P,,) ® dim MY(P,,(A - B)P,,)

m + ip(B) + vp(B) - ip(B).

So we have ip(2)+vp(3) = ip(B)+ vp(B)+ 1. Combining the above two

inequalities, we have

ir(2) < ip(B) +vp(B) +1 < ip(2) + vp(3).

We also use the following lemma:

Lemma 3.3. Suppose B(t) is a T-periodic semipositive symmetric
continuous matrix, then ip(B) + vy (B) > n.
Proof of Theorem 1.1. For every positive integer k, H({, z) is a

kT-periodic in ¢. By Theorem 3.1, (3.1) has a kT -periodic solution z;

whose Maslov-type index pair satisfies
ir(2;) < ip(B) +vp(B) +1 < ip(2)) + v (21)- (3.2)

If z; and z,; are the same geometrically, there exists integer / and m

such that

l* Zj =m*zp;,
where (1 z;)(t) = z;(t + IT). By Lemma 4.1 of [11],

iip(lxz;) =ijp(2j), vip(I=2z;) = vir(zj),

ipim(m * 2p;) = ipir(2p ), vpir(m* zp;) = vyir(2)7).
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Take k = j, pj in (3.2), respectively, we have
ipjT(ij ) < lT(B) + UT(B) +1< ZJT(ZJ ) + VT(Zj )
Thus by above equations,

iT(E)+ VT(B)+]_ > ipjT(ij) = ipjT(m * ij)

vV

p(ijT(l*zj)+vT(l*zj)—n)—n
= plijr(zj) +vjr(zj)-n)+n

plip(B)+vp(B)+1-n)+n.

[\

Since B(t) is semipositive for all ¢ € [0, T'], by Lemma 3.3,
ir(B)+vp(B)+1-n > 0.
Hence p < (ip(B)+vp(B)+n+1)/ (ip(B)+ vp(B) - n +1).

In the case of all z; are nondegenerate, if z; and z,; are the same

geometrically, then

LT(E) + UT(B) +12> ipjT(ij)

[\

plijp(zj)+vjp(zj)—n)+n-vjp(z;)

plip(B)+vp(B)+1-n)+n.

[\

Then p < 1.
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