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Abstract 

In this paper, we introduce four different finite element spaces on hexahedron 
for Maxwell’s equations. We also describe interpolation operators that map from 

suitable subspaces ( ) ( ) ( )ΩΩΩ ,div,curl,,1 HHH  and the space ( )Ω2L  into the 
appropriate finite element spaces. For the error analysis, we prove that the 
spaces and interpolation operators are linked by the discrete de Rham diagram. 

1. Introduction 

In performing the analysis of finite element methods for Maxwell’s 
equations, it is necessary to present four different finite element spaces. 
The most obvious requirement is the curl conforming edge elements 
suitable for discretizing the basic energy space for electromagnetics. The 
most common example is Nedelec elements given in [7]. Recently, we 
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have introduced a new family of curl conforming finite elements on 
parallelepiped grids in [5], with fewer degrees of freedom than the 
existing ones. To analyze edge elements, we also need to present the 
divergence conforming elements and scalar finite elements. Well-known 
examples for the divergence conforming element spaces are the Raviart-
Thomas-Nedelec (RTN) space and the Brezzi-Douglas-Duran-Fortin 
(BDDF) space [4]. We have introduced a new family of divergence 
conforming elements, lying between RTN and BDDF spaces [5]. Although 
BDDF space has less degrees of freedom than our new element space, 
there is no finite element corresponding to the curl conforming           
finite element space. For the scalar finite elements, we also have 
presented a new elements in [6]. For completeness, we shall present a 

related new finite element family in ( ).2 ΩL  We will describe 

interpolation operators ,,, hhh ωπ r  and hP ,0  that map from suitable 

subspaces ( ) ( ) ( )Ω⊂Ω⊂Ω⊂ ,div,,curl,1 HHHU WV  and the space 

( )Ω2L  into the appropriate finite element spaces and prove the 

interrelationship of the spaces linked by the discrete de Rham diagram. 

2. Four Finite Element Spaces 

In this section, we will describe four different finite element spaces 
on hexahedra with edges parallel to the coordinate axes. First, we 
generate a regular finite element mesh { } 0, >= hKhτ  covering the 

domain Ω  such that 

(1) ,K
hK∪ τ∈

=Ω  where Ω  denotes the closure of ;Ω  

(2) for each KK h ,τ∈  is an open set with positive volume; 

(3) if 1K  and 2K  are distinct elements in ,hτ  then ;21 ∅=KK ∩  

(4) each hK τ∈  is a Lipschitz domain. 
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For each element K, we define the parameters Kh  and Kρ  such that 

=Kh  diameter of the smallest sphere containing ,K  

=ρK  diameter of the largest sphere contained in ,K  

then KK hh hτ∈= max  so that the index h denote the maximum 

diameter of the elements .hK τ∈  Any hK τ∈  can be obtained by 

mapping the reference element l,K  typically unit cube, using an affine 

map l:KF K K→  such that ( l )KF K K=  and ( ) ,ˆˆ KKK bBF += xx  

where KB  is an invertible diagonal matrix and Kb  is a vector. We shall 

be concerned with mapping between functions defined on the reference 

element lK  and the target element K. For a simple scalar function p̂  

defined on l,K  we obtain a corresponding function p on K by 

,p̂Fp K =D  

where D  denotes composition of functions. And a simple calculation using 
the chain rule shows that 

( ) l ˆ ,T
K Kp F B p−∇ = ∇D  

where l∇  is the gradient with respect to .x̂  However, vector functions 
must be transformed in a more careful way to conserve their properties. 

For ( l )∈ˆ curl, ,H Kv  we define v on K by 

.v̂v T
KK BF −=D  

And if ( l )∈ˆ div, ,H Kw  then we define w by 

( ) .ˆdet
1 ww K

K
K BBF =D  
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Because of the simplicity of the mapping, although we define the 

elements on the reference domain l,K  the same definition can be used on 

a target element K in the mesh [8]. In order to define finite elements on 
parallelepiped, we need the following polynomial spaces: 

(l) =A, ,m nQ K {polynomials of maximum degree A  in ,x̂  m in ŷ  and n in ẑ }. 

2.1. ( )Ω1H  conforming finite element spaces 

We start by defining the scalar spaces suitable for discretizing the 
potential [6]. 

Definition 1. Let .1≥k  On the reference element l,K  the gradient 

conforming element is defined as follows: 

l ( l ) ( l )1, 1, 1 ,U K Q K∗
+ + += k k k  

where ( l )1, 1, 1Q K∗
+ + +k k k  is the subspace of ( l )1, 1, 1Q K+ + +k k k  except 

constant multiple of the term ,ˆˆˆ,ˆˆˆ,ˆˆˆ 111111 ++++++ kkkkkk zyxzyxzyx AAA  and 

111 ˆˆˆ +++ kkk zyx  for .0 k…A =  

Then we see the dimension of l ( l )U K  is ( ) ( )32 3 1 1.+ − + −k k  

Definition 2. For any l ( l )ˆ ,p U K∈  we define the following degrees of 

freedom: 

( ),ˆˆ ap  for the eight vertices â  of l,K   (1) 

,ˆˆˆ
ˆ

sdqp
e∫  for each edges ê  of l ( )1ˆ ˆ, ,K q P e−∈ k   (2) 

,ˆˆˆ
ˆ

Adqp
f∫  for each faces f̂  of ( ),ˆˆ,ˆ 1,1 fQqK ∗

−−∈ kk   (3) 

l ( l )1, 1, 1
ˆˆ ˆˆ , ,

K
pq dA q Q K∗

− − −∈∫ k k k  (4) 
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where ( )fQ ˆ1,1
∗

−− kk  is the subspace of ( )fQ ˆ1,1 −− kk  except constant 

multiple of the term ,ˆˆ,ˆˆ,ˆˆ 111111 −−−−−− kkkkkk xzzyyx  and ( l )1, 1, 1Q K∗
− − −k k k  

is the subspace of ( l )1, 1, 1Q K− − −k k k  except constant multiple of the term 

,ˆˆˆ,ˆˆˆ,ˆˆˆ 111111 −−−−−− kkkkkk zyxzyxzyx AAA  and 111 ˆˆˆ −−− kkk zyx  for .20 −= k…A  

Theorem 3. A scalar function l ( l )p̂ U K∈  is uniquely determined by 

the degrees of freedom (1)-(4). And the finite element space l ( l )U K  is 

conforming in ( ).1 ΩH  

Proof. Since the number of degrees of freedom and the dimension of 
l ( l )U K  are both ,496 23 +++ kkk  it suffices to show that if l ( l )p̂ U K∈  

and all the degrees of freedom (1)-(4) of p̂  vanish, then .0ˆ =p  First, we 

use the fact that the vertex degrees of freedom vanish on each edge ê  of .f̂  
For example, on the edge 0ˆˆ == yx  we have 

( ) ,ˆ1ˆˆ rzzp −=  

for some ( ).ˆ1 ePr −∈ k  Choosing rq =ˆ  in the degrees of freedom (2) for 

this edge shows that .0=r  Now using the fact that 0ˆ =p  on each edge 

ê  of ,f̂  which we assume to be the face ,0ˆ =z  we have 

( ) ( ) ,ˆ1ˆˆ1ˆˆ ryyxxp −−=  

for some ( ).ˆ1,1 fQr ∗
−−∈ kk  Choosing rq =ˆ  in the degrees of freedom (3) 

shows that 0=r  and hence 0ˆ =p  on .f̂  By the same reason, we see 

that 0ˆ =p  on all faces. This proves the conformity in ( )Ω1H  space. And 

we have 

( ) ( ) ( ) ,ˆ1ˆˆ1ˆˆ1ˆˆ rzzyyxxp −−−=  

for some ( l )1, 1, 1 .r Q K∗
− − −∈ k k k  Choosing rq =ˆ  in the degrees of freedom (4) 

proves 0=r  and hence .0ˆ =p   
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Remark 4. Our element has smaller number of degrees of freedom 

than the well known ( )Ω1H  conforming finite elements on 

parallelepiped. 

The finite element space on a general element K can be obtained by 
using the diagonal affine map KF  via 

( ) { l ( l )}−= ∈D 1ˆ ˆ ,KU K p F p U K  

in the usual way. Then we have the following space: 

{ ( ) ( ) }.allfor1
hKh KKUpHpU τ∈∈Ω∈=   (5) 

Using the degrees of freedom (1)-(4) transformed on K, we can define an 
interpolation operator 

( ) ( )KUKHK →π +1: k  

by requiring the degrees of freedom of ppK −π  vanish. Then the global 

interpolation operator hπ  is defined element-wise by 

( ) ( ),KKKh pp π=π  

for all .hK τ∈  

2.2. The curl conforming finite element spaces 

We now present the edge elements which is used to discretize the 
electric field [6]. 

Definition 5. Let .1≥k  On the reference element l,K  the curl 

conforming element space l ( l )V K  is defined by the subspace of 

( l ) ( l ) ( l ), 1, 1 1, , 1 1, 1, ,Q K Q K Q K+ + + + + +× ×k k k k k k k k k  where the elements in 

the set { } 2,1,ˆ =α jji  are replaced by the elements ,ˆ iβ  and the three 

elements iγ̂  are replaced by the single element δ̂  for 3,2,1=i  as follows: 
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{( )}

{( )}
{( )} ,0,ˆˆˆ,ˆˆˆˆ

0,0,ˆˆˆˆ

0,ˆˆˆ,0ˆ
0

11
1

0
1

12

0
1

11 kkkkk

kkk

kkk

=
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=
+

=
+

=β⇒
=α

=α
A

AA

A
A

A
A

zyxzyx
zyx

zyx
 

{( )}

{( )}
{( )} ,ˆˆˆ,ˆˆˆ,0ˆ

0,ˆˆˆ,0ˆ

ˆˆˆ,0,0ˆ
0

11
2

0
1

22

0
1

21 kkkkk

kkk

kkk

=
++

=
+

=
+

=β⇒
=α

=α
A

AA

A
A

A
A

zyxzyx
zyx

zyx
 

{( )}

{( )}
{( )} ,ˆˆˆ,0,ˆˆˆˆ

0,0,ˆˆˆˆ

ˆˆˆ,0,0ˆ
0

11
3

0
1

32

0
1

31 kkkkk

kkk

kkk

=
++

=
+

=
+

=β⇒
=α

=α
A

AA

A
A

A
A

zyxzyx
zyx

zyx
 

{( )}

{( )}

{( )}

{( )}.ˆˆˆ,ˆˆˆ,ˆˆˆˆ

ˆˆˆ,0,0ˆ

0,ˆˆˆ,0ˆ

0,0,ˆˆˆˆ

111111

11
3

11
2

11
1

kkkkkkkkk

kkk

kkk

kkk

zyxzyxzyx

zyx

zyx

zyx

++++++

++

++

++

=δ⇒

=γ

=γ

=γ

 

Then the dimension of l ( l )KV  is ( ) ( ) ( ) .213213 2 −+−++ kkk  

To define the degrees of freedom, we need two auxiliary spaces. First, 

we define l ( )
curl ˆ ˆ,x yΦk  to be the subspace of ( ) ( )− −×1, , 1ˆ ˆ ˆ ˆ, , ,Q x y Q x yk k k k  

where the two elements ( )1ˆ ˆ, , 0x y−k k  and ( )−1ˆ ˆ0, x yk k  are replaced by 

the single element ( ).ˆˆ,ˆˆ 11 −− kkkk yxyx  To define the second space, we use 

a replacement rule similar to the Definition 5. We define l ( l )
curl

KΨk  to be 

the subspace of (l) (l) ( l )− − − − − −× ×, 1, 1 1, , 1 1, 1, ,Q K Q K Q Kk k k k k k k k k  where the 

elements { } 2,1
ˆ

=φ jij  are replaced by the elements iv̂/  and the three 

elements iξ̂  are replaced by the single element ζ̂  for 3,2,1=i  as 

follows: 

{( )}

{( )}
{( )} ,0,ˆˆˆ,ˆˆˆˆ

0,0,ˆˆˆˆ

0,ˆˆˆ,0ˆ
2
0

11
1

2
0

1
12

2
0

1
11 −

=
−−

−
=

−

−
=

−

=/⇒
=φ

=φ
kkkkk

kkk

kkk

A
AA

A
A

A
A

zyxzyxv
zyx

zyx
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{( )}

{( )}
{( )} ,ˆˆˆ,ˆˆˆ,0ˆ

0,ˆˆˆ,0ˆ

ˆˆˆ,0,0ˆ
2
0

11
2

2
0

1
22

2
0

1
21 −

=
−+

−
=

−

−
=

−

=/⇒
=φ

=φ
kkkkk

kkk

kkk

A
AA

A
A

A
A

zyxzyxv
zyx

zyx
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{( )}
{( )} ,ˆˆˆ,0,ˆˆˆˆ

0,0,ˆˆˆˆ
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2
0
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3

2
0

1
32

2
0

1
31 −

=
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−
=

−

−
=

−

=/⇒
=φ
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kkk

kkk

A
AA

A
A

A
A

zyxzyxv
zyx

zyx
 

{( )}

{( )}

{( )}

{( )}.ˆˆˆ,ˆˆˆ,ˆˆˆˆ

ˆˆˆ,0,0ˆ

0,ˆˆˆ,0ˆ

0,0,ˆˆˆˆ

111111

11
3

11
2

11
1

kkkkkkkkk

kkk

kkk

kkk

zyxzyxzyx

zyx

zyx

zyx

−−−−−−

−−

−−

−−

=ζ⇒

=

=

=

ξ

ξ

ξ

 

Definition 6. For any l ( l )∈ˆ ,Kv V  the degrees of freedom are given 

on edge ê  with unit tangent ,t̂  on faces f̂  with unit normal n̂  and in the 

interior of lK  as follows: 

ofˆedgeseachfor,ˆˆˆˆ
ˆ

esdq
e

tv ⋅∫ l ( )ˆ ˆ, ,K q P e∈ k   (6) 

( ) ofˆfaceseachfor,ˆˆˆˆ
ˆ

fAd
f

qnv ⋅×∫ l l ( )∈
curl ˆˆ, ,K fq Φk  (7) 

l
l ( l )⋅ ∈∫

curlˆ ˆˆ ˆ , .
K

d Kv q x q Ψk  (8) 

Theorem 7. A vector function l ( l )∈ˆ Ku V  is uniquely determined by 

the degrees of freedom (6)-(8). And the finite element space l ( l )KV  is 

conforming in ( ).,curl ΩH  

Proof. Since the number of conditions and the dimension of l ( l )KV  

are both ,721153 23 +++ kkk  it suffices to show that if all the conditions 

are zero, then .0ˆ =u  First, we consider the face .0ˆ =z  Then the 
tangential component of û  on this face is ( ) ( ) ×∈ + yxQuu ˆ,ˆˆ,ˆ 1,21 kk  
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( ).ˆ,ˆ,1 yxQ kk +  On each edge of this face, the tangential component is 

polynomial of degree .k  From the degrees of freedom in (6), we see that 

0ˆˆ =⋅ tu  on each edge. This implies that on this face, we have 

( ) ( ) ,ˆˆ1ˆˆ,ˆˆ1ˆˆ 2211 vxxuvyyu −=−=  

where ( ) l ( )∈Φ
curl

1 2ˆ ˆ ˆ ˆ, , .v v x yk  Then by choosing 21 ˆˆ vq =  and 12 ˆˆ vq −=  in 

the degrees of freedom (7), we see .0ˆˆ 21 == vv  Hence 0ˆˆ =× nu  on this 

face. By the same reason, we see that 0ˆˆ =× nu  on all faces. This proves 
the conformity in H(curl) space. And we have 

( ) ( ) ,ˆˆ1ˆˆ1ˆˆ 11 wzzyyu −−=  

( ) ( ) ,ˆˆ1ˆˆ1ˆˆ 22 wzzxxu −−=  

( ) ( ) ,ˆˆ1ˆˆ1ˆˆ 33 wyyxxu −−=  

where ( ) l ( l )∈
curl

1 2 3ˆ ˆ ˆ, , .w w w KkΨ  Choosing ( )321 ˆ,ˆ,ˆˆ www=q  in degrees 

of freedom (8), we know that .0ˆ =u   

Remark 8. Our element space has 53 +k  fewer degrees of freedom 
than the well known Nedelec finite element space in each element. Hence 
it is more efficient. 

For a generic element K, we define the finite element space on K as 

( ) { ( ) l ( l ) }− −= ∈D1 1ˆ ˆ ,T
K KK B F KV v v V  

in the usual way. Then we have the following space: 

{ ( ) ( ) }.allfor,curl hKh KKH τ∈∈Ω∈= VvvV   (9) 

Using the degrees of freedom (6)-(8) transformed on K, we can define the 
corresponding projection 

( ) ( ),: 1 KKK VHr →+k  
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for an arbitrary element K. Then the global projection operator hr  is 

defined piecewise by 

( ) ( ),KKKh vrvr =  

for all .hK τ∈  

2.3. The divergence conforming finite element spaces 

In this subsection, we introduce divergence conforming finite element 
spaces which will be used to discretize the magnetic induction [5]. 

Definition 9. Let .1≥k  On the reference element l,K  the divergence 

conforming element space m ( l )KW  is defined by the subspace of 

( { ( )}) ( { ( )}) ( \ˆˆˆ\ˆˆˆ\ 1,1,1,1,,1 +++++ ×× kk,kk
kk

kkkk
kk

kkk QyPzxQxPzyQ  

{ ( )}),ˆˆˆ 1 zPyx +k
kk  

where the vectors { } 2,1ˆ =jija  are replaced by ib̂  for 3,2,1=i  as follows: 

{( )}

{( )}
{( )} ,0,ˆˆˆ,ˆˆˆˆ

0,ˆˆˆ,0ˆ

0,0,ˆˆˆˆ
1
0

11
1

1
0

1
12

1
0

1
11 −

=
++

−
=

+

−
=

+

−=⇒
=

=
kkkkk

kkk

kkk

A
AA

A
A

A
A

zyxzyx
zyx

zyx
b

a

a
 

{( )}

{( )}
{( )} ,ˆˆˆ,ˆˆˆ,0ˆ

ˆˆˆ,0,0ˆ

0,ˆˆˆ,0ˆ
1
0

11
2

1
0

1
22

1
0

1
21 −

=
++

−
=

+

−
=

+

−=⇒
=

=
kkkkk

kkk

kkk

A
AA

A
A

A
A

zyxzyx
zyx

zyx
b

a

a
 

{( )}

{( )}
{( )} .ˆˆˆ,0,ˆˆˆˆ

ˆˆˆ,0,0ˆ

0,0,ˆˆˆˆ
1
0

11
3

1
0

1
32

1
0

1
31 −

=
++

−
=

+

−
=

+

−=⇒
=

=
kkkkk

kkk

kkk

A
AA

A
A

A
A

zyxzyx
zyx

zyx
b

a

a
 

Then we see the dimension of m ( l )KW  is ( ) ( ) ( ) .323213 2 kkkk −+−++  
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To define the degrees of freedom, we need an auxiliary space. We 

define l ( l )Ψ
div

Kk  to be the subspace of ( { ( )}) ×−− xPzyQ ˆˆˆ\ 1,,1 k
kk

kkk  

( { ( )}) ( { ( )}),ˆˆˆ\ˆˆˆ\ 11,1,1, zPyxQyPzxQ −−−− × k
kk

kk,kk
kk

kkk  where vectors { }2
1

ˆ
=φ jij  

are replaced by iv̂/  for 3,2,1=i  as follows: 

{( )}

{( )}
{( )} ,0,ˆˆˆ,ˆˆˆˆ

0,ˆˆˆ,0ˆ

0,0,ˆˆˆˆ
1
0

11
1

1
0

1
12

1
0

1
11 −

=
−−

−
=

−

−
=

−

−=/⇒
=φ

=φ
kkkkk

kkk

kkk

A
AA

A
A

A
A

zyxzyx
zyx

zyx
v  

{( )}

{( )}
{( )} ,ˆˆˆ,ˆˆˆ,0ˆ

ˆˆˆ,0,0ˆ

0,ˆˆˆ,0ˆ
1
0

11
2

1
0

1
22

1
0

1
21 −

=
−−

−
=

−

−
=

−

−=/⇒
=φ

=φ
kkkkk

kkk

kkk

A
AA

A
A

A
A

zyxzyx
zyx

zyx
v  

{( )}

{( )}
{( )} .ˆˆˆ,0,ˆˆˆˆ

ˆˆˆ,0,0ˆ

0,0,ˆˆˆˆ
1
0

11
3

1
0

1
32

1
0

1
31 −

=
−−

−
=

−

−
=

−

−=/⇒
=φ

=φ
kkkkk

kkk

kkk

A
AA

A
A

A
A

zyxzyx
zyx

zyx
v  

Note that the definition of l ( l )
div

KΨk  is similar to that of m ( l )KW  except 

that the highest exponent 1+k  is replaced by .1−k  

Definition 10. For any m ( l )∈ˆ ,Ku W  the degrees of freedom are 

given on faces f̂  with unit normal n̂  and in the interior of lK  as follows: 

( ) ,ˆfaceeachfor,ˆˆ,ˆˆˆˆ ,ˆ
ffQqAdq

f
kk′∈⋅∫ nu  (10) 

l ( l )⋅ ∈∫
div

ˆ
ˆ ˆ ˆˆ , ,

K
d Ku q x q Ψk  (11) 

where ( ) ( )yxQfQ ˆ,ˆˆ ,, kkkk ′=′  is the subspace of ( ) { }kkkk yxyxQ ˆˆ\ˆ,ˆ,  for 

the face f̂  in yxˆˆ -plane etc. 
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Theorem 11. A vector function m ( l )∈ˆ Ku W  is uniquely determined by 

the degrees of freedom (10)-(11). And the finite element space m ( l )KW  is 

conforming in ( ).,div ΩH  

Proof. Since the number of conditions and the dimension of m ( l )KW  

are both {( ) } { ( ) } ,313116 22 kkkkk −−++−+  it suffices to show that if 

all the conditions are zero, then .0ˆ =u  Since ( ),ˆˆˆ , fQ kk′∈⋅nu  it is clear 

that (10) implies 0ˆˆ =⋅nu  on each face and this proves the conformity in 
H(div) space. Also, ( )321 ˆ,ˆ,ˆˆ uuu=u  satisfies ( ) yuvxxu ˆˆ,ˆˆ1ˆˆ 211 =−=  

( ) ,ˆˆ1 2vy−  and ( ) ,ˆˆ1ˆˆ 33 vzzu −=  where ( ) l= ∈Ψ
div

1 2 3ˆ ˆ ˆˆ , , .v v vv k  Thus if we 

take vq ˆˆ =  in (11), we obtain .0ˆ =u  

Remark 12. Our element of index k lies between BDDF and RTN 

elements of index k. Although BDDF element has less degrees of freedom 

than our element, there is no known finite element corresponding to 
H(curl) space in relation to de Rham diagram. Our element has ( )16 +k  

fewer degrees of freedom than the RTN element, and we can construct a 
new H(curl) conforming element which satisfies de Rham diagram. 

For a generic element K, we define the finite element space on K as 

( ) { ( )
m ( l )}−= ∈D 11 ˆ ˆ ,det K K

K
K B F KBW w w W  

in the usual way. Then we have the following space: 

{ ( ) ( ) }.allfor,div hKh KKH τ∈∈Ω∈= WwwW   (12) 

Using the degrees of freedom (10)-(11) transformed on K, we can define 
the corresponding projection 

( ) ( ),: 1 KKK WH →ω +k  
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for an arbitrary element K. Then the global projection operator hω  is 

defined piecewise by 

( ),KKKh vv ω=ω  

for all .hK τ∈  

2.4. An ( )Ω2L  conforming finite element spaces 

We will now define a new finite element space in ( )Ω2L  to complete 

the discrete de Rham complex. 

Definition 13. Let .1≥k  On the reference element l,K  the ( )Ω2L  

conforming element l ( l )Z K  is defined as follows: 

l ( l ) ( l ), , ,Z K Q K= k k k
  

where ( l ), ,Q Kk k k
  is the subspace of ( l ), ,Q Kk k k  except constant multiple 

of the term ,ˆˆˆ,ˆˆˆ,ˆˆˆ kkkkkk zyxzyxzyx AAA  and kkk zyx ˆˆˆ  for .10 −= k…A  

Then we see the dimension of l ( l )Z K  is ( ) .3131 233 kkkk +=−−+  

Remark 14. Our new element has fewer degrees of freedom than 

existing ( )Ω2L  conforming finite elements used to complete the de Rham 

diagram. Hence using our finite elements we can effectively calculate 
Maxwell’s equations. 

For a generic element K, we define the finite element space on K as 

( ) { l ( l )}−= ∈D 1ˆ ˆ ,KZ K q F q Z K  

in the usual way. Then we have the following space: 

{ ( ) ( ) },allfor2
hKh KKZqLqZ τ∈∈Ω∈=   (13) 

and define hP ,0  to be the ( )Ω2L  orthogonal projection into .hZ  
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3. Analysis for the Finite Element Spaces 

In this section, we will show that the finite element spaces ( ),1 Ω⊂ HU  

( ) ( ),,div,,curl Ω⊂Ω⊂ HH WV  and ( )Ω⊂ 2LZ  are connected in an 

intimate way by the following the discrete de Rham diagram [2, 3]: 

 

Also, we will present error estimates of the interpolation operators 
,,, hhh ωπ r  and .,0 hP  

Theorem 15. If hU  is defined by (5) and hV  by (9), then .hhU V⊂∇  

In addition, if p is sufficiently smooth such that ph∇r  and phπ  are 

defined, then we have .pp hh ∇=π∇ r  

Proof. Clearly, if ,hh Up ∈  then we see directly that .hhp V∈∇  

Hence .hhU V⊂∇  

To prove the commuting property, we map to the reference element 

and show that all degrees of freedom (6)-(8) vanish for l l l
lˆ ˆ.K Kp r p∇π − ∇  

Then we conclude that l l l
lˆ ˆ 0.K Kp r p∇π − ∇ =  

For the edge degrees of freedom (6), if t̂  is tangent to [ ]ba ˆ,ˆˆ =e  and 

( ),ˆˆ ePq k∈  then using (6) and integration by parts we have 

(l l l
l )∇π − ∇ ⋅∫ ˆ

ˆ ˆˆ ˆ ˆK Ke
p p q dsr t  

(l l
l )= ∇π −∇ ⋅∫ ˆ

ˆ ˆˆ ˆ ˆKe
p p q dst  
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( l )
ˆ

ˆˆ ˆ ˆˆ Ke
p p q dss

∂= π −
∂∫  

( l ) ( ) ( l ) ( ) ( l ) ∂= π − − π − − π −
∂∫ ˆ

ˆˆˆ ˆ ˆ ˆ ˆ ˆ ˆ .K K Ke

qp p p p p p dssb a  

Since ( )1
ˆ ˆˆ
q P es −
∂ ∈
∂ k  and using the vertex interpolation property and the 

degrees of freedom (2) for l ,Kπ  we conclude that the right-hand side 

above vanishes. 

For the face degrees of freedom, we use the degrees of freedom in (7) 

together with the divergence theorem in the plane containing f̂  to show 

that if l ( )∈
curl ˆˆ ,fq kΦ  then 

( l l l
l )∇π − ∇ × ⋅∫ ˆ

ˆˆ ˆ ˆ ˆK Kf
p p dAr n q  

l ( l )= ∇ π − ⋅∫ ˆ
ˆ

ˆˆ ˆ ˆf Kf
p p dAq  

( l ) ( l ) l
∂

= π − ⋅ − π − ∇ ⋅∫ ∫ ˆˆ ˆˆ
ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ,fK Kff f

p p ds p p dAn q q  

where ˆˆ fn  is the outward normal to ˆ.f  Since ( )−⋅ ∈ˆ 1ˆ ˆ ˆf P en q k  and 

l ( )∗
− −∇ ⋅ ∈ˆ 1, 1

ˆˆ ,f Q fq k k  so that right-hand side vanishes using the edge and 

face degrees of freedom (2) and (3) for l .Kπ  We have thus proved that the 

face degrees of freedom (7) for l l ˆK p∇π  and l l∇ ˆK pr  agree. 

Finally, for the volume degrees of freedom, we use the degrees of 
freedom in (8) together with the integral identity to show that if 

l ( l )∈
curlˆ ,Kq kΦ  then 
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l (
l
l l

l )∇π − ∇ ⋅∫ ˆ ˆ ˆ ˆK KK
p p dr q x  

l
l ( l )= ∇ π − ⋅∫ ˆ ˆ ˆ ˆKK

p p dq x  

l ( l ) l ( l ) l
∂

= π − ⋅ − π − ∇ ⋅∫ ∫ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ .K KK K
p p dA p p dq n q x  

Since ( )∗
− −⋅ ∈ 1, 1

ˆˆ ˆ Q fq n k k  for each face f̂  and l ( l )∗
− − −∇ ⋅ ∈ 1, 1, 1ˆ ,Q Kq k k k  so 

the right-hand side vanishes, using the face and volume degrees of 
freedom for l .Kπ  This completes the proof.  

Theorem 16. If hV  is defined by (9) and hW  by (12), then 

.hh WV ⊂×∇  In addition, if u is smooth enough such that urh  and 

u×∇ωh  are defined, then .uur ×∇ω=×∇ hh  

Proof. The proof of ,hh WV ⊂×∇  see [2]. To prove the commuting 

property, we map to the reference element and show that the degrees of 

freedom given in (10) and (11) vanish for .ˆˆˆˆˆˆ uur ×∇ω−×∇  

For the face degrees of freedom (10), we let f̂  be a face of K̂  with 

normal vector n̂  and ( ).ˆˆ , fQq kk′∈  Let f̂∇̂  be the surface gradient. Using 

the definition of projection operator ,ω̂  the fact that ( ) ⋅∇−=×∇⋅ ff ˆˆ ˆˆˆˆ vn  

( )vn ˆˆ ×  and integration by parts, we have 

( ) Adq
f

ˆˆˆˆˆˆˆˆˆ
ˆ

nuur ⋅×∇ω−×∇∫  

( ) Adq
f

ˆˆˆˆˆˆˆˆ
ˆ

nuur ⋅×∇−×∇= ∫  

( ( )) Adqff
ˆˆˆˆˆˆˆ ˆˆ

uurn −×⋅∇−= ∫  
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( ) ( ( )) sdqAdq ffff
ˆˆˆˆˆˆˆˆˆˆˆˆˆ ˆˆˆˆ

uurnnuurn −×⋅−∇⋅−×= ∫∫ ∂
 

( ) ( ) ( ) ,ˆˆˆˆˆˆˆˆˆˆˆˆˆ ˆˆˆˆ
sdqAdq ffff

nnuuruurn ×⋅−−∇⋅−×= ∫∫ ∂
 

where f̂n̂  is the unit normal vector to f̂  in the plane containing the face 

.f̂  Since ( )fqf
ˆˆˆˆ curl

ˆ kΦ∈∇  and ( )ePq ˆˆ k∈  for each edge ê  of ,f̂  the right-

hand side of above formula vanishes by the degrees of freedom (6) and 
(7). 

For the volume degrees of freedom (11), we let ( ).ˆˆˆ div KkΨ∈q  Using 

the definition of projection operator ω̂  and Green’s theorem of the 
following form: 

,dAdd qunxquxqu ⋅×+×∇⋅=⋅×∇ ∫∫∫ Ω∂ΩΩ
 

we have 

( ) xquur ˆˆˆˆˆˆˆˆ
ˆ

d
K

⋅×∇ω−×∇∫  

( ) xquur ˆˆˆˆˆˆˆ
ˆ

d
K

⋅×∇−×∇= ∫  

( ) ( ( )) .ˆˆˆˆˆˆˆˆˆˆˆˆ
ˆˆ

Add
KK

quurnxquur ⋅−×+×∇⋅−= ∫∫ ∂
 

Since ( )K̂ˆˆˆ curl
kΨ∈×∇ q  and ( ),ˆˆˆ curl K∂∈ kΦq  the right-hand side of above 

formula vanishes by the degrees of freedom (7) and (8).   

Now we will show that the ( )Ω2L  projection ( ) hho ZLP →Ω2
, :  is 

related to .hω  

Theorem 17. If ,hW  is defined by (12) and hZ  by (13), then .hh Z⊂⋅∇ W  

For all sufficiently smooth functions, we have =ω⋅∇ uh  .P ho u⋅∇,  
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Proof. If ,hh Wu ∈  then we see directly that .hh Z∈⋅∇ u  

For all ,,

kkk,Qq ∈  using the definition of hoP ,  and the Green’s 

theorem, we obtain 

l (
l l )∇ ⋅ω − ∇ ⋅∫ ,

ˆˆˆ ˆ ˆo h
K

P qdu u V  

l (
l l )= ∇ ⋅ω −∇ ⋅∫ ˆˆˆ ˆ ˆ

K
qdu u V  

l ( ) l ( ) l
∂

= ω − ⋅ − ω − ⋅∇∫ ∫ˆ ˆˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ .
K K

dA q du u nq u u V  

Note that ( )fQq ˆ
kk,′∈  for each face f̂  and l ( l )∇ ∈Ψ

div
.q Kk  So, both 

integrals on the right-hand side vanish, owing to the degrees of freedom 
(10) and (11).  

The above result and Theorems 15 and 16 show that the discrete de 
Rham complex commutes. The following theorems provide error estimates 
for the projection operators whose proof is now standard [1, 9, 10]. 

Theorem 18. Let hτ  be a regular family of meshes of .Ω  If 

( )Ω∈ +1kHp  and ( ),1 Ω∈ +kHu  then there is a constant C independent of 

h such that 

,11 +≤π− k
k pChpp h  

( ),11
1

0 ++
+ ×∇+≤− kk
k uuuru Chh  

,1
1

0 +
+≤ω− k
k uuu Chh  

.1
1

0,0 +
+≤− k
k pChpPp h  
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