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Abstract

In this paper, we introduce four different finite element spaces on hexahedron
for Maxwell’s equations. We also describe interpolation operators that map from

suitable subspaces H'(Q), H(curl, Q), H(div, Q) and the space L?(Q) into the

appropriate finite element spaces. For the error analysis, we prove that the
spaces and interpolation operators are linked by the discrete de Rham diagram.

1. Introduction

In performing the analysis of finite element methods for Maxwell’s
equations, it is necessary to present four different finite element spaces.
The most obvious requirement is the curl conforming edge elements
suitable for discretizing the basic energy space for electromagnetics. The

most common example is Nedelec elements given in [7]. Recently, we
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have introduced a new family of curl conforming finite elements on
parallelepiped grids in [5], with fewer degrees of freedom than the
existing ones. To analyze edge elements, we also need to present the
divergence conforming elements and scalar finite elements. Well-known
examples for the divergence conforming element spaces are the Raviart-
Thomas-Nedelec (RTN) space and the Brezzi-Douglas-Duran-Fortin
(BDDF) space [4]. We have introduced a new family of divergence
conforming elements, lying between RTN and BDDF spaces [5]. Although
BDDF space has less degrees of freedom than our new element space,
there i1s no finite element corresponding to the curl conforming
finite element space. For the scalar finite elements, we also have
presented a new elements in [6]. For completeness, we shall present a

related new finite element family in L2(Q). We will describe

interpolation operators mp, 1y, 0, and Py j; that map from suitable

subspaces U < H(Q), V < H(curl, Q), W < H(div, Q) and the space

L2(Q) into the appropriate finite element spaces and prove the

interrelationship of the spaces linked by the discrete de Rham diagram.
2. Four Finite Element Spaces

In this section, we will describe four different finite element spaces
on hexahedra with edges parallel to the coordinate axes. First, we

generate a regular finite element mesh 1 = {K}, h > 0 covering the

domain Q such that

1) Q = U Ker, K, where Q denotes the closure of Q;

(2) for each K € 75, K is an open set with positive volume;
(3)if K; and K, are distinct elements in 7, then K;[ Ky = &;

(4) each K e 1j, is a Lipschitz domain.
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For each element K, we define the parameters Ax and pg such that
hg = diameter of the smallest sphere containing K,

pg = diameter of the largest sphere contained in K,

then h = maxge,, hg so that the index h denote the maximum
diameter of the elements K € 1j,. Any K € 1;, can be obtained by
mapping the reference element I?, typically unit cube, using an affine
map Fyx:K —>K such that Fx(K)=K and Fg(X)= Bgk + by,
where Bg 1is an invertible diagonal matrix and bg is a vector. We shall

be concerned with mapping between functions defined on the reference

element K and the target element K. For a simple scalar function p
defined on K, we obtain a corresponding function p on K by
pe Fg = p,

where o denotes composition of functions. And a simple calculation using

the chain rule shows that
(VD)o Fix = B Vp,

where V is the gradient with respect to x. However, vector functions

must be transformed in a more careful way to conserve their properties.

For v e H ( curl, K ), we define v on K by
vo Fx = BEv.
And if w e H (div, K ), then we define w by

1

W o FK = WBKW
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Because of the simplicity of the mapping, although we define the
elements on the reference domain K , the same definition can be used on

a target element K in the mesh [8]. In order to define finite elements on

parallelepiped, we need the following polynomial spaces:

Q/mn(l?) = {polynomials of maximum degree ¢ in x, min y andnin z}.

2.1. H(Q) conforming finite element spaces

We start by defining the scalar spaces suitable for discretizing the

potential [6].
Definition 1. Let k > 1. On the reference element K , the gradient
conforming element is defined as follows:

U(K):Q;+1,k+1,k+1 (K)’

where @1 111141 (K) is the subspace of Qi1 f+1, k41 (K) except

k+1Ak+1éé’ ak+1 a0 2k+1 Ak+lék+1,

constant multiple of the term x"" ¥ x" Tyt %t y and

I for = 0.k
Then we see the dimension of U ( K ) is (k+ 2)3 -3(k+1)-1.

Definition 2. For any p e ﬁ( K ), we define the following degrees of

freedom:
p (a), for the eight vertices a of K, 1)
If)c} ds, for each edges e of K, geP,_(e), 2
e
J.j)c} dA, for each faces }? of K, qe @ k,l(}?), 3)
i ,

J‘IA{IA?Q dA, Ge Q1. k1,51 (K), 4)
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where Q1 ;_1( f) is the subspace of Qi1 5—1( f) except constant
multiple of the term #F 1371, §F12F=1 2F 13k fand @y 4y (K)
1s the subspace of @3 ;1 41 (I? ) except constant multiple of the term

FFh Tt AR 20NN and #F9R TR for 1= 0k - 2.

Theorem 3. A scalar function p e fj( I/(\') is uniquely determined by
the degrees of freedom (1)-(4). And the finite element space U (I? ) is
conforming in H*(Q).

Proof. Since the number of degrees of freedom and the dimension of

U(K) are both k% + 6k% + 9% + 4, it suffices to show that if peU (K )
and all the degrees of freedom (1)-(4) of p vanish, then p = 0. First, we

use the fact that the vertex degrees of freedom vanish on each edge e of f .

For example, on the edge £ = y = 0 we have
p=2z201-2)r,

for some r € P,_;(¢). Choosing q = r in the degrees of freedom (2) for

this edge shows that r = 0. Now using the fact that p = 0 on each edge
e of f, which we assume to be the face Z = 0, we have

p=x(1-2)y1 -3
for some r e QZ—l,k—l(f)- Choosing q = r in the degrees of freedom (3)

shows that r = 0 and hence p =0 on f By the same reason, we see

that p = 0 on all faces. This proves the conformity in H*(Q) space. And

we have
p=x(1-2)1-3)0-2),
for some re @ 1 ;1 1 ( K ). Choosing ¢ = r in the degrees of freedom (4)

proves r = 0 and hence p = 0. O
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Remark 4. Our element has smaller number of degrees of freedom
than the well known H 1(Q) conforming finite elements on
parallelepiped.

The finite element space on a general element K can be obtained by

using the diagonal affine map Fg via

U(K)={poFg'|peU(K)},

in the usual way. Then we have the following space:
Uy ={p e H(Q)|p|g € UK) for all K e 1, }. (5)

Using the degrees of freedom (1)-(4) transformed on K, we can define an

interpolation operator
ng : H¥"YK) > U(K)

by requiring the degrees of freedom of ngp — p vanish. Then the global

interpolation operator n;, is defined element-wise by

(map)lg = mx (Pl ),
forall K e 7.

2.2. The curl conforming finite element spaces

We now present the edge elements which is used to discretize the
electric field [6].

Definition 5. Let k£ >1. On the reference element I’E, the curl

conforming element space \7(1/{' ) is defined by the subspace of
@p, 11,101 (K )X Qg g ps1 (K )X @1 41,4 (K), where the elements in
the set {&i,j}jzl 5 are replaced by the elements Bi, and the three

elements ¥; are replaced by the single element § for i =1, 2, 3 as follows:
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Gh+Lgh ot
ay1 = {(0, 27 0)}/ 0

A

Ak oA iy A Akoald k
L By = {(xFyFrisl gFghzl o)nE ),
dng = (#5127, 0, 0)10,

~ Al ak+1 2k Nk
oy = {(0> 0, x Yy z )}(:O A
= By = {(0, xz k2 k+1 yk+1 k)}/ 0

Gy = {(0, &7 5h2FH 0)}

~ ~k+1 a0 2k Wk
asy = {(0, 0, 273727 _g
:> _ {(x y k+1 0 k+l k)}/ 0

Ggg = 1(#F5°2F1 0, 0)}g 0

1= (&3 0, 0))

?2 _ {(0’ £k+15)kék+1, 0)} = S _ {(Jek&k+1ék+l, £k+15}kék+1, jz.k+15/k+lék )}
73 = {(0, 0, &¥+13F*1z8))

Then the dimension of V (K ) is 3(k + 1) (k + 2)> — 8(k + 1) — 2.

To define the degrees of freedom, we need two auxiliary spaces. First,
we define C’I\)Zurl( X, y) to be the subspace of @_; j (%, ¥ )x@Q 11 (%, 3),
where the two elements (92’“71, 3, 0) and (0, ik -t ) are replaced by

klk

the single element (x %5871, To define the second space, we use

~curl ~

a replacement rule similar to the Definition 5. We define ¥ (K) tobe
the subspace of @ ;1 11 (IA{)ka_Lk,k_l (IA{)ka_Lk_Lk( K ), where the
elements {&)ij fj—1,2 are replaced by the elements §; and the three

elements éi are replaced by the single element i for i =1,2,3 as

follows:

b1 = {(0, 515k, o)}i?;

_{(xkklf klkZO)}/O,
o = (#5515 o, o)}’;;o



8 JIHYUN KIM

d21 = {(0, 0, &5 12" 18
= WQ = {(O x

dgg = {(0, &'5M 51 0)}k 5

f/ckl Afklk
+xy )}f09

n ak=1r02k \\k—2
¢31 = {(0’ 0, x Yz )}(:O k 1 A 1 k
= P = {(&"3'2", 0, & Jrs

5 = {(&7372F1 0, 0)}h2

& = (&3 0,0
‘%2 _ {(O, &k—l&kék—l, O)} = é _ {(ﬁk&k—lék—l, .’f:k_lj/kzk_l, Jek_lyk_lzk )}
& = {(0,0, & 7155712%))

Definition 6. For any veV ( K ), the degrees of freedom are given

on edge ¢ with unit tangent t, on faces f with unit normal n and in the

interior of K as follows:

J.A‘A’ - t¢ d8, for each edges é of K, geP,(e), (6)
e
R R _~ ~curl  ~
J'f(fz <0)-4dA, for each faces f of K, qedn (f), )
A ~ curl
J}{qux, qeV¥r (K) (8)

Theorem 7. A vector function a e \Y ( I/{') is uniquely determined by

the degrees of freedom (6)-(8). And the finite element space \A7(IA{ ) is

conforming in H(curl, Q).

Proof. Since the number of conditions and the dimension of V ( K )

are both 3% + 152 + 21k + 7, it suffices to show that if all the conditions
are zero, then 0 = 0. First, we consider the face Z = 0. Then the

tangential component of G on this face is (&, 4g) € @ 41(X, J)x
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Qr41,5(%, 7). On each edge of this face, the tangential component is

polynomial of degree k. From the degrees of freedom in (6), we see that

4 -t =0 oneach edge. This implies that on this face, we have
Uy = (1 -3y, Gy = %(1 - £)0g,

P ~curl ., . A . A A
where (01, 09) € oy (%, ¥). Then by choosing ¢; = 0y and g9 = —0; in

the degrees of freedom (7), we see U7 = 09 = 0. Hence . xn = 0 on this
face. By the same reason, we see that u xn = 0 on all faces. This proves
the conformity in H(curl) space. And we have

4 = 5(1 -3 - 2y,
Ug = .72'(1 — &)é(]. - é)lj)g,
g = x(1-2)y(1 - y)ws,

A A ceurl . . N
where (w;, wg, W3 )€ 7 (K ). Choosing q = (w;, Wy, w3) in degrees

of freedom (8), we know that u = 0. O
Remark 8. Our element space has 3k + 5 fewer degrees of freedom

than the well known Nedelec finite element space in each element. Hence

it is more efficient.
For a generic element K, we define the finite element space on K as

V(K)={(Bg )" voFg'[veV(K)},

in the usual way. Then we have the following space:

V), = {v € H(curl, Q)|v|, € V(K) for all K e 714}. 9

Using the degrees of freedom (6)-(8) transformed on K, we can define the

corresponding projection

rg : HF(K) > V(K),
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for an arbitrary element K. Then the global projection operator r; is

defined piecewise by
(V)| g = (Vg
for all K e 7.

2.3. The divergence conforming finite element spaces

In this subsection, we introduce divergence conforming finite element

spaces which will be used to discretize the magnetic induction [5].

Definition 9. Let & > 1. On the reference element K , the divergence

conforming element space W ( K ) is defined by the subspace of
(Quin, 1t NI E P 1 (2)]) % (Qp a1,k METE Py (9))) % (@ 1 ke1 N

(&5 P (),

where the vectors {a;; }j:1,2 are replaced by f)i for i =1, 2, 3 as follows:

k+1 k ¥4
a;p = {(% 0,000 ‘
. o — bl _ {(xk+1ykzl, _ kyk+1 ¥4 O)}[ o
512 = {(O’ :’e 5) * é 5 O)}(;O

A Al ~k+1 2k k-1
asy = {(0, 3" 2", 0)},
— b2 {(0 xf k+1 k x y 2k+1)}f o

R A0k skt k-1
ase = {(0, 0, 232" ),

_{(Xk*—l(kOO)} k+1 202k katlak+1l Wk-1
= by = {(&" 32", 0, - &"3° 2"},
a0 = {(0, 0, #F 2R+ )AL

Then we see the dimension of W (K) is 3(k + 1)%(k + 2) - 3(k + 2) — 3k
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To define the degrees of freedom, we need an auxiliary space. We

~div ~ A .
define ‘{’klv( K') to be the subspace of (Q)_1 4 \ (5¥25 P, (%)) x
(Qpi1.k ME 2P (3)1) % (@ k1 ME" 5" P,_1(2)}), where vectors {¢;; }?:1
are replaced by 9; for i =1, 2, 3 as follows:

b1 = {(&F15%2, 0, 0)112)

_{(xklk/_ kyklfo)}zo,
b1z = {(0, £F3%712", 0)iZh

dor = (0, 27 5F712F 0)h]

:wz_{(o xfklk _xykkl)}g()a
A al ke afe] Ny k=1
¢22 = {(07 0, x[ykzk 1)}[:

ba1 = {(&"13'2%, 0, 0)} T

Ak=1 A0 A Ak alak=1\\k-1
) e k 1y€zk, 0, _xkyﬂzk 1)}f:0
¢32 = {(07 0, X 5/ 2" )}Z;O

Do by =

~div , ~ o~
Note that the definition of ‘I—‘klv( K ) is similar to that of W ( K) except

that the highest exponent £ + 1 is replaced by &£ —1.

Definition 10. For any tie W(K ), the degrees of freedom are

given on faces f with unit normal A and in the interior of K as follows:

JAAﬁ.ﬁ(}dA, G eQ; . (f), foreach face f, (10)
; .
 a A ~div  ~
J.Au'qu’ qe¥: (K), (11)
K

where Q;’Ck(}?) = Q). 1(x, y) is the subspace of @ (%, )\ (&F55 for

the face f in xy -plane etc.
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Theorem 11. A vector function e W ( K ) is uniquely determined by

the degrees of freedom (10)-(11). And the finite element space w ( I?) is

conforming in H(div, Q).

Proof. Since the number of conditions and the dimension of W ( K )
are both 6{(k +1)% — 1} + 3{k(k + 1) — k) — 3k, it suffices to show that if

all the conditions are zero, then & = 0. Since G-n € @, ;( f), it is clear

that (10) implies u-n =0 on each face and this proves the conformity in
H(div) space. Also, u = (i, Uy, Ui3) satisfies @y = 2(1 - x)0;, g = y

~di
(1-$)0y, and dy = 5(1 — 5)03, where ¥ =y, Oy, 03)€ ) . Thus if we

take q =v in (11), we obtain G =0.
Remark 12. Our element of index k lies between BDDF and RTN

elements of index k. Although BDDF element has less degrees of freedom

than our element, there is no known finite element corresponding to

H(curl) space in relation to de Rham diagram. Our element has 6(k + 1)

fewer degrees of freedom than the RTN element, and we can construct a

new H(curl) conforming element which satisfies de Rham diagram.
For a generic element K, we define the finite element space on K as

W (K) = g (B

BgweFg' |weW (K)},
Bk )

in the usual way. Then we have the following space:
W, = {w e H(div, Q)| w|x € W(K) for all K € 1. (12)

Using the degrees of freedom (10)-(11) transformed on K, we can define

the corresponding projection

og : HF1(K) > W(K),
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for an arbitrary element K. Then the global projection operator ©; is

defined piecewise by
opvg = og(Vg),
for all K e 7.

2.4. An I*(Q) conforming finite element spaces

We will now define a new finite element space in L? (Q) to complete

the discrete de Rham complex.

Definition 13. Let & > 1. On the reference element K, the L?(Q)

conforming element Z ( K ) is defined as follows:
Z(K)=@Q . (K),

where @ , , (I/ﬁ\' ) is the subspace of @, ;. 1 (K ) except constant multiple

of the term %3527, #F55% 2'5%5% and £F9%2% for 1 = 0...k - 1.

Then we see the dimension of Z (K ) is (k +1)° — 8k —1 = k® + 3k%.

Remark 14. Our new element has fewer degrees of freedom than
existing L? (Q) conforming finite elements used to complete the de Rham

diagram. Hence using our finite elements we can effectively calculate

Maxwell’s equations.

For a generic element K, we define the finite element space on K as
Z(K)={q°Fg'|geZ(K)},
in the usual way. Then we have the following space:

Zy, =1{q € I*(Q)|q|g € Z(K) for all K e T}, (13)

and define P ;, to be the L%(Q) orthogonal projection into Zj,.
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3. Analysis for the Finite Element Spaces

In this section, we will show that the finite element spaces U < H*(Q),

V < H(curl, Q), W c H(div, Q), and Z < L*(Q) are connected in an

intimate way by the following the discrete de Rham diagram [2, 3]:

U—Y v w-—Y .7

Th rp Wh P(].h

v Vx v-
Uy, —V, —W,, — 7,

Also, we will present error estimates of the interpolation operators

Ty, Yp, Op, and PO,h'

Theorem 15. If Uy, is defined by (5) and Vj, by (9), then VU;, < Vj,.
In addition, if p is sufficiently smooth such that v, Vp and n,p are

defined, then we have Vr,p = 13, Vp.

Proof. Clearly, if p; € Uy, then we see directly that Vp, € V.
Hence VUh c Vh

To prove the commuting property, we map to the reference element

and show that all degrees of freedom (6)-(8) vanish for %nf{ ﬁ—rl?%j).

Then we conclude that an(f) —rz %}3 =0.

For the edge degrees of freedom (6), if t is tangent to é = [a, l;] and

q € P.(é), then using (6) and integration by parts we have
Jé (an?p—rf{Vp )-tq ds

=J'A (Vrgh-Vp)-tq dé
e
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0 A AN A A

= (ngh-5)(b)-(ngh-5) @) (ngh-p)5lds

degrees of freedom (2) for n, we conclude that the right-hand side

K’
above vanishes.
For the face degrees of freedom, we use the degrees of freedom in (7)

together with the divergence theorem in the plane containing f to show

~curl A
thatif e ®r  (f), then

A
A A

J(Vrc p- rAVp) xn-qd
J.fo(7T p-b)-adA
(Tt;{i) p)h;-aqds I(ﬁ b-b)Vi-adA,

where h; is the outward normal to f. Since ﬁlgﬁePk,l(é) and

f
%f Qe QZ—l,k—l ( f ), so that right-hand side vanishes using the edge and

face degrees of freedom (2) and (3) for T We have thus proved that the

face degrees of freedom (7) for %nf{f) and rp %[7 agree.

Finally, for the volume degrees of freedom, we use the degrees of

freedom in (8) together with the integral identity to show that if

. ~curl =~
qe®: (K), then
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jﬁ(%f{p—rﬁ%)-wg
=| V(rnsp-p) -qdx
JK (nzp-p)-q
=| (npp-7 ”-ﬁdA—J.A nop—p)V-qdk.
_[aK( zP-P)a K( zP-pP)V-q

Since §-he @)y s (f) for each face f and V-4e @y ;1 ,1(K), so

the right-hand side vanishes, using the face and volume degrees of

freedom for m-. This completes the proof. O

K

Theorem 16. If V, is defined by (9) and W; by (12), then
VxV, ¢ Wy. In addition, if u is smooth enough such that rpu and

oV x u are defined, then V xryu = o5V x u.

Proof. The proof of V x V;, ¢ W;,, see [2]. To prove the commuting
property, we map to the reference element and show that the degrees of
freedom given in (10) and (11) vanish for V x #01 — &V x 1.

For the face degrees of freedom (10), we let f be a face of K with

normal vector n and g € @}, x( f ). Let V F be the surface gradient. Using

the definition of projection operator &, the fact that n - (V x V) ;= -V i

(n x v) and integration by parts, we have

jf(%xfﬁ—wxﬁ).ﬁ@m

jf(@xfﬁ—%xﬁ).ﬁqm

- _IﬁA (f x (#6 - 0))§ dA
A
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~ [ Ax@Ea-a -VA”dA—J‘AﬁM A x (F0 - 0))g db

J o) viada - [ a; - (ao(ra - @)k

:jAﬁx(fﬁ—ﬁ)-vAgdA—j (F6—1)- (A x A)j d3,
i ! of f

where n ; 1s the unit normal vector to f in the plane containing the face

f. Since @Ig(} € (i)‘,;uﬂ(}?) and q € P,(e) for each edge ¢ of f, the right-

hand side of above formula vanishes by the degrees of freedom (6) and

(7).

For the volume degrees of freedom (11), we let q < ‘i’,ghv(f{ ). Using

the definition of projection operator & and Green’s theorem of the

following form:

I qu-qu:j u~V><qu+J nxu-qdA,
Q Q oQ

we have
JA(@xfﬁ-wxﬁ).w&
K
:J.A(@xfﬁ—@xﬁ)@d&
K
=J‘A(fﬁ—ﬁ)ﬁxfld§<+J‘ (A x (0 - 0))- ¢ dA.
K oK
Since Vx q € ‘i—’iurl(k ) and q € (i)iuﬂ(ak ), the right-hand side of above

formula vanishes by the degrees of freedom (7) and (8). O

Now we will show that the L?(Q) projection P,y : I2(Q) - Z, is

related to .

Theorem 17. If W;,, is defined by (12) and Zj, by (13), then V - W;, < Zj,.

For all sufficiently smooth functions, we have V - opu = P, ;V - u.
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Proof. If u; € W;,, then we see directly that V- u;, € Z,,.

For all ¢ e Q; i.r» using the definition of P, ; and the Green’s

theorem, we obtain

jﬁ(%.eoﬁ-poﬁ.ﬁ)qw

- A(&ﬁ—ﬁ)hc}dA—jA((I)ﬁ—ﬁ)-%dv
oK K

. . ~div ~
Note that q € @) ;(f) for each face f and qu\PkW(K). So, both

integrals on the right-hand side vanish, owing to the degrees of freedom
(10) and (11). O

The above result and Theorems 15 and 16 show that the discrete de
Rham complex commutes. The following theorems provide error estimates

for the projection operators whose proof is now standard [1, 9, 10].
Theorem 18. Let 1), be a regular family of meshes of Q. If

p € H*YQ) and u e H**1(Q), then there is a constant C independent of

h such that
|p = mnply < CRE [Pl
Ju—rpuly < CAH(ulyyy + V< ul,, ),
Ju - opufy < CR* ]y,

k
|p = Po.aply < CR* Il
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