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Abstract

This work consists on the computation of singularities coefficients in a non

convex plane domain. We use a mixed finite element method of CY class based
on a technical characterisation of dual singular functions. Indeed, these
coefficients are obtained directly from dual singular functions. The operator
which used here is the bilaplacian involved in the problem Ay = f decomposed
in two laplacians -Au = y and —-Ay = f. Throughout the discretization, the
singular functions are no longer set up on u but on y. In some regularity

conditions, the error estimations for the singular coefficients with these

hypotheses, give us an error O(h2 ) when we use dual singular functions.
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Numerical tests with Free-fem++ allowed us to calculate and plot the curves of
the coefficients of singularities by direct calculations and approximations using
finite elements mixed in the same benchmark. Thus, it follows asymptotically
that the gap between the two curves is very small narrows and stabilizes when
the mesh becomes more refined.

1. Statement of the Problem

Let us consider the Dirichlet problem for the bilaplace operator in a

domain defined by polar coordinates: Q = {(r, 0)/r <1,0<0 < 3—; ,
Q < R?, (Figure 1), bounded open the boundary oQ = T.

This work deals with the problem described by the following

equations:
A’y =fin Q,
yu = ug on T, (1.1)
S—Z =u, onl,

where denotes: A? = A(A) and g—z = 0, = Vu.nin : is the normal derivative

on the edge of I'. According to the geometry of the open set Q, the

regularity of the solution u does not depend on only the regularity of the

data f, ug and wu; but also on the geometry of the domain [7]. And, if the

problem (1.1) is well posed, it has a singular solution near the summits of

nonconvex ; and the solution is composed of two parts, one regular and
one singular formed from a finite sum of singular functions related to the
geometry of the open Q [5] and [10]. Indeed, if / € H }(Q) and the pair
(wg, uy) satisfy minimum conditions of regularities (which are to be

specified later on), we know that the solution consists in uw = up +

Zj\;}‘jsj’ where up e H?(Q) is the regular part and the (S; h<i<N are

the singular functions and (}; )1 <j<n are the coefficients of singularity. In
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the case of an open crack, the singularity coefficients associated with the
vertex O of the corner are the coefficients of crack propagation. Their
effective calculation allows, besides characterizing better the solution u,
to know a priori the directions and intensities of the crack propagation

[9]. Its approximation by finite elements requires consistent discrete

spaces of class C'. This approach by mixed methods of decomposition

(y = -Au) with —Ay = f of bilaplacian into problems laplacian of a

convergence of order O(h2 ). The discretization at hand uses into finite
element spaces of type P1. The introduction of singular functions is done
on the rotation y and not on the u. Firstly, we recall the results on the
regularity bilaplacian and the method of dual singular functions in order
to write directly the coefficients of singularity without having to calculate
u or y. Secondly, we obtain the coefficients of singularity as coefficients of
the basic functions [4]. We present this unique singular dual method as
well as showing improvement to estimate the coefficients of singularities

behaviour in O(h2) for the less regular for all coefficients. Finally,

numerical tests are presented and discussed in the last paragraph before

the conclusion for this work.
2. Singularities of Bilaplacian and Dual Functions

2.1. Singularities of bilaplacian

Consider an open bounded, circular, non-convex Q < R? with F a
corner with the statistical origin O to an orthonormalized reference

(O, I, J). Without loss of generality of the study, we assume in the

sequel that o > 7.

For any point M of Q, we note respectively by (x, y) and (r, 0) its

cartesian and polar coordinates taken from the vertex O. Let

r>0,0¢el0,2n and x = rcos, y = rsin0.
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Figure 1. Unit disc with corner.

The boundary I' is characterized by:

Sn}:F,

Fl:{M(r,e)eaﬂ;O:O}:F+,F0:{M(r,6)689;6:7 "

= 0 0
r=UMr,F=F UF =T,UTl andso 80 = TUF with FNT = ¢.

The vertices of the boundary dQ are defined by: E;,; = I; N T,

0<i<Ns and O = F, N F_. According to the work of [6], we have the

following results:

Theorem 2.1. Let f € H2(Q), ¢ and u e H*(Q) such that:

Au = fin Q,
(2.0)
u-¢ e HZ(Q).
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(1) If fe HYQ), and ¢ € H3(Q), the solution u of problem (2.0)

decomposes as: u = ugp + AS; + AyS,, where up € H3(Q), Ay, Ay € R, with:
.. 3 . .0

S, (r, 0) = r2( sm§9 — 3 sin( 5 ),

; @2.1)
Sy (r, 8) = r3( cosge - cos( g ),

and there exists a constant C(Q) > 0, depending only on the domain Q,

2
such as: |up ||H3(Q) + Zizlpﬂ < C(Q) ("f"H’l(Q) + ||¢||H3(Q))'

@) If felI?Q) and ¢ € H*(Q), the solution u decomposes into:
u=up+ z;kiSi, where up € HY(Q), A Ao, Ag, Ay € R with:
Sy(r, 0) = r%( singe -5 sin(g ),

) (2.2)
S,(r, 0) = r%( cosge — cos( g ).

Remark 2.2. (1) S; and Sy being unchanged; there exist a constant

C(Q) > 0 depending only of Q, such that:

4
urlizoy + 2o i < CUflz + Wi

(2) The singular functions (S;) 4 are well defined, are biharmonics

1<i<
and yo(S;) = v1(S;) = 0 on F, where v, and y; are application traces.
2.2. Dual singular functions

We present in this paragraph dual singular functions related to
bilaplacian and their properties [6], [10].

Thus, we consider the following functions:

T (r, 0) = rilSl(r, 0), Ty (r, 0) = ring(r, 0),
(2.3)
T3 (r, 8) = 1 2S3(r, 0), T (r, 8) = 1 2S,(r, 6).
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These defined functions satisfy the following properties: for 1 < i < 4,

AT =0 ae. in Q,
(2.4)
Yo(T;") = y1(T;) =0 on F.
Thank to [11]:

. Tl*’ TZ* c Hs+1(Q) and T3*, TZ c HS(Q), Vs e [0, %[

o TV Ty e W2S(Q) and T, TP e Wh5(Q), Vs e [1, %[.

Let B be an open nonempty party of Q such that the origin O ¢ 0B, we
have Ti*\g e C*(B) for 1 <i < 4.

We define the dual singular functions (S; ), ;<, by posing: S; =T} - ¢;
for 1 < i < 4 with the functions ¢; solutions of the Equation (2.4).

2.3. Characterization of singularity coefficients

By using the dual singular functions, we describe direct calculation of

coefficients of singularity from the four dual singular functions

(Sf)i<i<q> data f and ¢ solution of problems (1.1) and (2.0). Note
p* =d(0,T) and consider all truncation functions defined as follows:
T={x e C*(R", R")3ry, n € R fixed, 0 <1y <1, <p"}, where

1if 0<r <,

1(Q) =
0,if n <r.

Also, we define, for any p € ]0, p*[, the coefficients:

k’l](p) = J.{r_p}(AT‘*a’"SJ - SJG,ATZ* + ];*arAS] - ASJG,TZ* )rde for 1 < i ] <4.

(2.5)
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Also according to [2], we have

kij = ainéij with
(2.6)

a1 =8,a9 =ag =24 and a4 =-120.

2.4. Discretization of the domain

The finite element method that we are going to address allows to
reach high levels of convergence when the domain can be triangulated,

which obviously implies that the open Q is polygonal in RZ. We will

consider our domain Q bounded in R? and the boundary regular pieces.
It appears natural to us to begin by approaching the open Q by the unit

disk with corner into a polygonal open Q;, the vertices of the boundary

I, of Qj are the points Eih1 = Fih ﬂfi}il, with 0 <i < Ns of the

"
boundary I}, of the domain. Let T, a regular decomposition of Q into
triangles (triangulation) K. We notice, for each triangle K, hg its

diameter and mesK its area. Let’s h = maxg.r,hg and assume that

exists a constant C > 0 independent of A, such that
Ch% <mesK VK €T, 2.7)

Consider the following subspace of H'(Q) defined by: X = {6 € H'(Q)/

VK € Ty, 0 € H2(K)! and one takes the discrete spaces following:
X, ={v, € 00(5)/1),1‘131 e P(K),VK € T,} and M, =X, N H}Q),

where P,(K) is the affine space of polynomial functions on K. Also, we

note: yg, = — AS;, for 1 <i < 4 and we can deduce that

Ayg, = - A*S; =0, VI<ic<4. (2.8)



78 CHEIKH SECK

Moreover, consider the discrete space with the addition of singularities
HY, N e {2, 4} defined
X), ®74 {ys,} for N =2,

HY = (2.9)
X, ®, {vg,} for N =4.

3. Mixed Variational Formulation

In the sequel, we introduce the following functional spaces:
W = {0 e H}(Q)/yo(0) = y1(6) = 0 a.e. on F} and H (A, Q) = {6 € L*(Q),
AB € H1(Q)} with the natural norm following:
Vo e H (A, O 2 = [0 X P
0 Ha Q) o, =T IO
Note that also:
e H1(A, Q) is a Hilbert space.
e D(Q) is dense in H1(A, Q).
e« HY(Q) c H(A, Q).

We define the bilinear form af(,, .) :

V6, 5 € L2(Q), a(, ) = J . 05dQ, (3.1)

and the linear form &(,, .) :

Vo e H1(A, Q), Yo e H}(Q), b(6, v) =< AB, v >

H_l(Q), H(l)(Q): —IQ VovudQ.

(3.2)
We also define the discrete bilinear form:

v, 8 € X, a;,(0, 8) = E mes']I"[ 0,00,,8dT.
T
KeT
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4. Main Results

This is to estimate errors on the coefficients of singularities by a
method using both the singular functions and singular dual functions.

Coefficients of singularities A; are characterized by the unique dual

functions S; in Q and 9,p; on the edge. The coefficients of discrete

singularities ky, are defined naturally by the dual method.

Theorem 4.1. (1) If f € H1(Q) and v € H3(Q)NW and i e {1, 2},

then we have:
naikhi =-< fa Sl*zl >H_1(Q),H(1)(Q) +J.1_ Y1(¢)5npzidr - J.FYO(w)anpzidF‘

(4.1)

@) If f e I2(Q) and vy € HYQ)NW and i € {3, 4}, then we have:
may, = =[fS5d+ [ n@Rnphdr - [ vo@ouphdr. @2

For proof of this Theorem 4.1, we need the following fundamental lemma:

Lemma 4.2. (1) If f € H Q) and v € W, then we have:
naiki =-< f’ Si >H_1(Q),H(1)(Q) _IFYO(w)yl(ASi )dr
+J 11 @Wo(ASH)dT, for 1< < 2. (4.3)
r
@) If f e L2(Q) and v € H*(Q) N W, then we have:

maky = -[_fSidQ [ vo@ha(AS])Ar + [ n@)o(aS])dr for1<i< 4,

(4.4)

where S; : dual singular functions.
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Proof of Lemma 4.2.
(DIf fe HYQ) and p €« W, wehavefor i =1, 2 and Vy e T

<f, S > =< A, S >

HYQ), H)(Q) H(Q), Hj(Q)

=< A", (1-)S] > + < A%, S >

HY(Q),H}(Q) HQ),Hj(Q)

We know that for all ¥ € T and integrating by parts:
2 * _ 2 * .
< A%, %S; >H_1(Q),H(1)(Q)_ J.QwA (xS;)dQ, i=1,2 VpeW,
j 1SEAZpdQ = j pA2(xSH)dQ, =3, 4,y e WNH*Q).
Q Q

Thus

* _ r * A2 *
< 18T > o) J'QAw A[(1 = 2)S; ]dQ+jQw A2(1S7)dQ.  (4.5)

2
Also y = wr + 2]217\781 and

2
Z?\.Jlﬂu = n?»iai (46)
j=1
2
- ij(JQASjA(l —0)SidO + JQS]-AZ(XSZ‘)de. (4.7)

j=1

By adding member to member relations (4.5) and (4.7), we get:

2
<f 8>y e +Z;,k,-kij - [ avala- sl [ va(s))do
]:

2
+ ijUQASjAQ —2)S{dQ + J.QSjAz(xSi* )de
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2 2

_ r . . _ * r Q. A2 *

- J‘Q(Aw +]Zl:x]AsJJA[(1 7)S; ]dQ+J'Q(w +;XJS]JA (xS7)dQ

- IQ AVA[(L = %)S! ]+ vA2(xS] ) dQ.

Furthermore, we know that: — A2(xS;) = A%[(1 - x)SF].

Thus we have:

j AVA[(L = 1)S7 ]+ j pA2 (28] )dQ = j AVA[(1 = 2)S 1dQ — j oA (1 - 7)S!dQ
Q Q Q Q

= U 11@)o(AQ - x)S; )dI - _[ Yo@h1(AQ - x)S; )dfj-
o o

@) If f e I2(Q) and p € H*(Q)N W, we have forall y e 7

j fSrdQ :j S:AZY"dO (4.8)
Q Q
_ J' (1= 2)S7AZ0"dQ + J' 1 Soa’ dO (4.9)
Q Q
- j AVTAL(L - 7)S] g + J YRGS @10

In the same way as (1): y = p" + Zj LS and

=1"J"J
4
Z?\.Jk‘u = nkiai (411)
fEs|
4
_ ij(jQASjA(l ~)SidQ + '[Qsjﬁ(xs;‘)dgj. (4.12)

j=1
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As in (1) by adding member to member in (4.8) and (4.12), we have

4
J.Qfsl*dQ + JZ:;XJ]CU = J.QfS;de + TC)\,iCti (4.13)

_ J' AnAl(L = )87 ]+ 0 (28] )dex (4.14)

Hence, considering the decomposition in singular and regular part, we
deduce the result as in (1). O

Remark 4.3. This lemma allowed us to determine the coefficients of
singularities without having to calculate the approximate solution of the

problem (1.1), all we need is an approximation of singular solutions dual

(S{ ) <j<4 in a space of elements mixed finite.
Proof of Theorem 4.1.

We will approach S; in Q and AS; on Q, respectively by SZL, and

AS;*ZL. in the corresponding discrete spaces. Let us pose: S; = T} — ¢;,

1<i<4.
Let y a truncation function, and note: p;=— (1 — x)I}" + ¢; e HZ(Q).
Thus we obtain: S} = 7 -y and let p} = — Ad} e L2(Q).
Let F; = 2(xT7) e I2(Q), with ”]:i”LZ(Q) <C, where C is a
constant independent of y, we deduce that: Azwf = F; a.e.in Q.
And, we can see when AS; = A(xT}") — Ay; = p; on the open Q.

Therefore, 0,AS; = 0,A(xT;") - 0,Av; = 0,p; on the boundary T

hence A; is characterized by S; in the domain Q and by d,p; on the
boundary T.
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Now consider the following discrete variational problem:
ap(Ph;> Op) + b(0y, 0,) = 0, VO, e Hy,
b(phys M) = IthfidQ7 vy, € Mp, (4.15)
P € HE , o € My,

The variational problem (4.15), has a unique solution in the space

discretized H, }11\7 from the mixed variational formulation of the above. We
remark that pzi approach p; and ¢7li approach ¢;. Similarly we define
the approximation Sj of S; by the relation Sj = yTj —vp for

1 <1 <4 and coefficients of singularities are naturally defined by the

dual method. Therefore by Lemma 4.2, we obtain:
(i) Iffe HYQ)and p € H}(Q)NW and i € {1, 2}

Tcaikhi =-< f’ S;LL >H71(Q),H(%(Q) +Il‘ Y1(W)5np7lidr - IFYO(w)anpzidF'

(i) If f e I*(Q)and p € HH(Q)NW and i e {3, 4}

na;ky, = - j R fSh,dQ + ij(w)p;;dr - IFVO(w)anPZidF-

(4.16)

5. Numerical Tests

The numerical tests below were conducted on the unit disc with
corner Figure 1 with the software Free-fem++ version 3.17 of University
Pierre and Marie Curie Laboratory J.I. LIONS and INRIA. The
numerical results have been tested on uniform mesh whose

characteristics are described in the table below.



Table 1. Characteristics of the meshes tested

Parameters N 100 | 200 300 400 600 800 1000 1200
1 1 1 1 1 1 1 1 1
tep of mesh A = — L D I . 1 S B T
Step of mes N 100 200 300 400 600 800 1000 1200
Number of triangles np | 8341 | 34185 | 74581 | 135161 | 300275 | 531609 | 830985 | 1206771
Number of vertices ng 4322 | 17394 | 37742 | 68182 | 151039 | 267006 | 416994 | 605187
Table 2. Characteristics of the meshes tested
Parameters N 1300 1400 1500 1600 1700 1800 1900 2000
1 1 1 1 1 1 1 1 1
Step of mesh h = = 1300 1400 1500 1600 1700 1800 1900 2000
Number of triangles np | 1630175 | 1449489 | 1873567 | 2138511 | 2398679 | 2757041 | 3009721 | 3319791
Number of vertices ng | 817189 | 726696 | 939035 | 1071657 | 1201891 | 1381222 | 1507712 | 1662897
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5.1. Finite element calculations of the coefficients of singularities

The coefficients of discrete singularities (k}ll Ji<i<4 have been

calculated by Free-fem++ 3.17 from the mixed variational formulation.



Table 3. Finite element approximate calculations of the coefficients of singularities

Seph-L | i
N=100 | " =00159255 | % =0.00373141 | A% =0.00688557 | " =-0.00019966
N=200 | A" =0.0159324 | A% =-0.000577502 | 2% =0.0068856 | " =-0.0002000520
N=300 | A" =00159337 | % =000373333 | % =0.00688911 | i =-0.00020069
N=400 | 2" =0.0159341 | 2% =0.00373343 M =0.0068893 | 2 =-0.000200074
N =600 M =0.0159344 | 2% =0.00373351 | A% =0.00688944 | " =-0.000200078
N=800 | A" =00159345 | % =0.00373354 | 3% =0.00688949 | i =-0.00020008
N=1000 | " =0159346 | 2% =0.00373355 | A% =0.00688951 | " =-0.00020008
N=1200 | " =00159346 | 2% =0.00373355 | A% =0.00688953 | " =-0.000200081




Table 4. Finite element approximate calculations of the coefficients of singularities

1 h h h h
Step h = ~ A Xy A3 Ay

>

N=1300 | A% =0.0159346 | 2% =-0.000577583 | 27 =0.00688953 | " =-0.000200081

N=1400 | " =0.0159346 | A% =-0.000577583 | 2% =0.00688953 | " =-0.0002000081
N=1500 | " =0.0159346 | A% =-0.000577584 | 2% =0.00688954 | " =-0.0002000081

N=1600 | A =0.0159346 | 22 =-0.000577584 | % =0.00688954 | A" =-0.0002000081

N=1700 | A% =0.0159347 | 2% =-0.000577584 | 7 =0.00688954 | " =-0.000200081

N=1800 | " =0.0159347 | A% =—-0.000577584 | 2% =0.00688954 | i =-0.000200081

N=1900 | A =0.0161911 | A% =-0.000577584 | 2% =0.00688954 | A =-0.000200081

N=2000 | A =0.0159347 | 2% =-0.000577584 | 7 =0.00688954 | " =-0.000200081
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5.2. Direct calculation of the coefficients of singularities

Singularities of the coefficients (;),;<, were calculated directly by

Free-fem++3.17 using the integral formulas that provide the coefficients

of singularities from singular functions and singular dual functions.



Table 5. Direct calculation of the coefficients of singularities

Step h = % M Ao rs A4
N=100 )y =0.0161818 | Ag =0.00539393 | Az =0.00539393 | 1, =-0.00107879
N =200 )y =0.0161888 | %y =—0.00298689 | Az =0.00539627 | 1, =-0.00107925
N =300 by =0.0161901 | Xy =0.0053967 | iz =0.0053967 | y =-0.00107934
N =400 )y =0.0161906 | Ag =0.00539686 | Az =0.00539686 | ., =-0.00107937
N =600 Jq =0.0161909 | %g =0.00539696 | is =0.00539696 | %, =—0.00107939
N =800 hq =0.0161910 | Xy =0.005397 hg =0.005397 | Iy =—0.0010794
N=1000 | A; =00161911 | iy =0.00539702 | ’g =0.00539702 | A, =-0.0010794
N=1200 | A; =0.0161911 | iy =0.00539703 | % =0.00539708 | A, =—0.00107941




Table 6. Direct calculation of the coefficients of singularities

Step h = % M hg i3 by
N=1300 | ’; =0.0161911 | %y =0.00539703 | Xz =0.00539703 | iy =-0.00107941
N=1400 | 7 =0.0161911 | %y =0.00539703 | 23 =0.00539703 | A, =—0.00107941
N=1500 | 2 =0.0161911 | %y =0.00539704 | 73 =0.00539704 | A, =—0.00107941
N=1600 | 2 =0.0161911 | %y =0.00539704 | 73 =0.00539704 | A, =—0.00107941
N=1700 | 7 =0.0161911 | 7y =0.00539704 | kg =0.00539704 | X, =-0.00107941
N=1800 | 7 =0.0161911 | 7y =0.00539704 | kg =0.00539704 | Ay =-0.00107941
N=1900 | 7 =0.0161911 | ’s =0.00539704 | kg =0.00539704 | X, =-0.00107941
N=2000 | 7 =0.0161911 | ’y =0.00539704 | kg =0.00539704 | Ay =-0.00107941




Table 7. Error estimates

Step h = L

=2

h
2

h
Ey

h
ES

h
Ey

N =100

e; =0.00012816

eg =0.000831259

€3

=0.000745819

eq =0.00043941

N =200

)

1

=0.000128215

eg =0.00298689

)

3

=0.000746143

es =0.000439601

N =300

)

1

=0.000128226

eg =0.000831687

™)

3

=0.000746203

eq =0.000439636

N =400

o

1

=0.000128229

eg =0.000831711

€3

=0.000746224

ey =0.000439648

N =600

)

1

=0.000128232

eg =0.000831727

€3

=0.000746239

eq =0.000439657

N =800

o

1

=0.000128233

eg =0.000831733

€3

=0.000746245

ey =0.00043966

N =1000

i)

1

=0.000128233

eg =0.000831736

€3

=0.000746247

eq4 =0.000439662

N =1200

Q

1

=0.000128233

eg =0.000831737

€3

=0.000746248

ey =0.000439663
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5.3. Error estimates

For each step of the discretization, the errors are in the order of

O(h?) in L*(Q) determined by:

El' =i =¥} 20 forall i e {1, 2,3, 4}.



Table 8. Error estimates

Step h =+ El El E! E}
N=1300 | e =0.000128234 | ey =—0.000298731 | e5 =0.000746249 | e; =0.000439663
N=1400 | e =0.000128234 | ey =—0.000298731 | e3 =0.000746249 | e = 0.000439663
N=1500 | e =0.000128234 | ey =0.000298731 | ey =0.000746249 | e =0.000439663
N=1600 | e =0000128234 | ey =0.00298731 | e5 =0.00074625 | e =0.000439663
N=1700 | e =0.000128234 | ey =0.00298731 | eg =0.00074625 | e; =0.000439663
N=1800 | e =0.000128234 | ey =0.00208731 | ez =0.00074625 | e; =0.000439664
N=1900 | e =0.000128234 | ey =0.00298731 | eg =0.00074625 | e; =0.000439664
N=2000 | e =0.000128234 | ey =0.00298731 | eg =0.00074625 | e; =0.000439664
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5.4. Representative curves

The curves below were drawn through the Scilab free software of INRIA.

Emors comparative cunve - H=400
00187

0018,
0014
00127
0010
0.0087]
0,006 I ) =
0004+ I A
0002

10.0007]

T L o e e B R S BSLEEL e e e o e e e e

Figure 2. Coefficients of singularities: 4%%

Enors comparative cunve : N=800
00187
oot
D.DH"
0.012
0.0107)
0.0087
G081 <
0.004-] Sz
00021 .'\._

0.0007

Qa—rr—rrrr vy Frvrrvrrrrrrrrrrrrrrem

Figure 3. Coefficients of singularities: ——.
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Emors comparative curve : N=1000
0.0187

0.016 7

0.014—_ \
0.012- \

0010 — \
0.008 \\
0.006 Sk S R Ty

0,004 \\,-’ it \.-\

0,002 \

0.000 ~

00002+ F— 777777

Figure 4. Coefficients of singularities: 1000 -

Ewors comparative curve : N=1200
0.018 7
0.016
0.0147
0.0127 %
0.010 \
0.008 N
0.006 ] Tl s L
0.004 ‘\,.-// .\“
0.002 i

0.000 = .

0.00z +H————rT1—r————7——
1 2

Figure 5. Coefficients of singularities: 1500 °
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Erars comparative curve 5: N=1500

D.0187]

0.016

0.0147

0.0127

0.0107]

0.008

0.008

0.0047

0.002)

0.000

Figure 6. Coefficients of singularities:

Errars comparative curve S: N=1800

1
1500 °

Figure 7. Coefficients of singularities:

1
1600
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Courbes comparatives d'enreurs S: N=1300
0.018 4
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Il \ Ny
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0002 L e e e e e e L B e s e e e e e L e e ey |
1 2 3 4 5 8 7
. .. . .. 1
Figure 8. Coefficients of singularities: 1300 -

Emors comparative curve S: N=1400
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\
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0.002 X / \\\
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i N S
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-0.002 T T T T T T 1

2 3 4 5 8 7

Figure 9. Coefficients of singularities: 1200
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Errors compartative curve S: N=1700
0.0187]
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Figure 10. Coefficients of singularities:

1
1700

Emors comparative curve S: N=1800
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Figure 11. Coefficients of singularities:

1
1800
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Erors comparative curve S: N=1000
0.0187
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Figure 12. Coefficients of singularities: .
1900
Erwrors comparative curve S: N=2000
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Figure 13. Coefficients of singularities:

2000
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6. Interpretation of Numerical Tests

(1) These numerical results made us realize that the respective
values of the coefficients of singularities are very close to the coefficients

of singularities A, A9, A3. However, the value of i, is negative

(relatively negligible) compared to other coefficients of singularities (on

algebric value).

(2) Representations of the curves of singularity coefficients obtained
from direct calculations (green) and those obtained from mixed finite
elements (in red) are nearly the same and if the mesh becomes very
small, amplitude between the two curves becomes very small, narrows
and stabilizes when the mesh becomes more refined. Hence the effects of

convergence in all cases remain.

(3) Knowing that the direct calculation of the coefficients of
singularities is not always possible, and since the maximum amplitude
error of approximation is relatively small , we can approximate them
properly by the coefficients of singularities obtained by mixed finite
elements, that can be calculated in general with Free-fem++ to estimate

the crack propagation.

In the final analysis, the calculation methods of singular solutions
and coefficients of singularities presented here uses finite element affine
type P1. Besides the result sets of convergence can improve stabilities

obtained using finite element P2 and P3 with Free-fem++.

Therefore, we obtain a priori error estimates more interesting and so
asymptotically greater convergence on the coefficients of crack
propagation in the field. More refined mesh is better the convergence and
stability of the singularities obtained. However, the cost of the numerical
implementation is very high and the grid spacing exceeds 1600, the

coefficients of singularities stabilize up to 8 decimal relative.
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