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1. Introduction

Using coordinate systems such as rectangular, polar, spherical and
cylindrical require an origin but at times we need to locate points relative

to existing points or local coordinates rather than the origin [1-4].

Mobius assigned coordinates (barycentric coordinates) to the point at
which the center of gravity, or barycentre, was located, reflecting the
ratio of weights attached to the ends of a given rod. He then extended
this idea to a system of three weighted points, forming a triangle and
pointing out that the center of gravity will remain the same if the

weights are increased or decreased by a common factor [5, 6].

Central to barycentric coordinates are the concept of concurrency of
lines in a triangle and Ceva’s theorem that “Given any triangle, the
segments from each vertex to the opposite sides of the triangle are
concurrent precisely when the product of the ratios of the pairs of

segments formed on each side of the triangle is equal to 1” [5, 7].

Ceva’s theorem is used in the proofs of many well-known theorems
including the theorem of Napolean’s point, the theorem of Fermat’s point,
and the theorem of the Nagel point [8]. Barycentric coordinates are a
fundamental tool for a wide variety of applications employing triangular
meshes, underlining the definition of higher-order basis functions, the
Bézier triangle in computer aided-design, and many interpolation and

shading techniques in computer graphics [9, 10].

In the present paper, we use the convergence of a special set of
triangles leading to the discovery of an explicit expression for the
convergence point and the understanding that this point can be
constructed using a compass and a straightedge ruler, even if the
convergence process is infinite. These results are then generalized to
Pappus triangles and generalized Pappus triangles [11-13]. Finally, we
obtain an interesting open interval locus of convergence that contains the

centroid of the triangle.
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2. Terminology and Notation

The interior point D of the triangle AABC (Figure 1)

Figure 1. Representation of the point D.
shall be represented by two methods.
(a) Using the barycentric coordinates (A;, A9, A3), we obtain
Xp = MXg +Agxp + Agx(,
Yp = MYya +heyp +Azyc, where
A1 + Ag +Ag =1, and
A 20,A9 20,153 20.
(b) Using the Ceva coordinates (a, B, y), we obtain
AA;, BBy, and CC; which are three cevians that pass through D so
BA, CB;

_ AC, _
that m = q, BA B, and Cl_B =y, where

ofy =1, a=>0, =0, v=0.
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Known are the relations between the barycentric coordinates and the

Ceva coordinates

, @)

@

3. The Convergence Process

The convergence process used here are presented in two phases.
Case I: The Pappus configuration

Select the points C;, B, A;, respectively, on the sides CA, BC, and

AA BB ccC .. .
AB h L _ 7L _ 2 _ g, larl 1 h
so that A B B.C CLA o. Similarly, select the points

Cy, By, Ay, respectively, on the sides C;A;, BiC; and A;B; so that
AAy _ BBy _ GGy

AyB;  ByCp  CoA;

Repeating this process (N +1)-times (/N is a whole number), we
arrive at the points Cpy,1, By, An41, Which are, respectively, on the
sides CyApn, ByCy, and AnBp, so that they divide the sides of the

triangle AyBynCp at a ratio that equals a.

Note that the triangle AgByCy is the original triangle ABC and the
sides AyBy, ByCy, and CyA, are the sides of the original triangle ABC.
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The famous Pappus’ theorem claims that the triangles AABC and

AA;B;C; have a common centroid [14]. Therefore, it is clear that the
triangles AA;B;C; and AA3B5Cy also have a common centroid, and so on
and so forth, up to the triangles AyByCy and Ayn,1By.1Cnii- A

continuous repetition of this process leads to the convergence of the

triangles An,1Bn.1Cn41 to a single centroid point as N approaches

infinity and therefore we have the following:

Claim 1. NAAy,1Bn+1Cn41 1s the centroid point of AABC, as N

tends to infinity.
Case II: Generalization

The points C;, By, A; lie, respectively, on the sides CA, BC, and AB
of the triangle AABC so that

B B AA, .
—L =g, =B, AB - y (Figure 2).

Figure 2. Convergence of Pappus triangles.
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The points Cg, By, Ay lie, respectively, on the sides C;4;, B;C;, and
A1 B; of the triangle AA;B;C; so that

BBy o GG _p Ady
ByCp 7 CeAy T ABy

Repeating this process (N + 1)-times, we conclude that the points Cy,,
Bpn 1, ANy, respectively, lie on the sides CyApn, BNCy, AyBy so
that

ByBn i1 CnCrni1 _ ANANna

= Q, ~ a1 =P % n_ -7
By Cn Cni1ANn g AyaBy

Next we state and prove.

Claim 2. NAAN 1BnyCpni1 =S; a point of AABC, with the

barycentric coordinates

S .S .S\ _ af(y +1)
059549 = (G e DT B D
By(a +1) oy(B +1) j ®)
af(y + 1)+ By(a +1) + oy(B +1) " af(y + 1) + By(a + 1) + ay(B + 1) )’

or with the Ceva coordinates

S .8 ,8y_(aB+1) Bly+1) y(a+1)
05,0509 = (Fe) D) o) @

Proof. We transform the triangle ABC by an affine transformation to
a triangle in which A, B, and C have the coordinates A(0, 1), B(0, 0), and
C(1, 0).

Next, we transform the points A, C, B by an affine transformation to

BB,  CC AA,
BC - % ga - Pand g =

respective points Cj, By, A; so that

Repeating this process (N +1)-times, we note that these affine

transformations preserve the simple ratio where the triangle AAyBnyCn
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shall be transformed into the triangle AApn,1Byn.,1Cpn,1 so that the

division ratios of the corresponding sides are a, B, and vy, as required.
The affine transformation f that transforms A, C, B to C;, B;, 4y, is
denoted by f(AABC) = AA;B,C; (Figure 3). This is a continuous function

from the convex domain AABC to the convex domain AA;B;C; that is

contained in AABC. Therefore f has a fixed point S. This point S shall be
the only common point of the triangles NAAN 1 BN 1Cn41-

A(0,1)

B(0,0) C(1,0)

B,

Figure 3. Affine transformation f(AABC) = AA; B;C;.

To derive the coordinates of the point S, observe that the coordinates
of Ay, B;, and C; are

4 :(Owlﬁj’BI :(ﬁ’oj’q :(B}rl’ BEJ‘

The fixed point for f has the same barycentric coordinates in AABC and

AA; B;C;. Therefore it is a solution of the following system of equation:

CE P
a+1 3 B+1
AA1 B G

xXs :7\.3'1+}\.1'0+7\.2'0=7\.1'0+7\.2'
AABC
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In the other words,

_ . o 7&3
hg =k oc+1+[3+1’ ©)
_ M AP
R A e ©
From (5), it follows that
_ 9\.3 _ (X(B +1) %
S T, T Bla+l) 5%
From (6), it follows that
_ M By+1) .
Ps = TG ©
And clearly, we obtain
_he _y(atl)
ST T el
A simple calculation, using Equation 1) gives
S _ ap(y +1)

The process for k‘g and Ng are

M= G D et D B

similar and will be omitted.

Note. For given a, B, and vy, the point S can be constructed using a

compass and a straightedge ruler (though the convergence process is
infinite). An accurate description of segment construction, by using
compass and straightedge, based on expressions whose representation is

by segments, can be found in references [1, 2].
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Next we deal with three particular cases (Figure 4).

&

B,

Figure 4. The case of the middle of the segments.
First particular case
If « =B =y =1, then the convergence is at the centroid of AABC.

Second particular case (Pappus)
If o =B =y =k, where k(0 < k < ) is fixed, then S is the centroid
of AABC because ag = Bg = yg = 1.

Third particular case (Generalized Pappus)

BB, , CC AA, -
If B.C - ka, CA " kB and A8 " ky, where k(0 < k < ) is fixed,
then
e = a(kp +1)
S 7 Blka +1)
B(ky +1)
= )
Ps v(kB +1)
_ y(ka +1)
'S = a(ky +1)

In the other words, aside from the Pappus’ case, the point S depends on &

and is therefore denoted by S(z).
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Finally, we state and prove our
Claim 3. The locus of S(;) where & (0 < k < o) is fixed, is the open
interval straight-line segment bounded by two points M; and My where

M; 1is the centroid of the triangle and My has the barycentric

coordinates

Mo = op My _ By e oy

oMz = BY g My %y
of + By +ya 2 3 of + By + you

ap + By +yo’

Proof. When % tends to zero in (7), we obtain the Ceva coordinates

My = (%, %, %), which means the barycentric coordinates
MQ Mz MQ _ (XB B'y oy )
e 200 ) = (i e @)

When %k tends to infinity, we obtain (1,1,1) = (cle, Bays Yy ), or

111

barycentric coordinates (X1M2, k2M2, 7»3M2 ) = (3 30 3

). We now prove

that S(k) is located on the segment connecting M; and M. It is enough

to prove that

3 M A M 2 M
M2 Ao M2 aM2| = 0,
5w Sm S
or
1 1 1
ap By oy =0,

af(ky +1) By(ka +1) ay(kB +1)
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or
1 1 1
aof By ay | =0.
kafy kaBy kaBy

We will show that S is located between M; and Mj,. We connect A to

M; and Mo, and obtain the respective points of intersection D; and

Dy, (Figure 5).

Figure 5. The location of the point S().

Without loss of generality, we assume that My and Dy are more to

the left of M; and D;, in the other words % <1.

a _a(Br+1)

In this case 5 <agy, = Blak+1) <1 and therefore S is located

between M; and M.
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