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Abstract 

This paper studies the differential equation of the second order in the segment 
[ ]π,0  with varying delays. Construct a characteristic function operator a 
generated this equation and the boundary conditions at the ends of space, 
studying certain generalization of these operators, which naturally imposed. 
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1. Introduction 

Spectral analysis is a modern mathematical theory that has proved to 
be extremely effective in addressing a much broader class of problems 
from different disciplines such as mathematics, mechanics, physics, 
electronics, geophysics, meteorology, and other natural and technical 
sciences. Reverse spectral problems today represent one of the most 
popular parts of the spectral analysis which is supported by a large 
number of papers devoted to just this issue [8] and [9]. The greatest 
results in the spectral theory in general and specifically to inverse 
spectral problems has been made from integral Sturm-Liouville operator 

[ ] ( ) ( ) ,yxqxyyL +′′−=  

which is also called one-dimensional Schrödinger operator. 

This mathematical model is found in the application of mathematics, 
mechanics, electronics, and other sciences [1] and [4]. This class of 
differential operators describing the physical phenomena that do not 
depend only from the moment they are happening already on them is 
significantly affected by what happened before that moment. One such 
problem is the subject of this paper. 

The spectral characteristics of the operator [ ]yL  implise asymptotic 

study of its intrinsic value, its asymptotic eigenfunctions, decomposition 
in order eigenfunctions, solving tasks and reverse the determination 
regular traces. A special class of inverse problems are problems for 
operators of Sturm-Liouville type where the potential ( )xq  and the 

argument of the function y does not occur with the same argument. 
Differential equations that describe these operators are called differential 
equations with shifted argument. 

Definition 1. Differential equations whit shifted argument it is a 
differential equation in which the unknown function and its running 
appear for different values of the argument. 
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Besides a number of boundary value problems which are studied and 
published the results of research, studied the following boundary 
problem: 

( ) ( ) ( ) ( ) ( ) ( ),
1

xyyxpxyxqxy ii
i

λ=β+τ−+′′− ∑
=

k
 

( ) ( ) ,00 =π= yy  

( ) .;0 τ≤=τ− xxy  

So, the initial set of the segment [ ],0,τ−  that for 0>τ  can not be 

reduced to the point. This condition describes the phenomena that occur 
in missile technology and ballistics, just before firing the missiles, and 
the factors that affect the speed and trajectory as well as the phenomena 
in geophysics at the stress and displacement of tectonic plates. 

2. Generalization Operators 

In this paper, we consider the following equations: 

( ) ( ) ( )( ) ( ) ( ) ( ) ( ),2

1
xyzxyyxpxyxqxy ii

i
=λ=β+α+′′− ∑

=

k
 (1) 

( ) ,00 =y  (2) 

( ) ,0=πy  (3) 

whereby the operator of ( ) [ ]π∈≡ ,0,0 xxpi  discussed in [7] and is 

constructed its characteristic function. The initial set is reduced to the 
point .0=x  The problem boils down to solving the following equation, 
the resolution of which are presented in the form of the following 
theorem. 

Theorem. If the function ( ) ( ) ( ) ( ) ,0,,2,1,, >α= xnixpxq i …  

( ) ( ) .0,0 xxxx <α<<α′<  For each ( ] ( ) [ ]π∈=απ∈ ,0,00,,0 xx  

infinitely differentiable functions and some are ( ) ( ) k,,2,1,,0 …=πβ ixi  
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set but arbitrary numbers. Then the characteristic function ( )zF 1β  the 

operator of the present (1)-(3) meromorphic function whose poles zero 
function. 

Proof. Let 

( ) ( ) ( ) ( )( ) ( ) ( ) ,sinsin1sin2,
010

dttxztpydttytxztqzzxiCzxy i

x

i
i

x

−β+α−+= ∫∑∫
=

k
 

where C is a constant, 1−=i  and let 

( ) ( ) ( ) ,idttxztpzxzxh i

x

i k,,2,1;sinsin,
0

…=−+= ∫  

without limiting the generality we can put .12 =iC  

So we come to the integral equation. 

( ) ( ) ( ) ( ) ( ) ( )( ) .sin1,,1sin,
01

dttytxztqzzyzxhzzxzxy
x

ii
i

α−+β+= ∫∑
=

k
 (4) 

We'll put 

( ) ( ) ( ).,,sin,
1

0 zyz
zxhzxzxy i

i

i
β+= ∑

=

k
 

We will be considered as the size of ( ) k,,1,, …=β izy i  known sizes and 

Equation (4) can be solved by successive approximations. For 1=k  
follows: 

( ) ( ) ( ) ( )( )













α−+= ∫ dttytxztqzzxzxy

x

sin1sin,
0

1  

( ) ( ) ( ) ( ) ( )( ) ,,sin1,, 1
0

1
1 













α−+β+ ∫ dtzthtxztqzz

zxhzy
x

 



DIFFERENTIAL OPERATOR STURM-LIOUVILLE … 55

( ) [ ( ) ( ) ( )( )dttztxztqzzxzxy
x

α−+= ∫ sinsin1sin,
0

2  

( ) ( )
( )

( ) ( )( ) ( )






α−α−+ ∫∫

α

dtdttzttztqtxztqz

tx

1111
00

sinsinsin1  

( ) ( ) ( ) ( ) ( )( )






α−+β+ ∫ dtzthtxztq

zz
zxhzy

x

,sin1,, 1
0

2
1

1  

( ) ( )
( )

( ) ( )( ) ( )( ) .,sinsin1
11111

00
3 






α−α−+ ∫∫

α

dtdtzthttztqtxztq
z

tx

 

Introduce the following tags: 

( ) ( ) ( )
( )

( ) ( ( )
( )

…∫∫∫∑
αα∞

=

−α






−+=ϕ
1

0
11

001
sinsin1sin,

ttx

i
i

ttztqtxztq
z

zxzx  

( )

( ) ( ( ) ) ,sin 1111
0 





−α +++

α

∫ dtdtdtttztq iiii

ti
…"  

( ) ( ) ( ) ( )
( )

( ) ( ( )
( )

…∫∫∫∑
αα∞

=

−α






−+=/
1

0
11

001
1 sinsin1,,

ttx

i
i

ttztqtxztq
z

zxhzxv  

( )

( ) ( ( ) ) ( ( ) .,sin 111111
0 





α−α ++++

α

∫ dtdtdtzthttztq iiiii

ti
…"  

Then we have 

( ) ( ) ( ) ( ),,,1,, 1 zxvzyzzxzxy /β+ϕ=  
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where for ,1β=x  we have 

( ) ( )

( )
.

,11

,,
1

1
1

zvz

zzy
β/−

βϕ
=β  

Therefore, 

( ) ( ) ( )
( ) ( ).,,
,,,
1

1 zxzz
zzxzxy ξ

βξ−
βϕ

+ϕ=  (5) 

Since ( ) 0,0 =ϕ z  and ( ) ,0,0 =ξ z  it is a condition of ( ) 00 =y  in function 

(5) already installed. So the characteristic equation of the boundary 
problem looks like 

( ) ( )
( ) ( ) .0,,
,,
1

1 =πξ
βξ−

βϕ
+πϕ zzz

zz  (6) 

Thoroughly investigate the asymptotic left Equation (6). Asymptotic 
function ( )zx,ϕ  is given in, and the asymptotic function ( )zx,ξ  in the 

case of constant delay. As in the case of our equation acting analogously 
we get: 

( ) ( ) ( )
( ) ( )

.cossin, ,

10
2
2

1
12

12

0 











 /
α+



 /+/=ξ ∑∑∑∑

∞

=

∞

=

∞

=
+

+
∞

=
ν
ν

ν
ν
ν

ν z

xv
xz

Z
vzx

z
xvzx

c
j

j
j

i
i

i
 (7) 

where ( ) ( )( ) ( ) .,,1,0, 0 xxjxxj =α=ααα=α ………  

For the sake illustration, said the first few coefficients 

( ) ( ) ( ) ( ),011,011 pxpx c −=Ψ=Ψ  

( ) ( ) ( ) ( )( ) ( ) ,013 =Ψα+′′−=Ψ cx xpxqpx 20,  

( ) ( ) ( ) ( )
( )

( ) ( ) ( )
( )

( ) ( ).0,
1

00,
10

0100 1
3

22
1

3,1213,0 p
x

qpqp cc −=Ψ
−α′

=Ψ








−α′
α′+−=Ψ  
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We'll take the equity out of (4) in the form of something exchanged 
between a 

( ) ( )
( )

,1sin,
00 











α=ξ ∑∑

∞

=

∞

=
ν
ν

ν z
xA

z
zxzx j

jj
j

 (8) 

( ) ( ) ,0,1 0,10,0 == xAxA  

( ) ( ) ,0,0 1,11,0 == xAxA  

( ) ( )
( )

( ) ( )
( )

.
1

,
01

0
22,022,0

x
xqxAqxA

α′−
=

α′−
−=  

Putting 1and β=π= xx  in (7) and (8) and then by integrating the (6) 

we obtain the asymptotic characteristic function. Characteristic function 
is meromorphic function variable z, where z zero function ( )zz ,1βζ−  

poles characteristic function. Following the reasoning of [7], the 
characteristic function ( )zF 1β  can be considered as the entire function. 

Also, the reasoning of [7] for the case 1>k  is here entirely feasible and 
conclusions are analogue. 

3. Conclusion 

In this work, I watched the inverse problem for the Sturm-Liouville’s 
operator with outspread argument, I've built the characteristic function 
for the differential operator tenders, a completely new equation. Results 
previously proven theorems apply to the operator given by (9) 

( ) ( ) ( )( ) ( ) ( ) ( ),
11

xyyxpxyxqxy jj
j

ii
i

λ=β−α+′′− ∑∑
==

kk
 

( ) ( ) .00 == xyy  (9) 

This item analysis and an improvement in comparison with the concept 
of “ideal” process which is obtained under the assumption that after the 
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fact does not. This assumption generally well reflects the real world 
phenomena as in cases where the delay is related to the submission of a 
sound signal, with hydraulic shock wave or other processes. This 
mathematical modelling of differential operators with constant, 
homogeneous delay as and in this paper. 
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