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Abstract 

In this paper, we will investigate transcendental meromorphic solutions of a 
type of q-difference composite functional equations, characteristic function of 
solutions is estimated. We obtain one interesting result. Example shows that 
our result is precise. 
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1. Introduction and Main Results 

Nevanlinna value distribution theory of meromorphic functions has 
been extensively applied to resolve growth (see, e.g., [1]), value 
distribution [1], and solvability of meromorphic solutions of linear and 
nonlinear differential equations (see, e.g., [2]). Considering meromorphic 
functions ( )zf  in the complex plane, we assume that the reader is 

familiar with the standard notations and results such as ( )( ),, zfrm  

( )( ) ( )( ),,,, zfrNzfrn  and ( )( )zfrT ,  denote the proximity function, the 

non-integrated counting function, the counting function and the 
characteristic function of ( ),zf  respectively. For the integrated counting 

function for distinct poles of ( )zf  we use the notations ( )( ),, zfrN  the 

order of growth of meromorphic function ( )zf  are denote by ( )( ).zfρ  

Given a meromorphic function ( ),zf  recall that a meromorphic 

function ( )zh  is said to be a small function of ( ),zf  if ( )( ) ( ),,, frSzhrT =   

where ( )frS ,  is used to denote any quantity that satisfies ( )frS ,  

( )( )frTo ,=  as ,∞→r  possibly outside of a set of r of finite logarithmic 

measure. 

Recently, some papers focused on complex difference equations and 
difference analogues of Nevanlinna’s theory. Many authors ([3-11]) 
mainly deal with the existence or the growth of meromorphic solutions of 
difference equations, many results on the complex difference equations 
are obtained. 

In 2003, Silvennoinen investigated the properties of meromorphic 
solutions of the following composite equations: 

( )( ) ( ) ( )( ) ,
0

i
i

m

i
zfzazpf ∑

=

=  (*) 

He obtained the following result (see [12]). 
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Theorem A ([12]). Suppose that ( )zf  be a transcendental meromorphic 

solution of ( ),∗  where ( )zp  is a polynomial of degree of ,2≥k  the 

coefficients ( ){ }zai  are meromorphic, 0≡/ma  and .1>m  Suppose further 

that 

( ) ( ) ,,,2,1,0,,, mjfrKTarT s
j "=<  

where K and s are positive constants, and r is large enough. If ,k<s  then 

for given ,0>ε  

( ) (( ) ),log, ε+α= rOfrT  

where 

(( ) )
,1,

log

1log
k

k
<≤

++
=α sif

s

s
mKm

 

and 

(( ) ) .1,log
1log k
k

<<
++

=α sifmKsm  

In this paper, inspired by the ideas of the paper [12], instead of 
considering composite equations, we shall consider characteristic 
estimate and non-integrated counting function of meromorphic solutions 
of the following q-difference composite functional equations: 

( )
( )( ) ( )( ) ( )( ) ( )( ) ( ) ( )( )( ) ,

0
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Ii
zpwzazqwzqwzwza n ∑∑

=∈

="  (1.1) 

where { ( )}za j  are meromorphic functions, ( ) ( ) { },0\,0,0 Cqzaa imi ∈≠≡/  

( )zpni ,,,2,1,0 "=  is a polynomial of degree I,2≥k  is a finite index 

set. 
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We obtain 

Theorem 1.1. Let ( )zw  be a zero-order transcendental meromorphic 

solution of (1.1), { ( )( )}za i  be polynomials, 

( ) ( ) ,,,2,1,0,,, mjwrKTarT s
j "=<  

where K and s are positive constants, r is large enough. If ,k<s  then for 

given ,0>ε  

( ) (( ) ),log, ε+α= rOwrT  

where 

(( ) )
,1,

log

1log
k

k
<≤

λ++
=α sif

s

msKm
 

and 

( )
,1,log

1log
k

k
<<

++λ

=α sifm
Ksmm

 

where 
( )
{ }.max

0
l

n

lii
i∑

=∈
=λ  

Remark 1.1. Compared with Theorem A, although the results are 
basically similar, the equations we discuss are more complex and involve 
q-difference. 

Remark 1.2. The example 1.1 shows that zero order solutions and 
the condition k<s  in Theorem 1.1 cannot be removed. 

Example 1.1. Let ( ) ( ) ,2deg,0 ≥++= zpczczp "k
k  

( )
( ( ) )

.,,2,1,0,
1

5
mi
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eCza mzp
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mi "=

+
=  
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Then 

( ) ( )( )
( ( ) )

( )( ) ,
1 0

5

0

ii
m

m

i
mzp

zi
i

m

i
zpwC

e
ezpwza ∑∑

== +
=  

zew =  is a transcendental meromorphic solution of the composite 
functional-difference equation of the form 

( ) ( )( ) ( ) ( ) ( ) ( )( )( ) .2
32

2
2

0

2
i

i

m

i
zpwzazwzwzwzw ∑

=

=+  

In this case, ( )zw  satisfy 

( )( ) ( ).1, OrzwrT +
π

=  

However, by ,2≥k  we have 

( )( ) ( )( ) ,11,
π

+=
k

k rcmozarT i  

( ) ,1=ρ w  it shows that Theorem 1.1 does not hold if k=s  and ( ) .0≠ρ w  

2. Some Lemmas 

We need the following lemmas: 

Lemma 2.1 ([13]). Let ( )zw  be a non-constant zero-order meromorphic 

function, and { }.0\Cq ∈  Then 

( ( ) ) ( )( )wrTow
qzwrm ,, =  

on a set of logarithmic density 1. 
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Lemma 2.2 ([14]). Let ( )zw  be a transcendental meromorphic function 

of zero-order and { }.0\Cq ∈  Then 

( )( ) ( )( ) ( )( ),,11, zwrNoqzwrN +=  

( )( ) ( )( ) ( )( ),,11, zwrToqzwrT +=  

for all r on a set of logarithmic density 1. 

Lemma 2.3. Let w be a meromorphic function of zero order, 
( ( ) ) ( )( )wrToarT i ,, =  

( )
( )

( )( ) ( )( ) ( )( ) ( )( ) ., 10 1 nin
ii

i
Ii

zqwzqwzwzawz "∑
∈

=Ω  

Then 

( )( ) ( )( ) ( )wrTowzrT ,1,, +λ≤Ω   (2.1) 

on a set of logarithmic density 1, where 
( )
{ }.max

0
l

n

lii
i∑

=∈
=λ  

Proof. In calculating the proximity function of ( ),, wzΩ  we split the 

region of integration into two parts. 

By defining 

{ [ ] ( ) },1:2,01 <π∈ϕ= ϕirewE  

and 

[ ] .\2,0 12 EE π=  

We have 

( )( ) .loglog,,2
21

ϕΩ+ϕΩ=Ωπ ++ ∫∫ ddwzrm
EE
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First, we consider .1E  Each term of ( )wz,Ω  is of the form 

( )( ) ( ) ( )( ) ( )( ) ,10 1 nin
ii

i zqwzqwzwza "  

and so, writing with ( ) ( )niii ,,0 …=  

( )
( )

( )( ) ( ) ( )( ) ( )( ) ., 10 1 nin
ii

i
Ii

zqwzqwzwzawz "∑
∈

=Ω  

For each i, we have 

( )( ) ( )( ) ( ) ( )( ) ( )( ) nin
ii

ii zqwzqwzwzawz "10 1, =Ω  

 ( )( ) ( )
( )

( )
( )

.11 ni
i

i
ni

i

i
i

i
rew
reqw

rew
reqwrea

ϕ

ϕ

ϕ

ϕ
ϕ≤ "  

Thus, for each i, we obtain 

( ) ( ( ) ) ( (
( )
( ) )).,,log2

1

11 zw
zqw

rmOarmd j
n

j
ii

E ∑∫
=

+ +≤ϕΩ
π

 (2.2) 

Since 

( ( )) ( )( ) ( ),,11, wrTozqwrT j +=  

by Lemma 2.1 and (2.2), we obtain 

( )( )wrTod
E

,log2
1

1
=ϕΩ

π
+∫  (2.3) 

on a set of logarithmic density 1. 

On ,2E  we have 

( )
( )

( )( ) ( ) ( )( ) ( )( ) nin
ii

i
Ii

zqwzqwzwzawz "10 1, ∑
∈

=Ω  

( )
( )( ) ( ) ( )

( )
( )
( )

,11 1 ni
i

i
ni

i

i
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i
Ii rew

reqw
rew
reqwrewrea

ϕ

ϕ

ϕ

ϕ
λϕϕ

∈
∑≤ "  (2.4) 
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where { },max 0 nii ++=λ "  and so, by Lemma 2.1 again, 

( ) ( )( )wrTowrmd
E

,,log2
1

2
+λ≤ϕΩ

π
+∫   (2.5) 

on a set of logarithmic density 1. 

Combining (2.3) and (2.5), we have 

( ) ( )( )wrTowrmd
E

,,log2
1 +λ≤ϕΩ
π

+∫  (2.6) 

on a set of logarithmic density 1. 

Next, we prove 

( )( ) ( ) ( )( )wrTowrNwrrN ,,,, +λ≤Ω   (2.7) 

on a set of logarithmic density 1. 

Let ( ) ( )( ) ( )( ) ( )( ) ( )( ) .10 1 nin
ii

ii zqwzqwzwza "=Ω  It follows from Lemma 

2.2 that 

( ( ) ) ( ( )( )) ( )( ) ( ( )) ( )( )zqwrNizqrNizwrNizarNrN nnii ,,,,, 110 ++++≤Ω "  

( ( )( )) ( )( ) ( ( )) ( )( )zwrNizwrNizwrNizarN ni ,,,, 10 ++++≤ "  

( )( )wrTo ,+  

( ( )( )) [ ] ( )( ) ( )( ).,,, 10 wrTozwrNiiizarN ni +++++= "  

Further, we obtain 

( )( ) ( ) ( )( )wrTowrNwzrN ,,,, +λ≤Ω   (2.8) 

on a set of logarithmic density 1, where 
( )
{ }.max

0
l

n

lii
i∑

=∈
=λ  

(2.1) follows by combining (2.6) and (2.8). This completes the proof of 
Lemma 2.3. 
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Lemma 2.4 ([15]). Let ( ) ( ) i
i

p

i
wzawzP ∑

=
=

0
,  be polynomial in ( )zw  

with the meromorphic coefficients ( ){ }.zai  If ( )zw  is a meromorphic 

function, then 

( )( ) ( ) { ( )},,,,,
0

i

p

i
arTOwrpTwzPrT ∑

=

+=  

( )( ) ( ( ) ( )) ( ).1,,,,
0

OarTwrTpwzPrT i

p

i
+−≥ ∑

=

 

Lemma 2.5 ([12]). Let [ ) ( )∞+→∞+/ ,0,: 0rv  be positive and bounded 

in every finite interval. Suppose that 

( ) ( ) ( ),, 0rrBrvArv m ≥+/≤µ/  

where 1,1,0 >>>µ Am  and B are real constants. Then 

( ) (( ) ),log α=/ rOrv  

where 

.log
log

m
A=α  

Lemma 2.6 ([16]). Let w be a transcendental meromorphic function and 

( ) ,1,0,01
1

1 ≥≠++++= −
− kk
k

k
k

k aazazazazp "  be a polynomial of 

degree .k  Given ,0 ka<δ<  let ., δ−=µδ+=λ kk aa  Then, given 

,0>ε  for any { }∞∈ ∪Ca  and for r large enough, we have 

( ) ( ( ) ) ( ),1,1,1, awrnapwrnawrn
−

λ≤
−

≤
−

µ kk kk  

( ) ( ) ( ( ) ) ( ) ( ),log1,1,log1, rOawrNapwrNrOawrN +
−

λ≤
−

≤+
−

µ kk  

( ) ( ) ( )( ) ( ) ( ).,1,,1 wrTpwrTwrT kk λε+≤≤µε−  
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3. Proof of Theorem 1.1 

It follows from (1.1), Lemma 2.3 and Lemma 2.4 that 

( )( )( ) ( ) ( ) ( ),,,,
0

wrTarTmzpwrmT j

m

j
ε+λ≤− ∑

=

 

i.e., 

( )( )( ) ( ) ( ) ( ).,,,
0

j

m

j
arTmwrTzpwrmT ∑

=

+ε+λ≤  (3.1) 

Combining (3.1) and 

( ) ( ) ,,,2,1,0,,, miwrKTarT s
i "=<  

we obtain 

( )( )( ) ( ) ( ) ( ),,1,, wrKTmwrTmzpwrT s++ε+λ≤  (3.2) 

where K is a positive constant. 

Case (1). If ,1≥s  by ([12], pp. 35), we have ( )
r
wrT

log
,  is increasing 

functions of r, we can obtain for any positive constant C and any ,1≥t  

( )
( ) ( ) .1log

loglog
,

, tr
rtC

wrT
wCrT t

ε−>+≥  

Hence, for r sufficiently large, 

( ) ( ) ( ).,1
1, wCrTtwrT t
ε−

<  (3.3) 

Let .1, == Cts  Then 

( ) ( ) ( ).,1
1, wrTswrT s
ε−

<  (3.4) 
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It follows from (3.2) and (3.4) that 

( )( ) ( ) ( ) ( ) ( )wrTmswrKTmpwrT ss ,1,1,
ε−
ε+λ++≤  

 (( ) ) ( ).,1 1 wrTmsKm sε+λ++≤  (3.5) 

By Lemma 2.5, 

( ) ( ) (( ) ) ( ).,1,1 1 wrTmsKmwrT sε+λ++≤µε− k  

From the above inequality, we further get 

( ) ( ) (( ) ) ( ).,1,1 2 wrTmsKmwrT s ε+λ++≤µε−
k

 (3.6) 

Since ,s>k  then by (3.14) and Lemma 2.5, we obtain 

( )( ) (( ) ),log, 1 ε+α= rOzwrT  

where 

(( ) )
.

log

1log
1

s

msKm
k

λ++
=α  

Case (2). If ,1<s  by ([12], pp. 35), since ( )
r
wrT

log
,  is increasing 

function of r, we obtain 

( ) ( ) ,
log

,
log

,
s

s

r
wrT

r
wrT

≥  

i.e., 

( )
( )

.1
,
,

swrT
wrT

s ≥  (3.7) 
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From (3.2) and (3.7), we get 

( )( )( ) ( ( ) ) ( ).,1, 3 wrTm
KsmmzpwrT ε+++λ

≤  

According to Lemma 2.6, we obtain 

( ) ( ( ) ) ( ).,1, 4 wrTm
KsmmwrT ε+++λ

≤µ k  

We obtain from Lemma 2.5 

( )( ) (( ) ),log, 2 ε+α= rOzwrT  

where 

( )
.log

1log
2 k

m
Ksmm ++λ

=α  

Combining case (1) and case (2), we get the proof of Theorem 1.1. 
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