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Abstract

In this paper, we will investigate transcendental meromorphic solutions of a
type of g-difference composite functional equations, characteristic function of
solutions is estimated. We obtain one interesting result. Example shows that

our result is precise.

2010 Mathematics Subject Classification: 30D35, 39A12.

Keywords and phrases: g-difference composite functionl equation, transcendental meromorphic
solution, meromorphic functions.

Received March 1, 2018; Revised March 25, 2018

© 2018 Scientific Advances Publishers



38 SHUXIN HAN et al.

1. Introduction and Main Results

Nevanlinna value distribution theory of meromorphic functions has
been extensively applied to resolve growth (see, e.g., [1]), value
distribution [1], and solvability of meromorphic solutions of linear and
nonlinear differential equations (see, e.g., [2]). Considering meromorphic
functions f(z) in the complex plane, we assume that the reader is
familiar with the standard notations and results such as mf(r, f(z)),
n(r, f(z)), N(r, f(z)), and T(r, f(z)) denote the proximity function, the
non-integrated counting function, the counting function and the
characteristic function of f(z), respectively. For the integrated counting
function for distinct poles of f(z) we use the notations N(r, f(z)), the

order of growth of meromorphic function f(z) are denote by p(f(z)).

Given a meromorphic function f(z), recall that a meromorphic
function A(z) is said to be a small function of f(z), if T(r, h(z)) = S(r, f),
where S(r, f) is used to denote any quantity that satisfies S(r, f)
= o(T(r, f)) as r — oo, possibly outside of a set of r of finite logarithmic

measure.

Recently, some papers focused on complex difference equations and
difference analogues of Nevanlinna’s theory. Many authors ([3-11])
mainly deal with the existence or the growth of meromorphic solutions of
difference equations, many results on the complex difference equations

are obtained.

In 2003, Silvennoinen investigated the properties of meromorphic

solutions of the following composite equations:

m

fp) = D ai2) (F2)), *)

1=0

He obtained the following result (see [12]).
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Theorem A ([12]). Suppose that f(z) be a transcendental meromorphic
solution of (*), where p(z) is a polynomial of degree of k > 2, the
coefficients {a;(z)} are meromorphic, a,, # 0 and m > 1. Suppose further

that
T(r,aj) < KT(r®, f), j=0,1,2 -, m,

where K and s are positive constants, and r is large enough. If s < k, then

for given ¢ > 0,

T(r, f) = O((log r)*™),

where
log((m + 1)K + %)
a = S _ifl1<sc<k,
k
log —
s
and
. log((m+1)Ks+m)’ ifs<1<h

log k

In this paper, inspired by the ideas of the paper [12], instead of
considering composite equations, we shall consider characteristic
estimate and non-integrated counting function of meromorphic solutions

of the following ¢-difference composite functional equations:

m

3 (=) @) (@) - (wlg,2)" = Y ;@ wp@), (1)
=0

(i)el j
where {a;(z)} are meromorphic functions, a(;) # 0, a,,(2) # 0, g; € C\{0},

i=0,1,2, -, n, p(z) is a polynomial of degree k > 2, I is a finite index

set.
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We obtain

Theorem 1.1. Let w(z) be a zero-order transcendental meromorphic

solution of (1.1), {a(i)(z)} be polynomials,

T(r, a;) < KT(r®, w), j=0,1,2 -, m,

where K and s are positive constants, r is large enough. If s < k, then for

given g > 0,

T(r, w) = O((log r)*™®),

where
A
log((m + 1)K + —)
o= . ms _if1<s<k,
log g
and

log L+ m(m +1)Ks

o = log’]? ,if s <1<k,

where A = max{ ) i }.
(i) lg()
Remark 1.1. Compared with Theorem A, although the results are
basically similar, the equations we discuss are more complex and involve

g-difference.

Remark 1.2. The example 1.1 shows that zero order solutions and

the condition s < k¥ in Theorem 1.1 cannot be removed.
Example 1.1. Let p(z) = ¢;2" + - + ¢o, deg p(z) = 2,

5z
- (! ¢ | =
ai(Z) - Cm (1 4 ep(z) )m ’ l = Oa 1’ 2, , M.
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Then

Z i(@w(pz)) =

w Z C. w(p(z))L

w =e® is a transcendental meromorphic solution of the composite

functional-difference equation of the form

2
w(z) (w(22)) w(2z)2w(32) Z o () (w(p(z)))l

1=0

In this case, w(z) satisfy
T(r, w(z) = = + 0(1).
However, by k£ > 2, we have

m|c,C |r

T(r, a;(z)) = @ + o(1)) ———
p(w) = 1, it shows that Theorem 1.1 does not hold if s = k¥ and p(w) # 0.

2. Some Lemmas

We need the following lemmas:

Lemma 2.1 ([13]). Let w(z) be a non-constant zero-order meromorphic

function, and q € C \ {0}. Then

w(gz) | _
m(r’ T ) - O(T(T, LU))

on a set of logarithmic density 1.
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Lemma 2.2 ([14]). Let w(z) be a transcendental meromorphic function

of zero-order and q < C \ {0}. Then
N(r, w(gz)) = (1 + o)N(r, w(2)),
T(r, w(gz)) = (1 + o) (r, w(z)),
for all r on a set of logarithmic density 1.

Lemma 2.3. Let w be a meromorphic function of zero order,
T(}", a(i)) = O(T(I", LU))

Oz, w) = Y a)(2) (=)0 (wl(@2)" - (w(gy2)™.

(1)el
Then

T(r, Az, w)) < (A +o(1))T(r, w) (2.1)

n
on a set of logarithmic density 1, where L = ma;);{Zil}.
=0

Lell

Proof. In calculating the proximity function of Q(z, w), we split the

region of integration into two parts.
By defining
E; = {9 €0, 2n] : [w(re™)| < 1},
and
E, =0, 2n]\ E;.

We have

2rnm(r, Oz, w)) = J. log*|Qlde +I log *|Q|d.
By Ey
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First, we consider E;. Each term of Q(z, w) is of the form

ag)(2)w(z)® w(gi2)) -+ (w(gy2))™,

and so, writing with (i) = (io, ..., i)

Az, w) = Y a)(2hw(2)0 (w(gr2))" -+ (w(gnz))"-

(1)el

For each i, we have

19) (=, w)| = |a)(2he(2)® (w(@r2)* - (w(gnz2))" |

< lag)(re"®)|| =

(
w(re™® w(re™®)

Thus, for each i, we obtain

1 N w(g;z)
%J.El log"|Q)|de < m(r, ag)) + O(;m(r, w(2) ).

Since

T(r, w(g;z)) = (L + o) (r, w),

by Lemma 2.1 and (2.2), we obtain
1 + _
o JEl log™|Q|de = o(T(r, w))

on a set of logarithmic density 1.

On E,, we have

Qe w)] = > ag)(ehle)? wlgse) - (wlg,2)" |

(1)el

(1 w(re')

Q1rei(p) |i1 | w(anei(p) |in )
)

. . 9y . oy .
< a(y(re'® )| [w(re™® )M w(qlr? ) ji .. w(gnre™) n |
" e e | A o AR

43

(2.2)

(2.3)

(2.4)
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where A = max{iy +--- + i, }, and so, by Lemma 2.1 again,

ZLWJ.LE log*|Q|de < Am(r, w) + o(T(r, w)) (2.5)

on a set of logarithmic density 1.

Combining (2.3) and (2.5), we have

ZLnjElog+|Q|d¢ < am(r, w) + o(T(r, w)) (2.6)

on a set of logarithmic density 1.
Next, we prove
N(r, Q(r, w)) < AN(r, w) + o(T(r, w)) 2.7)
on a set of logarithmic density 1.
Let Q) = ag)(2) w(2) w(g;2)) -+ (w(g,2))™ . It follows from Lemma
2.2 that
N(r, Q) < N(r, a)(2)) + igN(r, w(2)) + iy N(r, (q12)) + - + i, N(r, w(g,2))
< N(r, a)(2) + ipN(r, w(z)) + 5 N(r, w(z)) + - + i, N(r, w(2))
+ o(T(r, w))
= N(r, ag)(2)) + lig + i1+ + i, IN(r, w(2)) + o(T(r, w)).
Further, we obtain

N(r, Q(z, w)) < AN(r, w) + o(T(r, w)) (2.8)

on a set of logarithmic density 1, where A = m%u)({z i}
tell 1=0

(2.1) follows by combining (2.6) and (2.8). This completes the proof of

Lemma 2.3.
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p .
Lemma 2.4 ([15]). Let P(z, w) = Zai(z)wl be polynomial in w(z)
=0

with the meromorphic coefficients {a;(z)}. If w(z) is a meromorphic

function, then

p
T(r, P(z, w)) = pT(r, w) + O{ZT(;‘, a;)},
1=0

p
T(r, P(z, w) > p(T(r, w) = Y T(r, a;)) + O1).
i=0

Lemma 2.5 ([12]). Let v : [ry, + ©) — (0, + o) be positive and bounded

in every finite interval. Suppose that
(ur™) < Ap(r)+ B, (r = rp),

where u > 0, m >1, A >1 and B are real constants. Then

¥(r) = O((log )*),
where

o = logA'
log m

Lemma 2.6 ([16]). Let w be a transcendental meromorphic function and
p(z)=azF +a 12"+ gz +ag, ap 0, k=1, be a polynomial of
degree k. Given 0 <8 <|ay|, let A =|a;|+38, n =|a,|-3. Then, given

e > 0, forany a € CU {»} and for r large enough, we have

k 1 1 k 1
il L) < ) <t L),
k 1 1 k 1
N(ur S )+ O(logr) < N(r, w(p)—a)SN(M S )+ O(log 1),

1 - &) (pr*, w) < T(r, w(p)) < A + e)T(ArF, w).



46 SHUXIN HAN et al.

3. Proof of Theorem 1.1

It follows from (1.1), Lemma 2.3 and Lemma 2.4 that
m
mT(r, w(p(z)) - mY_T(r, a;) < (1 + &)T(r, w),
=0

le.,
m
mT(r, w(p(2)) < (0 + e)T(r, w) + m Y T(r, a). (3.1)
=0
Combining (3.1) and
T(r,a;) < KT(r*, w), i=0,1,2 -, m,
we obtain

A

*E 7, w)+ (m + DET(r*, w), (3.2)

T(, wiple)) < =t

where K is a positive constant.
T(r, w) . . .
Case (1). If s 21, by ([12], pp. 35), we have Togr is increasing

functions of r, we can obtain for any positive constant C and any ¢ > 1,

T(Crt, w) , logC+tlogr

T(r,w) log r > (L-e)
Hence, for r sufficiently large,
1 t
T(r, w) < ek T(Cr', w). (3.3)
Let s =¢, C =1. Then
1 s
T(r, w) < = o) T(r®, w). (3.4)
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It follows from (3.2) and (3.4) that

T(r, w(p) < (m + DET(, w) + 500, w)

<((m+1K + % +e)T(r%, w). (3.5)
By Lemma 2.5,
(1 - e)T(wt, w) < ((m + 1K + % Lo TS, w).

From the above inequality, we further get

(L= T (ur ., w) < ((m + DK + mLS T8 )T(r, w). (3.6)

Since k > s, then by (3.14) and Lemma 2.5, we obtain
T(r, w(z)) = O((log r)***),
where

A
B 10g((m + 1)K + % )
o =

k
log &
ogS

Case (2). If s <1, by ([12], pp. 35), since % is increasing
function of r, we obtain

T(r, w) S T(r®, w)’

logr log r®

le.,

T, w) > 1 (3.7)
T(r®, w) S
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From (3.2) and (3.7), we get

T(r, w(p(2)) < (

A+ m(m+1)Ks + g Y, w)
m o

According to Lemma 2.6, we obtain

L+ m(m+1)Ks + gy G, w)
m e

T(w*, w) < (
We obtain from Lemma 2.5
T(r, w(z)) = O((log r)*2™%),
where

log A+ m(m +1)Ks

%2 = log’;c1
Combining case (1) and case (2), we get the proof of Theorem 1.1.
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