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Abstract 

In the present paper, we propose a new method to determine the minimum 
Hellinger distance estimator of stationary Gaussian univariate processes with 
long-range dependence. Under some assumptions which ensure some 
probabilistic properties, we establish strong consistency and asymptotic 
distribution properties of this estimator. 

1. Introduction 

Many empirical observations of both natural and industrial data 
exhibit a correlation decreasing at a rate slower. The dependence among 
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observations separated by a large time span may therefore be not 
negligible. Time series with long-range dependence appear in many 
contexts. Well known examples of phenomena affected by long-range 
dependence are the levels of the Nile river, the temperature of the earth 
(Beran [1], p. 20-29), economic time series (Granger [5]). Some research 
that suggests the use of models incorporating long dependency have been 
done for processes encountered in telecommunication networks (De 
Giovanni and Naldi [4]). In particular such models have been validated 
for internet networks (Willinger et al. [14]). Two of the best known 
classes stochastic processes are the increments of Fractional Brownian 
Motion (known as Fractional Gaussian Noise (FGN) Beran ([1], p. 55), 
Samorodnitsky et al. ([13], p. 332)) and Fractional ARIMA (FARIMA) 
(Granger et al. [6], Hosking [8]). 

This paper is developed under the framework of parametric 
estimation using the Minimum Hellinger Distance (MHD) method. We 
opt for this method of estimation because it gives an estimator which is 
strongly consistent and especially robust. Our study is essentially based 
on the long range dependence process as in N’dri and Hili ([10], [11]). In 
their different studies, they used a power of the sample size with a decay 
hypothesis on the kernel density estimator to get the strong consistency 
and asymptotic distribution properties of the parametric estimator. We 
resume their paper (univariate case) to improve it. We work directly on 
the sample size of the process to get the same results. Without loss of 
generality, we use a kernel density function with compact support. 

We consider the sequence ( ) 1≥nnX  that is a R-valued stationary 

Gaussian process with density ( ),, 0θxf  where 0θ  is assumed to belong 

to a compact subset Θ  of .qR  We suppose that ( ) ( )0
22 θσ=nXE  and 

defined ( ) ( ) ( ) ( ),: 0 tttXX tnn Lθα−
+ =γ=E  where ∗∈ Nnt,  and ,L  a slowly 

varying function at infinity: 

( )
( ) ( ) .10and0,1lim 0 <θα<>=

+∞→
ts

st
s L

L  
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The results in this paper are organized as follows. In Section 2, we 
define the notations, the useful hypotheses and the main results. That is 
to say, almost sure convergence and asymptotic distribution properties of 

the estimator .ˆnθ  Proofs of these properties are detailed in Section 3. The 

results of some simulations are described in Section 4. They are designed 
to evaluate the performance in finite samples of the proposed estimator. 

The following notations are adopted throughout the paper: [ ],~, x  
D→→ ,P  denote, respectively, asymptotically equivalent, nearest integer 

to x, convergence in probability, and convergence in distribution. 

2. Statement of Assumptions and Results 

2.1. Notations 

Let ( ){ }θ= .,fF  be a family of functions indexed over a compact 

parameter set ,qR⊂Θ  such that for each ( )
( )

exp
2

1,,
θσπ

=θΘ∈θ xf  

( )
.

2 2

2










θσ
− x  

The Hellinger distance 2H  and the functional T in question are 

defined as 

R→× BF:2H  

( )( ) ( )( ) ( ) ( ) ,,,.,,.,
2
1

2
1

2
1 2

2 







−θ=θθ ∫ dxxgxfgfHgf

R
6  

and 

Θ→B:T  

( ) ( )( ),,.,minarg 2 gfHgTg θ=
Θ∈θ

6  

where ( ).1 RL=B  
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Remark 1. ( )gT  may have multiple values, so we shall assume that 

it stands for any one of those values. 

2.2. Assumptions 

In the rest of our study, ( )nb  will design a sequence of bandwidth. 

Assumptions A 

(A1) There exists a non-decreasing sequence of positive integers ( )nd  

such that ndn <  and 

( ( ) ) ( )( ) ( ) ( ),1ln
12 odbdndnd ndnnnn n

=+γ
−∗  

where ( ) ( )( ).sup tn tn γ=γ ≤
∗  

(A2) The kernel K is bounded with compact support, such that 

( ) ( ) ,0,0 2 =/= ∫∫ duuKuduuuK
RR

 and ( ) .2 +∞<∫ duuKu
R

 

(A3) Suppose that ,lim,0lim 2 +∞==
+∞→+∞→ nnnn

bnb  and ( ) .0lim 220 =θα
+∞→ n

m
n

bn   

Assume F  satisfies the following: 

Assumptions B 

(B1) For each ,Θ∈θ  the function ( )θ,xfx 6  is twice continuously 

differentiable. 

(B2) For almost every ,R∈x  the function ( )θθ ,xf6  is continuous. 

(B3) For almost every ,R∈x  the function ( ),,21 θ
θ∂
∂θ xf

j
6  for 

qj ≤≤1  is continuous and for every j, the function ( )θ
θ∂
∂θ ,21 xf

j
6  

is in ( ).2 qL R  
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(B4) For almost every ,R∈x  the function ( ),,21
2

θ
θ∂θ∂

∂θ xf
j k

6  

qj ≤≤ k,1  is continuous and for every ,, kj  the function 
kθ∂θ∂

∂θ
j

2
6  

( )θ,21 xf  is in ( ).2 qL R  

(B5) For 2121 ,, θ≠θΘ∈θθ  implies ( ) ( )21 ,, θ≠θ xfxf  on a set of 

positive Lebesgue measure. 

Remark 2. The assumptions (B2) and (B5) ensure existence of ( ).gT  

On the other hand, (B5) is the identifiability assumption on the 
parametrization. 

2.3. Main results 

The main result in this subsection discusses the asymptotic 
behaviour of the MHD estimator. We study in Theorem 1, the efficiency 
property of this estimator. The study of asymptotic distribution property 
in Theorem 2 is very important because it is useful in the selection 
criteria of the estimators. Knowing the asymptotic distribution of the 
estimator can allow to solve the estimation problem to the interval 
confidence construction or the hypotheses tests. 

We first observe random variables nXX ,,1 …  with true density 

( ),., 0θf  where .0 Θ∈θ  We denote by nf  the kernel density estimator of 

( ),., 0θf  a nonparametric estimator which is defined as 

( ) ,,1

1
R∈






 −

= ∑
=

xb
XxKnbxf

n
i

n

in
n  

where K a kernel function. 
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Then, we construct an estimator mnθ  of the parameter θ  over the 

class .F  In order to do this we choose the value of θ  which minimizes the 

functional ( ) ( )( )..,.,2 nffH θ  As a matter of fact, m ( )n nT fθ =  and 

( )( ).., 00 θ=θ fT  

Theorem 1 (Almost sure convergence). Let assumptions (A1)-(A3), 

(B2) and (B5) be fulfilled. If 0θ  is in the interior of ,Θ  then nθ̂  almost 

surely converges to 0θ  when .+∞→n  

For the following theorem, we consider dI  the identity function, {}.I  

the indicator function, ( ).F  the continuous marginal distribution 

function of the sequence ( ) 1≥nnX  and ( ) { } ,,
1

1 R∈≤= ∑
=

− xxXInxF i
n

i
n  

the sample distribution function. The integer m is the Hermite rank of 
the family { { ( ) } ( ) }R∈−≤ xxFxII d :.  and ( ) ( ).obPr xXxF i ≤=  

Otherwise, let’s pose ( ) ( ) ( ),
1

1
ix

n

i
n XBnxFxF ∑

=

−=−  with ( ) =.xB  

{ ( ) } ( ),. xFxII d −≤  then in ( ) ( )






 +∞<φ=φ ∫

∞+

∞−
dzzzggL 22 :  with 

( ) ,2exp
2
1 2









−

π
=φ zz  let’s consider the Fourier-Hermite expansion 

( ) ( ) ( ) ,!
..

k
k

k
k

HxJB
m

x ∑
+∞

=
=  where ( ) ( ) ( ) (( ),2exp2exp1 22 z

dz
dzzH −−= k

k
k

k  

R∈z  is the k-th Hermite polynomial and ( ) ( ( ) ( )),.. xBHExJ kk =  

.,1,0 …=k  
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Finally, denote by ( ) ( ) ( ) ,,Var
1

2
, dx

xdJxJXHd m
mim

n

i
nm =′










= ∑

=
 

( )
!

1
1,

, m
XH

dY im
n

inm
nm ∑

=
=  and the long-range dependence condition        

for the sequence ( ) 1≥nnX  becomes ( ) .10 0 m<θα<  In addition, 

( )( ) ( )( ) ( )

( )
.!2

21~ 2

2
001

,
0

n
n

m
mmnd m

m
nm

L

θα
− θα−θα−  

Theorem 2 (Asymptotic distribution). Let assumptions (A1)-(A3) and 

(B1)-(B5) be fulfilled. If 0θ  lies in the interior of Θ  and ( )0, θ∫
∞+

∞−
xS�  

( ) dxxS t
0, θ�  is a non-singular ( )qq × -matrix, then the limiting 

distribution of 

( ) ( ( ) ) ( ) ( )( ) ( ) ,,2,!1ˆ 0
21

00
1
, dxxJxfxmZisnd mmnnm ′θθρθ−θ ∫

∞+

∞−

−  

where ( ( )) 10 ≤≤tm tZ  is the Hermite process, 

( ) ( ) ( ) ( ) ( ) ,.,,,.,.,,.,., 2121
1

21
t

q
ffSfS 








θ

θ∂
∂θ

θ∂
∂=θθ=θ "�  

( )tS θ.,�  is the transpose of ( )θ.,S�  and 

( ) ( ) ( ) ( ).,,,,
1

θ







θθ=θρ

−∞+

∞−∫ xSdxxSxSx t ���  

3. Proofs 

Proof of Theorem 1. First we state the following lemma required in 
proof. 

Lemma. If the assumptions (A1)-(A3), (B2) and (B5) are satisfied, 
then nf  almost surely converges to ( )0., θf  in the Hellinger topology. 
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Proof. In the proof of this Lemma, we use a similar technical as in 
Ho [7]. 

We have ( ) ( ) ( ) ( ) ( ) ( )( )00 ,, θ−+−=θ− xfxEfxEfxfxfxf nnnn  and 

( ) ( ) 














 −
−







 −
=− ∑

= n

j

n

j
n

jn
nn b

Xx
EKb

Xx
KnbxEfxf

1

1  

,1

1















 −
−







 −
= ∑

= n

j

n

j
n

jn h
Yy

EKh
Yy

Knb  

where ( ) ( )00 , θσ=θσ= nn bhxy  and ( )0θσ= jj XY  is standard 

Gaussian. We subdivide the centered sums 






 −
−







 −

n

j

n

j
h

Yy
EKh

Yy
K  

into disjoint blocks of length .nd  







nd
n  is the number of blocks from the original series ( ) njjY

≤≤1  with 

replacement by 

( ) ( )( ) [ ],, 11
nn dnjdjin Ydj

≤≤−+=B  (1) 

for .1 ndi ≤≤  

As the sample size ,+∞→n  the block size [ ]ndn  grows more 

slowly than the sample size: [ ] ( ).nodn n =  

Then, 
























 −
−







 −∑
= n

j

n

j
n

j
h

Yy
KEh

Yy
K

1
 

[ ]

[ ] [ ]
,

11























 −
−







 −
=

++

==
∑∑

n

n

n

n
nn

dn

jdi

dn

jdi
dn

j

d

i
h

Yy
KEh

Yy
K  
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and for ,0>ε  

( ( ) ( ) )ε≥− xEfxf nnP  

[ ] [ ]
[ ]( ) 








ε≥≤ ∑

=

YyZbdn n
n

n

dn
dnn

d

i
,1

1
P  

[ ]( ) [ ] [ ]( ),,
1

ε≥= ∑
=

nn

n

dnndn

d

i
bdnYyZP  

where [ ]( )
[ ]

[ ] [ ]
.,

1























 −
−







 −
=

++

=
∑

n

n

n

n
n

n dn

jdi

dn

jdi
dn

j
dn h

Yy
KEh

Yy
KYyZ  We 

have 

[ ]( ) [ ] [ ]( )ε≥ nn dnndn bdnYyZ ,P  

 
( )

( [ ] ) [ ] ,,,,~
2121

,, nn dndnn
inB

dydydyyyyf ……∫ ε
=  

where 

( ) ( [ ] )
[ ]

( ) [ ] [ ] ,,,,,,,
1

21












ε≥=ε ∑
=

n

n

n dnnj

dn

j
dn bdnyGyyyinB …  

and nf
~  the joint probability of 

[ ]{ }.,,1,,,1, nnjdi didnjY n …… ==+  

Consider the set of [ ]ndn  Gaussian random variables 

[ ]{ };,,1,,,1, nnjdi didnjY n …… ==+  the covariance of any two of 

the random variables ndjiY 1+  and 21,2 jjY ndji ≠+  satisfies 

[ ] ( ) [ ] ( )nndjidjin djjdnYYEdn nn 2121 −γ=++  

 ( ) [ ]nn dnd∗γ≤  

 ( )( ).1Abylargefor1 n<  
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This enables us to use Lemma 3.3 of Taqqu [12] to express nf
~  as a 

uniformly convergent series over [ ].ndnR  

For ,0nn ≥  

( [ ] )ndnn yyyf ,,,~
21 …  

[ ]
[ ]

[ ]
( )

[ ] ( )
( ),!

11
,,0

20
1

1
j

j

j
dn

j
jdi

dn

j
q
qq

y
yH

YHE j
n

nj

n

ndn
ndn

φ












= ∏∏∑∑
=

+
=

<<
=++

∞

=
k
k

k

kk
kk
…

…
 (2) 

where ( )yHq  denotes the q-th Hermite polynomial of EKb
XxK

n
−






 −  







 −

nb
Xx  in ( ).2 φL  

By Holder’s inequality and using ( ) ( ) !2 qdyyyHq =φ∫  we get, 

( )
( [ ] ) [ ]nn dndnn

inB
dydydyyyyf …… 2121

,,
,,,~∫ ε

 

[ ]
[ ]

[ ] ( )

























≤
+

=
<<

=++

∞

=
∏∑∑ !1

,,0
20

1
1 j

jdi
dn

j
q
qq

nj
n

ndn
ndn

yH
E

k
k

kk
kk
…

…
 

( )

[ ]
( ) .

21

1,, 











φ∏∫
=ε

jj

dn

jinB
dyy

n
 

Apply Lemma 3.1 of Taqqu [12] (cf. the proof of the Lemma 3.1 of the 
paper) to obtain 
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[ ]
[ ]

[ ] ( )

!1
,,0

20
1

1 j

jdi
dn

j
q
qq

nj
n

ndn
ndn

yH
E

k
k

kk
kk

+

=
<<

=++

∞

=
∏∑∑

…
…

 

[ ]
[ ]

( )( [ ] ) [ ]
([ ] ) 2

1
2

,,0
20

11

1
1

jkkk

kk
kk

−γ≤ ∏∑∑ =
++∗

<<
=++

∞

=
n

dn

jn

q
qq

dnd nndn

ndn
ndn

…

…
…

 

( ( ) ([ ] ))
[ ]ndn

nn dnd 












−γ≤ ∗

∞

=
∑ 2

0
1 k

k
 

( [ ] ( )( )),1lnexp nVdn n −−=  (3) 

where ( ) ( ( ) ([ ] )) .1 21−γ= ∗
nn dndnV  

Using Bernstein inequality, we obtain for some 0>C  and for some 
0>κ  

( )

[ ]
( )

21

1,, 











φ∏∫
=ε

jj

dn

jinB
dyy

n
 

[ ] [ ]
[ ] [ ] [ ] 














ε+

ε
−≤

n

n

dnnn

dnn

bdnCdn
bdn
κ22exp2

222

 (4) 

[ ] [ ]

[ ]
.22exp2

22















ε+

ε
−=

κn

n

dn

dnn

bC
bdn

 (5) 

Combining (3) and (5) gives for ,0>ε  
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( ( ) ( ) )ε≥− xEfxf nnP  

[ ] [ ]

[ ]
[ ] ( )( ) ( )














+−−

ε+

ε
−≤ nn

dn

dnn
dnVdnbC

bdn

n

n ln1ln22exp2
22

κ
 

[ ] [ ] [ ]
( ) ,22exp

2
2

















+

+
ε−=

ε
nUbCbdn

n
n dndnn

κ
 

where 

( ) [ ] ( )( )
[ ] [ ]

( )
[ ] [ ]

.ln1ln
22

nn dnn

n

dnn

n
bdn

d
bdn

nVdnnU −
−

=  

Using assumption (A1) and the fact that [ ] ( )( ) ~1ln nVdn n −  

[ ] ( ),nn ddn ∗γ−  we obtain 

[ ]

[ ] ( )( )
[ ] [ ]

( )
[ ] [ ]

Cbdn
d

bdn
nVdn

bC
nnn dnn

n

dnn

n
dn 2

ln1ln
22

2

22

2 ε→−
−

+
+

ε
εκ

 

as .+∞→n  Hence there is ( )ε1n  such that, for all ( )ε≥ 1nn  

( ( ) ( ) ) [ ] [ ] .2exp
2

2



















 ε−≤ε≥− CbdnxEfxf
ndnnnnP  

Then 

( ( ) ( ) )ε>−∑
∞

=

xEfxf nn
n

P
1

 

[ ] [ ] .2exp
2

2

1
∞<



























 ε−≤ ∑
∞

=
Cbdn

ndnn
n

 (6) 
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On the other hand, 

( ) ( ) ( ) ( ) ( )( ) ,,,, 000 duxfubxfuKxfxEf nn θ−θ−=θ− ∫R  

and for each ( ) ( ) ( ) ( ).,,, 00 uKxfubxfuKx n ≤θ−θ−∈ R  By the 

continuity of the density and by the dominated convergence theorem, we 
conclude that ( ) ( ) 0, 0 →θ− xfxEfn  as +∞→n  for each .R∈x  

Then, using (6), we conclude that for all ( )xfx n,R∈  almost surely 

(a.s.) converges to ( )0, θxf  and 

( ) ( )( ) .1,,lim 0
2121 =∈∀θ=

+∞→
RP xxfxfnn

 

Furthermore, since ( ) ( ) ,1, 0 =θ= ∫∫ dxxfdxxfn RR
 hence 

( ) ( ) a.s.0,lim
21

2
0

2121 =






 θ−∫+∞→
dxxfxfnn R

 

Therefore ffn →  a.s. when +∞→n  in the Hellinger topology and 
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This completes the proof of Theorem 1   

Proof of Theorem 2. From Theorem 2 in Beran [2], we deduce that 
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where nV  is a ( )qq × -matrix whose components tends to zero in 

probability as .+∞→n  
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For ,0,0 >≥ ab  we have the algebraic identity 
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We use the same approach as in the proof of Theorem 1, it follows that for 
,0>ε  
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Using the dominated convergence theorem, we conclude that 
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By assumptions (A2), (A3), and (B1), Taylor’s formula in one variable 

gives for x such as ,ubxu n<−∗  
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We get, 
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Consequently, by (7) and (8) and by the dominated convergence theorem, 
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have the same asymptotic distribution. 
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and 
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Assumptions (A2), (A3), (B1) and the dominated convergence theorem 
implies, 

( )

( )
( ) ( ( ) ( )) .as0,, 002

20
+∞→→θ−θΨ∫

θα
ndxxfxEfx

n
n

nm

m

RL
 

In the other hand, 
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By Csörgő and Mielniczuk [3], 
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This completes the proof of Theorem 2.  
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4. Simulations and Performances 

In this section, we investigate the finite sample properties of the 
MHD estimator. For this purpose, we consider the univariate Fractional 
Gaussian Noise (FGN) process. For ,10 << H  FGN is a mean stationary 

Gaussian process with auto-covariance sequence 

( ) ( ) ( ) (( ) ( ) ( ) ).1212
1 2222 HHH

ii HXXE −+−+σ==γ + kkkk k  

Here H is known as the Hurst parameter, and ( )HH 222 −Γ=σ  

( )( )223 H−Γ  the innovation variance. For ,121 << H  the long- 

memory behaviour of the process is demonstrated by seeing that 

( ) ( ) ( ) .,12~ 222 +∞→−σγ − kkk HHHH  

We simulate the scale ( )Hσ  of the process. The kernel density estimator 

nf  is constructed by using Epanechnikov kernel and the bandwidth 

.92−= nbn  Simulations are based on 1000 observations of the (FGN) 

process with 400 replications. We use in R, “longmemo” package and 
“MDEstimator”, “MLEstimator” functions in “distrMod” package. 

Table 1 shows the consistency property of the MHD estimator. Table 
2 gives the Maximum Likelihood (ML) estimate. It shows that the ML 
estimator is less consistent than the MHD estimator. 
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Table 1. Minimum Hellinger distance estimate 

H ( )Hσ  l ( )Hσ  Bias 

0.55 1.002222 1.146019 – 0.143797 

0.6 1.009700 1.114895 – 0.105195 

0.65 1.024125 1.174136 – 0.150011 

0.7 1.048182 1.158587 – 0.110405 

0.75 1.086435 1.109490 – 0.023055 

0.8 1.147369 1.176692 – 0.029323 

0.85 1.249004 1.113428 0.135576 

0.9 1.438784 1.141883 0.296901 

Table 2. Maximum likelihood estimate 

H ( )Hσ  l ( )Hσ  Bias 

0.55 1.002222 0.484194 0.518028 

0.6 1.009700 0.558653 0.451047 

0.65 1.024125 0.557807 0.466318 

0.7 1.048182 0.567699 0.480483 

0.75 1.086435 0.509382 0.5892615 

0.8 1.147369 0.514231 0.633138 

0.85 1.249004 0.362574 0.88643 

0.9 1.438784 0.311558 1.127226 

In the following, we examine the property of the quantitative 
robustness of the MDH estimator. We proceed as follows: 

( ) ( ) ( ) [ ]( ) [ ],1,0where,..1. 1,0, ∈ααδ+α−=α nn ff  

and [ ]( ).1,0δ  the uniform density on [ ].1;0  We make α  vary between 0 

and 1 and we consider the estimators of the associated MDH. In each 
case, ( ).nf  is replaced by ( )..,αnf  The results of Table 3 seem to indicate a 

robustness of the MDH estimator. 
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Table 3. Illustration by simulations of the robustness of the MDHE 

α  l ( )0.55Hσ =  l ( )σ = 0.6H  l ( )0.7Hσ =  l ( )0.8Hσ =  

0.1 1.0352495 1.06008865 1.060344 1.064473 

0.2 1.009288 0.9025901 1.006003 0.9899518 

0.3 1.085068 0.9943619 0.998759 0.9947557 

0.4 1.092368 0.9915725 0.997589 0.893098 

0.5 0.92085 0.89118905 0.896811 0.903899 

0.6 0.9587001 0.9039753 0.902914 0.862098 

0.7 0.916077 0.8767624 0.876066 0.842138 

0.8 0.837741 0.835155 0.831019 0.810639 

0.9 0.803023 0.808303 0.795467 0.793061 

5. Conclusion 

At the end of this study, we obtained the almost sure convergence 
and asymptotic distribution properties of the minimum Hellinger 
distance estimator of stationary Gaussian univariate processes with long-
range dependence. We worked directly on the sample size of the process. 
We used disjoint blocks technical. Indeed, we have divided the function    
K(X) – EK(X) into disjoint blocks. The resulting joint density function has 
been decomposed into Hermite based orthogonal polynomials and then, 
we used the Bernstein inequality to obtain the convergence results. This 
paper improve N’dri and Hili [10] to the extent that they worked with a 
power of the sample size. The kernel function they used is a Parzen 
kernel of order 4≥l  in reality. Such a kernel is obtained by construction 
for simulations. 
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