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Abstract 

In this study, we will investigate global stability of negative equilibrium of 
difference equation 

,,2,1,0,1311 …=−= −−+ nxxx nnn   (1.1) 

where the initial conditions are in the interval ( ) .0,1−  We show that every 

solution of Equation (1.1) converges to the negative equilibrium .2
51 −  
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1. Introduction and Preliminaries 

During the last years, althought many authors have focused on 
convergence of positive equilibrium point of solutions of difference 
equations ([1-10]), some authors prefer to study negative equilibrium of 
difference equations (see [11-13]). 

In [10], we investigated the stability analysis of Equation (1.1). 
According to this, positive equilibrium of Equation (1.1) is unstable and 
negative equilibrium of Equation (1.1) is locally asymptotically stable. 

This study aims to work the convergence of negative equilibrium of 
Equation (1.1). 

Definition 1. A second order difference equation is an equation of 
the form 

( ) ,,2,1,0;, 11 …== −+ nxxfx nnn   (2.1) 

for every set of the initial conditions ., 10 Ixx ∈−  

Theorem 2.1 ([7], p13). Let [ ]ba,  be an interval of real numbers and 

assume that 

[ ] [ ] [ ]bababaf ,,,: →×  

is a continious function satisfying the following properties: 

(a) ( )yxf ,  is non-increasing in each of its arguments; 

(b) If ( ) [ ] [ ]babaMm ,,, ×∈  is a solution of the system 

( ) ( ) ,,, mMMfandMmmf ==  

then .Mm =  

Then Equation (2.1) has a unique equilibrium [ ]bax ,∈  and every 

solution of Equation (2.1) converges to .x  

Equation (1.1) is equivalent to the following difference equation: 

,,2,1,1 311 …=−= −−+ nyyy nnn   (2.2) 
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with change to variable .nn xy −=  Thus, the initial conditions of (2.2) are 

,,, 112233 −−−−−− −=−=−= xyxyxy  and .00 xy −=  

Now, we take two subsequences 12 −= nn yt  and nn yw 2=  for 

.1−≥n  Therefore, we obtain that 

,,;1 0111 Ittttt nnn ∈−= −−+   (2.3) 

and 

,,;1 0111 Iwwwww nnn ∈−= −−+   (2.4) 

with the positive equilibrium point .2
15 −=== wty  

Besides, the interval (0, 1) is invariant for Equation (2.2) as in [3] as 
Theorem 4.1. 

3. Main Results 

In this section, we study the convergence behaviour of negative 
equilibrium of Equation (1.1). 

Theorem 3.1. Every solution of Equation (1.1) with the initial 
conditions in (0, 1) converges to the positive equilibrium ( ) .215 −=y  

Lemma 3.2. The equilibrium point t  is a global attractor of Equation 
(2.3). 

Proof. Let [ ] [ ]babag ,,: 2 →  is a function defined by 

( ) .1, vuvug ⋅−=  

Then 

( ) ,0,
<−=

∂
∂ vu

vug  

( ) .0,
<−=

∂
∂ uv

vug  

Therefore g is non-increasing function in each its arguments. 
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Now, we consider that ( ) [ ]2,, baMm ∈  is a solution of the system 

( )mmgM ,=  and ( )., MMgm =  Hence, from Equation (2.3) 

,1 mmM ⋅−=  

.1 MMm ⋅−=  

Thus, we have 

.mM =  

Then, the proof is completed.   

Now, we investigate global behaviour of Equation (2.4). 

Lemma 3.3. The equilibrium point w  is a global attractor of 
Equation (2.4). 

Proof. Let [ ] [ ]babag ,,: 2 →  is a function defined by 

( ) .1, vuvug ⋅−=  

Then 

( ) ,0,
<−=

∂
∂ vu

vug  

( ) .0,
<−=

∂
∂ uv

vug  

Therefore g is non-increasing function in each its arguments. 

Now, we consider that ( ) [ ]2,, baMm ∈  is a solution of the system 

( )mmgM ,=  and ( )., MMgm =  Hence, from Equation (2.4) 

,1 mmM ⋅−=  

.1 MMm ⋅−=  

Thus, we have 

.mM =  

Then, the proof is completed.   
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Proof of Theorem 3.1. We consider Lemma 3.2 and Lemma 3.3. We 
also know that sequences nt  and nw  are subsequences of .ny  So, ny  

converges to the positive equilibrium .y  Due to the fact that y  is positive 

equilibrium of Equation (2.2), Equation (1.1) converges to negative 
equilibrium point. So, the proof is completed.   

4. Numerical Examples 

In this section, we demonstrate some numerical examples about main 
result. 

Example 1. If the initial conditions are ,3.0,1.0 23 −=−= −− xx  

,5.01 −=−x  and ,9.00 −=x  then negative equilibrium x  is global 

attractor of Equation (1.1). Figure 1 shows this status. 

 

Figure 1. Plot of Equation (1.1) with initial conditions ,1.03 −=−x  

,5.0,3.0 12 −=−= −− xx  and .9.00 −=x  
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Example 2. If the initial conditions are ,8.0,3.0 23 −=−= −− xx  

,6.01 −=−x  and ,2.00 −=x  then negative equilibrium x  is global 

attractor of Equation (1.1). Figure 2 illustrates this status. 

 

Figure 2. Plot of Equation (1.1) with initial conditions ,3.03 −=−x  

,6.0,8.0 12 −=−= −− xx  and .2.00 −=x  
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