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Abstract 

The inconsistent estimators of the parameters resulted from the simultaneity 
problem when the structural equations are estimated by ordinary least squares 
(OLS) approach is of great importance in this research. The study argues that it 
does not mean that OLS estimation of simultaneous equation models (SEM) is 
useless; and so examined the empirical analysis of the three categories of 
estimation techniques: OLS, single equation and system estimation approaches. 
The asymptotic and small sample properties of the various methods are 
compared using total absolute bias and the root mean square error. The findings 
indicated no remarkable and asymptotic pattern in the performance of the 
estimates of the parameters of each estimator. However, the ranking of the 
three categories of simultaneous estimation methods differs according to the 
correlation level of the explanatory variables and the individual equation of the 
SEM. 
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1. Introduction 

In many cases, a one-way or unidirectional cause-and-effect 
relationship between jointly dependent and some explanatory variables 
are required for policy formulation (Agunbiade [3]). In this regards, the 
simultaneous equations model (SEM) is most important to 
econometricians both from a theoretical as well as applied perspective. 
The main thrust of this study is to empirically analyse the notion on the 
use of OLS approach in the parameter estimation of simultaneous-
equation systems. Many authors like Johnston [11]; Goldberger [7]; 
Greene [8]; and Maddala [15] have shown that OLS cannot be applied to 
estimate the structural parameters of each equation in a system of 
simultaneous equations mainly because of the presence of current 
endogeneous variables in the structural equation. This research however 
argues that it does not absolutely imply that the application of OLS is 
useless and then examined and compared the three categories of 
estimation techniques of SEM. The obtained results were analysed by 
using the total absolute bias and the root mean square error RMSE. The 
ranking of these techniques were also made to reveal the true position of 
OLS. The asymptotic and small sample properties of a Monte Carlo 
simulation analysis were equally done. 

2. Materials and Methods 

The model to be estimated is 

,ttt uxy =Γ+β   (2.1) 

where β  is G × G matrix of coefficients of current values of endogeneous 

variables, and Γ  is G × K matrix of coefficients of pre-determined 
variables. 

The structural form of the linear simultaneous equation model which 
contains G equations as well as its matrix notation was well documented 
in Greene [8] and Johnston [11]. For clarity, the representations of the 
notations are: 
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 (2.2) 

since nt ,,2,1 …=  each of the G equations has n forms, one for each 

period and hence for the n periods, the model can be written as 

,UXBY =Γ+   (2.3) 

where 
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The underlying assumptions about the error term as well as its 
implications are well treated in Kutsoyiannis [14], Johnston [11] and 
even discussed in Agunbiade [3]. The presentation of the system 
described in (2.1), (2.2), (2.3) as well the structural form of the linear 
simultaneous equation described in Greene [8] gave rise to our model 
designed ( )3,3 == KG  

;12121113131 ttttt uxxyy +γ+γ+β=  

;23231211212 ttttt uxxyy +γ+γ+β=  

,33332322323 ttttt uxxyy +γ+γ+β=  (2.4) 
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Using Equation (2.1), the reduced form of our model is deduced as 

.11
ttt UXy −− β+Γβ−=   (2.6) 

Thus, our illustrative model of (2.4) can further be simplified in the 
context of (2.6) as: 
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Alternatively, Equation (2.6) can be written in terms of its reduced form 
parameters 

,ttt VXy += ∏   (2.8) 

where ∏ is the reduced form of parameters defined as 

.and 11 Γβ−=β= −− ∏tt uV   (2.9) 
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Equation (2.10) is expressed 

;13132121111 ttttt VxxXy +++= ∏∏∏  

;23232221212 ttttt VxxXy +++= ∏∏∏  

.33332321313 ttttt VxxXy +++= ∏∏∏  (2.11) 
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The other components is expressed as 
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Thus we have 
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where ( ) .1 1
213213

−βββ−−=D  

In the language of Johnston [11], for the estimation of simultaneous 
equation models, OLS and its variants are considered to be 
unsatisfactory estimating techniques. He was of the opinion that the 
remaining endogeneous variable(s) in the model will generally be 
correlated with the disturbance term in the equation so that OLS will be 
biased and inconsistent. He however justified that only in the case of 
recursive models will OLS be an optimal estimating technique. 

Casteneira and Nunes [5] in classifying estimating techniques of 
SEM also considered OLS as ‘Naive method’ probably because of the 
biased and inconsistency of OLS. 

3. Discussions 

Many authors like Johnston [11] have shown that OLS cannot be 
applied to estimate the structural parameters of each equation in a 
system of simultaneous equations. Their argument is largely based on 
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the existence of current endogeneous variables in the structural 
equations. The identification status of the SEM as well can be used to 
determine the nature of estimation methods to be used. For this study, 
we excluded the recursive models since they are not in the category of 
simultaneous equation model. Since OLS method can be used in 
estimating the parameters sequentially. The methods of estimation of 
simultaneous equation system that are considered as single equation 
methods (GEM) which are applied to one equation at a time or complete 
system methods (CSM) applied to the system as a whole. Single equation 
methods include two-stage least squares (2SLS), indirect least squares 
(ILS) and limited information maximum likelihood (LIML). The systems 
methods are three-stage least squares (3SLS) and full-information 
maximum likelihood (FIML) in which all the equations of the fully 
specified structural model are estimated simultaneously. 

Single equation method (2SLS estimation method) 

3.1. First stage regression 

Write the equation to be estimated in the form: 

.11111 UXy +γ+βγ=   (3.1) 

Regress 1γ  on all the pre-determined variables in the model using OLS. 

The objective is to purge 1γ  of their stochastic elements. 

After regressing 1γ  on all the s,1X  we obtain 

l ( )1 11 1 2 1,Y X X X X= γ   (3.2) 

where [ ]21XXX =  is the n × k matrix of all the pre-determined variables 

in the system. 

3.2. Second stage regression 

Regress y on l1Y  and 1X  using: 

l1 1 1 .y Y X U= β + + ∗   (3.3) 
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Note the different between (3.1) and (3.3) and between 1U  and .1
∗U  Let b 

and c be the 2SLS estimates β  and ,  let the residuals from OLS 

estimate be 

l
1 .e Yb X c= − −   (3.4) 

The sum of squares of residuals is 

l( ) ( l )
11 1 11 1e e Y b X c y Y b X c= − − − −  

l l l l11 1 1 1 1 11 1 11 1 1 1y y Yb y X c b Y Y b b Y X c c X X c= − − + + +  

l l11 1 1 1 11 1 1 1b Y X c y c X Yb− − +  

l l l l11 1 1 1 1 1 11 1 1 11 1 1 1 12 2 2 .y Y b y X c c X Y b b Y Y b C X X c= − − + + +  (3.5) 

Note that b and c are the only unknowns in (3.5) and their least squares 
estimate are obtained by minimizing (3.5) with respect to b and c, i.e., 

( ) l l l l
1 11 1 11 1 1 112 2 2 0,e e y Y c X Y Y Y bb

∂
− + + =

∂
 

( ) l l
1 11 1 1 11 1 1 1 12 2 2 0,e e y X b Y X c X Xc

∂
− + + =

∂
 

or 

l l l l1 1 1
1 1 1 11 ,Y Y b Y X c Y y+ =  (3.5a) 

l l l l1 1 1
1 1 1 11 ,X Y b X X c X y+ =  (3.5b) 

or in matrix form: 

l l l

l l l

l

l
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.
Y Y Y X Y yb

cX Y X X X y
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 (3.6) 
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Looking at the matrix dimensions, it can win some little effort that (3.6) 
consists of 1−+ gk  equations in 1−+ gk  unknowns. As before each 

row is an equation and each column corresponds to a variable, i.e., 
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states the dimensions of the eight components of (3.7) in practice, we do 

not have to compute l1Y  and it can be shown after some efforts involving 

the eliminate of l1Y  that (3.6) can be stated as: 

( ) ( )
.

1
1

1111
1

1
1
11

1
1

1
1

1
11

1111
1
















=





























 −−

yX

YXXXXY

c

b

XXYX

XYYXXXXY
 (3.8) 

It can be shown that 2SLS estimators are consistent, i.e.,  
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Complete systems method (3SLS estimation method) 

We have discussed single-equation method of estimating the 
parameters of simultaneous equation models with a particular reference 
to a 2SLS. The inconsistency of OLS in this context was noted. Johnston 
[11] emphasised identification criteria as one to show that equations that 
are exactly identified can be estimated using the reduced form or ILS 
estimation method. Indeed, it should be noted that 2SLS can also be used 
in estimating the parameters of such an equation. When an equation is 
over-identified, its structural parameters can be estimated by using the 
2SLS estimation method; LIML method can also be used. Hence, our 
emphasis on 2SLS as an example of GEM to buttress its importance. The 
3-stage least squares (3SLS) is a systems version of 2SLS and can also be 
used to estimate simultaneously all the parameters of a simultaneous 
equation model provided no equation is unidentified. However, it 
requires that all equations be correctly specified since one incorrectly 



D. A. AGUNBIADE 124

specified equation will adversely affect the entire system. A systems 
method is applied to all the equations of the model at the same time and 
gives estimates of all the parameters simultaneously. It takes into 
account the entire structure of the model with all the restrictions that 
this structure imposes on the values of the parameters. Three-stage least 
squares is a straightforward extension of 2SLS, and involves the 
application of least squares in three stages. The first two stages are the 
same as 2SLS (as discussed above) except that we deal with the reduced 
form of all the equations of the system. The third stage involves the 
application of generalized least squares, that is, the application of least 
squares to a set of transformed equation in which the transformation 
required is obtained from the reduced-form residuals of the previous 
stage. 

4. Concluding Remarks 

It has been argued that OLS cannot be applied to estimate the 
structural parameters of each equation in a system of simultaneous 
largely because of the presence of current endogeneous variables in the 
structural equations. This study has proven that OLS estimation of SEM 
may not be totally useless. That the estimation techniques of SEM will 
differs in ranking according to the correlation level of the explanatory 
variables and the identification status of the individual equation of SEM. 
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