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Abstract

We present an algorithm to compute the capacity of compound channel, which is
specified by maximin of mutual informations. The algorithm utilizes the
alternate optimization method similar to Arimoto-Blahut algorithm except for
the more complex optimization method at the second phase. By transforming
the original problem with non-differentiable objective function into a convex
optimization problem with differentiable objective function, we obtain the
necessary and sufficient conditions for the capacity-achieving input
distributions. We also derive both upper and lower bounds of the maximin
value, which provide a criterion to terminate any iterative methods. In addition,
the convergence of the algorithm is proved. Finally, the numerical results are
presented.

1. Introduction

In the early 1948, Shannon [1] introduced an important concept in
information theory, channel capacity, which is to specify the asymptotic

limit on the maximum rate at which information can be transmitted
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reliably over a channel. For the discrete memoryless channel with single
input and single output, the capacity can be efficiently computed by the
Arimoto-Blahut algorithm, which is an alternate optimization algorithm

(121, [3D.

In this paper, we focus on the computation of the capacity of discrete
memoryless compound channel with m inputs and n outputs ([4], [5]),
which can be specified by a collection of probability transition matrices

{Q(jli),1<i<m,1<j<n}_,_g. The compound channel can also be

considered as a special finite state channel with the channel state
unknown initially and kept unchanged during the transmission. As is
well known, the capacity of a compound channel is given by

C = max min {I(X; Y})}, (1)
pep™ 1<k<K

where I(X;Y)) is the mutual information between the input and the

output corresponding to the k-th channel probability transition matrix

(@4 (Jli)] and
p" = {p e R"|p(i) > 0, Y pli) =1}, @)

is the set of all probability distributions on the channel input. Here we
use X without the subscript k£ to indicate that the sender must design an

encoder that is robust for all possible k, while we use Y}, to indicate that

the receiver knows the channel law exactly. The maximin in (1) is also
the maximum information rate at which common messages can be
broadcasted reliably from one sender to multiple receivers [6]. However,
note that the compound channel capacity is, in general, not equal to the
minimum of the capacities of the different channels in the family, as the
capacity-achieving input distributions may be different for different

channels in the family.

The paper is organized as follows. Firstly, the analytical properties of
the minimum mutual informations such as continuity, concavity and

differentiability are analyzed. The necessary and sufficient conditions for
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the capacity-achieving input distributions are revealed. Both lower
bounds and upper bounds are derived, which provide a criterion to
terminate any iterative algorithms when the capacity has been
approximated sufficiently closely. Secondly, an iterative method to
compute the maximin value of K mutual informations is derived. Thirdly,
the convergence of the proposed algorithm is proved. Finally, some

numerical results are presented.
2. Necessary and Sufficient Conditions

Consider the compound channel described above. Let @, = [@(j|i)]

be the k-th probability transition matrix. For any given distribution

p € p™, define
— min {I
f(p) = min I(p, Q)

where

un@szxw—zy@%mn%Qﬁ@ ®

and

%m=2mmmaﬁr1msx 4

Proposition 1. The function f(p) is continuous and concave over p™

Proof. The continuity is obvious, while the concavity follows from the

concavity of I(p, @) and the fact that minimum operation preserves

concavity ([7], p. 80). O

Hence, there exists p* such that f(p*) = max f(p). However, since
DbeEp

f(p) may be non-differentiable, the Karush-Kuhn-Tucker (KKT) conditions

may not exist. Fortunately, we can verify that maximizing f(p) is

equivalent to
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max{r}
p,r
r <I(p, @) for 1 <k < K;

st. Zip(i) =1 6))
p@) =0,

which is a convex optimization problem since r — I(p, @;,) for 1 < k < K

are convex in p [8] and r is linear. By defining
Lk, v) = 742D p6) ~1) + D viI(p, @) 7).

where A, v, are Lagrange multipliers, we have the following KKT

conditions:

oL(A, v)

o) ptiy=p) = 0 for p°(0) > 0

oL(A, v) e
op(i) | p(i)=p*() < O for p"(0) = 0;

oL(:, v) B N

T|r=r* =1- Zk;vk = 0;

Uk(I(p*’Qk)_r*):O; Vi > 0. (6)

From (6), we obtain

Zkvak(i)p* =loge-A for p*(i) > 0;

Zkvak(i)p* <loge—-A for p*(i) = 0, (7

where

Q;: (i)

- (8
2 Quip ()

Ti(@)y = ) Qulili)log

Multiplying both sides of (7) by p*(i) and summing over i, it can be seen
that



COMPUTATION ON THE CAPACITY OF ... 21

Zkvkj(p*, Q) =loge — L. (9)

Subtracting r* = max f(p) from both sides of (9) and utilizing
pep™

Vk(I(p*, Q) - 7“*) = 0, we obtain
r* =loge -2, (10)
and Theorem 1.

Theorem 1. For an input probability vector p* satisfying that

C=f(p*)= max f(p), there exists a vector v = (vy, vg,... , vy ) (v = 0)
DPEP

satisfying Zkvk =1 such that
Zkva’“(i)P* =C for p*(i) > 0;
Zkuka(i)p* <C for p*(i)=0. (11)

Theorem 2. For any probability vector p and nonnegative vector

v = (v, vg,..., v) (v = 0) satisfying Zkvk =1, the following hold:

I,(p) < C < Iy(p), (12)

where
Ir,(p) = miniI(p, @)}, (13)
Iy(p) = min gig{ZkaTk(i)p}. (14)

Proof. The lower bound is obvious, while the proof of the upper
bound is similar to Problem 4.17 in ([9], p. 524). Actually, for any

v (v = 0) satisfying Zkuk =1, it can be seen that

max {Zkvak @)y}
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= D P’ max{} T,
D AOIOINTEACN
= > QP OTLG),)
> > (X O, = C. 15

d

Remark. If p* achieve C, from Theorem 1 and Theorem 2 we get
Ir(p") = Iy(p").
3. The Iterative Optimizing Algorithm

The computation of C will be derived from the following theorem:

Theorem 3. Suppose that the channel transition matrices @y, ..., Qg

are m x n. For any n x m transition matrices By, ..., Bk, let

J B,.(i]j
F(p. Qu Bi) = 3, 3 by tog 2400,
J(p, B) = min {F(p, @ By)j-
Then the following is true:
1)
C = max max J(p, B) (16)

(2) For fixed p, J(p, B) is maximized by

= ,1<k<K. am
CY PRl

(3) For fixed By, ..., Bk, J(p, B) is maximized by
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o exp(Y mi ), @(jli)log By(i)
P (Y ey @l g B

(18)

where

Hy 2 0, Zkuk =1,

and w = (uy, ..., ng ) = ¢ such that p* satisfies that Fi(p*) < F;(p")
for all j#1 or p=p® such that F)(p*) = F,,(p*) for all p?, nd =0
and F;(p*) < Fj(p*) for all p? = 0. Hereafter, for fixed By, we use
F.(p)2 F(p, Q;, B;,) for convenience and e; states K-dimensional unit
vector, that is, the I-th component of e; is 1 and the rest is 0.

Proof. (1) From Theorem 1 in [3], it can be seen that F(p, @;., B},)

< F(p, @, By) for fixed p. So it is obvious that

J(p, B) < J(p, B"), (19)

which means that f(p) = p A%, J(p, B).
1> DK

(2) This fact is an immediate consequence of (19).

(3) Since J(p, B) may be non-differentiable over p, Lagrange

multiplier method can not be used. Fortunately, we can still transform

the problem of maximizing J(p, B) into an equivalent optimization

problem

max{r}
p,r
r-F(p, Q. B,)<0 for1<k<K,
s.t- (20)

Zip(i)—l = 0.
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Here, we ignore the constraint p(i) > 0 temporarily. Similar to Problem

(5), it can be verified that Problem (20) is a convex optimization problem.

By defining

Lk, p) =71+ %(Zp(i) -1)+ Zuk(Fk(p) -r),

the following KKT conditions:

L
M| N s = 0;
op@i) 'PW=p @) — ™
u(Fo(p*)-r") =0for1<k<K,;
[p >0for1 <k <K, (21)

are true. The Equation (18) can be easily derived from the second

constraint of (21) and the condition Zi p"(i) = 1. Solving from the first
equation of the above KKT conditions, we get Z WM = 1. In addition, for
p, there are two kinds of cases. The one is p = ¢;, that is, u; =1 and
uj =0 forall j # I. From the condition p;(F;(p*)-r") = 0, it is obvious
that r* = Fj(p"). Hence p* should satisfy r* = F;(p") < F;(p*) for all
Jj # 1. The other one is p = MO. For all u?, u?n # 0 1t is obvious that
F)(p*)=r" and F,(p")=r", which means that F;(p*)= F,(p").
Meanwhile, for all p? =0, Fy(p*) =r" < Fj(p") should be satisfied.

Moreover, substituting (18) into (16) it can be seen that
=1 ). 22
r og Zi exp(c(?)) (22)

Notice that in any case p* is always positive so that the constraint

p"(i) > 0 is not operative.



COMPUTATION ON THE CAPACITY OF ... 25

Algorithm 1. Maximin of Mutual Information Algorithm

(1) Initialization: Choose an arbitrary probability vector p(p(i) > 0)

and a very small number ¢.

(2) Iteration:

Step 2.1. Compute 7}(i), and I(p, Q) for 1 <k < K; if Iy(p) -
I;(p) < &, output C = I (p) and exit the iterations; otherwise, compute

B;, for 1 < k < K according to (17).

Step 2.2. Fix B, = B; and find p* according to (18) by identifying
the true solution of p :
Case 1. Let p = ¢; and compute p* and Fy(p") for 1 <k < K; if

F(p") < Fj(p*) forall j # I, set p = p" and go to Step 2.1.

Case 2. If Case 1 does not occur, search MO such that p* satisfies
F)(p*) = F,(p*) for all p?, ) 20 and Fy(p*)< Fij(p*) for all
u(]? = 0. Set p = p”" and go to Step 2.1.

Remark. In this algorithm, we utilize simplex method to compute

I;;(p) and Newton method to search p°.

4. Proof of the Convergence of the Algorithm

In this section, we use a method similar to that of [2] and [10] to
prove the convergence of the algorithm. For simplicity, let

Ct, t) = éIllaEZ J(p', B),

C(t +1, t) = max J(p, B), (23)
p

where p! stands for the input probability vector in the ¢-th iteration and
to: .
P ()& ()

BL(i]j) = —— XKV
) > p' ()@ (7li)
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Theorem 4. Let pl e p™ with all components strictly positive. Then

the values C(t, t) converge monotonically from below to C as t — .

Proof. According to the Algorithm 1, the following relations are
obvious:

Cit,t)<Ct+1,t)<Cit+1,t+1)<..<C. (24)
From (22), it is obvious that C(¢ + 1, t) = log Zict(i), where
') = exp( Y, wi ), @il log BE()).

Now suppose that p* is an optimal probability vector, then

Mo t+1(L)
D P ()log L1 20

=3 bt o —— - )

P D)

=-Clt+1,1¢)+ Z sz P ()R (j]i) log XM Q (J])

a}.(j)
Qi) | Qk(J)
=_C 1, l lo
(4103w, P ORI (log 7 ERRLITEY
(a)
Socuen e Y Y ailiog LU ©9)

k()
where (a) follows from C < I(p*, @;) for all 1 <k < K and kak =1.

Because the last term of (25) are nonnegative (both p; and the relative

entropies are nonnegative), for any ¢,
C-Ct+1,1)< Y p*()log(p''()/ p'(), (26)
l

is true. Hence, summing up (26) over ¢ from 1 to NN,
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S e-ce+1 ol p')log(p™ () p6)
<> p'()los(p'()/ P6)) e

for any integer N >1. Note that Zip*(i)log(p*(i)/pl(i)) is a finite

constant. Now assume that the limit of C(¢ + 1, ¢) is not equal to C. Since
C - C(t +1, t) is nonnegative and non-increasing with increasing ¢, the

left hand of (27) would go to infinity, which is a contradiction. Therefore,

we have

lim C(t +1, ¢) = lim C(¢, ¢) = C.
t—o0 t—o0

5. Numerical Results

In this section, we present some examples in the cases of K = 2 and
K = 3.

Example 1. Consider four pairs of channels with respective probability

transition matrices as below:

A.
0.53 0.07 0.40 0.37 0.59 0.04
Q; =041 0.36 0.23|, Q9 =]0.20 0.12 0.68 |;
0.45 0.50 0.05 0.37 0.32 0.31
B.
0.18 0.31 0.51 0.13 0.48 0.39

@ =045 0.24 0.31|,Q, =|0.21 0.50 0.29|;

0.65 0.20 0.15 0.15 0.08 0.77
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C.
0.28 0.48 0.24 0.09 0.24 0.67 0.09 0.40 0.51
@, =/0.01 043 0.56|, Q9 =|0.51 0.05 0.44 |, @3 =|0.34 0.55 0.11 |;
0.27 0.39 0.34 0.34 0.33 0.33 0.51 0.43 0.06
D.
0.04 0.42 0.54 0.37 0.08 0.55 0.46 0.07 0.47

Q@ =10.35 0.38 0.27|, @y

0.05 0.50 0.45|, @3 =|0.35 0.43 0.22|.

0.21 0.68 0.11 0.35 0.10 0.55 0.48 0.17 0.35

In our computation, we set ¢ = 107%. The convergence of the algorithm

can be seen from Figure 1 and Figure 2, in which C4, Cp, C¢, and Cp
stand for the maximin values and I (*), I;;(*) denote the lower and

upper bounds of *, respectively.

6. Conclusion

In this paper, we have analyzed the analytical properties of the
minimum mutual informations such as continuity, concavity, and
differentiability. The necessary and sufficient conditions for the capacity-
achieving input distributions have been characterized. Both lower and
upper bounds are derived, which provide a criterion to terminate any
iterative algorithms when the capacity has been approximated
sufficiently closely. Based on these, an iterative method to compute the
maximin value of K mutual informations has been derived. Finally, the

convergence of the algorithm was proved.
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Maximin of two mutual informations
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Figure 2. In the case of K = 3.
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