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Abstract

Recently, the second author studied warped product pseudo-slant submanifolds
of nearly cosymplectic manifolds and obtained the general inequality for the
squared norm of the second fundamental form. In this paper, we obtain the
necessary and sufficient conditions that a pseudo-slant submanifold to be a
locally warped product manifold. We also provide a non-trivial example of
warped product pseudo-slant submanifolds of almost contact metric manifolds.

1. Introduction

Almost contact manifolds with Killing structures tensors were
defined in [3] as nearly cosymplectic manifolds. Later, these manifolds

were studied by Blair and Showers from the topological point of view [5].
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An almost contact metric structure (¢, &, , g) satisfying (Vx¢)X = 0 is
called a nearly cosymplectic structure. If we consider S5 as a totally
geodesic hypersurface of a six dimensional sphere S8, then it is known

that S® has a non cosymplectic nearly cosymplectic structure. A normal

nearly cosymplectic manifold is cosymplectic (see [4]).

On the other hand, pseudo-slant submanifolds of almost contact
metric manifold were introduced by Carriazo [7] under the name anti-
slant submanifolds. Later, the warped products of these submanifolds of
Kaehler manifolds were studied by Sahin [11] under the name of warped
product hemi-slant submanifolds. In this paper, we study pseudo-slant
submanifolds and their warped products in a nearly cosymplectic
manifold. We characterise that a pseudo-slant submanifold of a nearly
cosymplectic manifold is locally a warped product submanifold under the
obtained condition. Finally, we construct an example of warped product
pseudo-slant submanifolds of an almost contact metric manifold.

2. Preliminaries

A (2n+1)-dimensional C® manifold M is said to have an almost

contact structure if there exist on M a tensor field ¢ of type 1,1), a
vector field & and a 1-form n satisfying [5]
0> =-I+n®¢& ¢&=0, noo=0, nE)=1 2.1)

There always exists a Riemannian metric ¢ on an almost contact

manifold M satisfying the following compatibility condition:
nX) = g(X, &), sgloX, ¢Y) = g(X,Y)-nXm(Y), (2.2)

where X and Y are vector fields on M [5].

An almost contact structure (@, & m) is said to be nearly cosymplectic

if ¢ is Killing, i.e., if

(Vxo)Y +(Vy)X =0, (2.3)
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or any X, Y tangent to M, where V denotes the Riemannian connection
of the metric g. It is well known that an almost contact metric manifold is

cosymplectic if and only if V¢ vanishes identically, i.e., (V x¢)Y =0 and
V& = 0.
On a nearly cosymplectic manifold the structure vector field & is
Killing (see [9]), that is,
g(Vye Z2)+g(V8 Y) =0, (2.4)

for any Y, Z tangent to M.

Let M be submanifold of an almost contact metric manifold M with
induced metric g and let V and V<1 be the induced connections on the

tangent bundle TM and the normal bundle T*M of M, respectively.
Denote by F(M) the algebra of smooth functions on M and by I'(TM) the

F(M)-module of smooth sections of TM over M. Then the Gauss and

Weingarten formulas are given by
(a) VxY =VxY +A(X,Y); (b) VxN =-AyX+VxN, (2.5

for each X,Y e (TM) and N e [(T*M), where h and Ay are the
second fundamental form and the shape operator (corresponding to the

normal vector field NN), respectively for the immersion of M into M. They
are related as g(h(X,Y), N)=g(ANX,Y), where g denotes the

Riemannian metric on M as well as induced on M.

For any X € T(TM), we write
0X = TX + FX, (2.6)

where TX is the tangential component and FX is the normal component

of ¢X. Similarly, if any N e I(T-M), then ¢N decompose as

¢N = BN + CN, 2.7)
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where BN and CN are the tangential and the normal components of ¢N,

respectively. A submanifold M of an almost contact metric manifold M is

said to be invariant if F is identically zero, that is, ¢X € ['(TM) and anti-

invariant if T is identically zero, that is, ¢X e [(T+M), for any
X e T(TM).

Now, if we denote by PxY and QOxY the tangential and normal
parts of (Vxo)Y, then
(Vxo)Y = PxY +OxY, (2.8)
forall X,Y e ['(TM).

We refer to [13] for the properties of P and Q, which we enlist here

for later use:
(p1) ) PxyW =PxW+PyW, (i) Ox.yW = OxW + OyW;
(p2) 1) Px(Y +W)=PxY +PxW, (i) Ox(Y +W)=0xY +OxW;
(p3) (i) 8(PxY, W)=-g(Y,PxW), (i) g(0xY,N)=-g(Y,PxN);
(P4) PxoY +0x0Y = -o(PxY + OxY),

forall X, Y, W e (TM) and N e I(T+M).

Also, if M is a submanifold of a nearly cosymplectic manifold M,

then from (2.3) and (2.8), we have
(a) PxY+PyX =0; (b) OxY +0yX =0, (2.9)
forany X,Y e I'(TM).

As a generalisation of invariant and anti-invariant submanifolds
Cabrerizo et al. [6] introduced the idea of slant submanifolds of almost
contact metric manifolds in a similar way of Chen’s characterization of

slant submanifolds of almost Hermitian manifolds [8]. A submanifold M
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of an almost contact metric manifold M is said to be a slant submanifold

if for each non zero vector X tangent to M at x the angle 0 between ¢X
and T, M is constant for all X e T, M - (&,) and for any x € M [6].
Obviously if 0 =0, M is invariant and if 6 =n/2, M is an anti-

invariant submanifold. A slant submanifold is said to be proper slant if it
is neither invariant nor anti-invariant submanifold. They proved the
following characterization for a slant submanifold of an almost contact

metric manifold.

Theorem 2.1 ([6]). Let M be a submanifold of an almost contact
metric manifold M, such that & is tangent to M. Then M is slant if and

only if there exists a constant A € [0, 1] such that
T? = M-I +n®E).

Furthermore, if 0 is slant angle of M, then A = cos? 0.

Following relations are straightforward consequences of the above

theorem:
g(TX, TY) = cos® 6(g(X, Y) - n(¥ m(X)), (2.10)
g(FX, FY) = sin? 0(g(X, Y) - n(Y (X)), (2.11)

for all X,Y e I'(TM). We, also have the following chacterization for a

slant submanifold M of an almost contact metric manifold M.

Theorem 2.2 ([15]). Let M be a proper slant submanifold of an almost
contact metric manifold M, such that & e [(TM). Then

(a) BFX =sin?6(- X +n(X)); (b) CFX = - FTX,

for any X e T(TM).
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3. Pseudo-Slant Submanifolds and their Warped Products

In [7], Carriazo introduced a new class of submanifolds known as
pseudo-slant submanifolds of almost contact metric manifolds which are
the generalizations of contact CR and slant submanifolds. He defined
these submanifolds under the name anti-slant submanifolds as follows: A

submanifold M of an almost contact metric manifold M is said to be
anti-slant (or pseudo-slant) if there exist two orthogonal distributions D

and Dy satisfying:
(i) TM = D; © Dy @ (&);
(i) D4 is an anti-invariant, i.e., 9D; TLM;
(ii1) Dy is a slant distribution with slant angle 6 = g

From the above definition it is clear that if 6 = 0, then M is a contact
CR-submanifold and if we consider the dimensions of D; and Dy by ¢
and p, respectively. Then, if g = 0 (respectively, p = 0), then M is
proper slant (respectively, anti-invariant). Also, if ¢ = 0 and 0 = 0, then

M is an invariant submanifold of M.

If v is an invariant normal subbundle of the normal bundle 7+ M of
a pseudo-slant submanifold M, then we have

T+M = ¢D; ® FDy @ v.

Now, we have the following results for later use on a pseudo-slant

submanifold M of a nearly cosymplectic manifold M.

Theorem 3.1. Let M be a pseudo-slant submanifold of a nearly
cosymplectic manifold M, then

8(VxY, Z) = sec® 0g(A,zTY - ApryZ, X) + tan® on(Y)g(V z&, X)

— sec” 0g(0xY, ¢Z) - sec” 0g(0x Z, FY), (3.1)

forany X, Y e I(Dy @ (&) and any Z e I'(Dy).
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Proof. For any X, Y € I'(Dy @ (£)) and Z e I'(D;), we have
8(VxY, Z) = g(¢VxY, 0Z)
= 8(VxoY, 0Z) - g((Vxo)Y, 0Z).
Using (2.6) and (2.8), we get
g(VxY, Z) = g(VxTY, Z) + g(VxFY, ¢Z) - g(0xY, FZ).
Then from (2.2) and (2.5) (a), we obtain
g(VxY, Z) = g(W(X, TY)oZ) - g(oV x FY, Z) - g(0xY, FZ).
Using the covariant differentiation property of ¢, we derive
g(VxY, Z) = g(h(X, TY)oZ) + g((V x0)FY, Z) - g(¥ xoFY, Z)
- 2(0xY, FZ)

= g(ApzTY, X)+ g(PxFY, Z) - g(VxBFY, Z)

- g(VxCFY, Z) - g(0xY, FZ).

From the property (p3) (ii) and the Theorem 2.2, we obtain
8(VxY, Z) = g(AyzTY, X) - g(QxZ, FY) +sin® 0g(VxY, Z)

- n(YV)sin? 0g(Vx€, Z)+ g(VxFTY, Z) - g(0xY, FZ).
Then by (2.4) and (2.5), we arrive at
cos® 0g(VxY, Z) = g(ApTY, X) - g(Apry X, Z) + n(Y)sin® 0g(V 4¢, X)
- 8(0xZ, FY) - g(0xY, FZ).

Thus, the proof follows from the last relation by using the symmetry of
the shape operator A. O

We have the following corollary as a consequence of the above

theorem.
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Corollary 3.1. Let M be a pseudo-slant submanifold of a nearly
cosymplectic manifold M, then the slant distribution Dy @ (&) defines a

totally geodesic foliation on M if and only if
g(ApryZ - AyzTY, X) = sin® on(Y)g(V &, X) and OxU e v,
forany X, Y e T(Dg ® (§)), any Z € I'(Dy) and any U e T(TM).

Theorem 3.2. Let M be a pseudo-slant submanifold of a nearly
cosymplectic manifold M, then

COS2 eg([Z’ W]’ X) = g(A(pZW - A(pWZ’ TX) - 20082 en(X)g(VZE.:’ W)
forany Z, W € I(D;) and any X € T'(Dy @ (&)).

Proof. For any Z, W € I'(D;) and X e I'(Dy @ (€)), we have

g(oVZW, 0X) - g(oVZ, 0X) + n(X)g(VLW, &)

- (X)g(VwZ, &).
Then by the covariant derivative property of ¢, we get
gz, W), X) = g(V2oW, 0X) - g((V20)W, 0X) - g(ViyoZ, oX)
+ 8(Vwo)Z, oX) - n(X)g(V& W)+ n(X)g(Ve, Z).

By the orthogonality of vector fields and using (2.4), (2.6), and (2.8), we
obtain

g(Z, W], X) = - g(oW, Vz9X) - g(PzW, TX) - g(0zW, FX)
- 8(9Z, ViyoX) + g(PwZ, TX) + g(OwZ, FX)
- 2n(X)g(V z&, W).

Again using (2.6), (2.9), (2.2), (2.5) and the covariant derivative of ¢, we

derive
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8(Z, W], X) = - gloW, h(Z, TX)) + g(V z0FX, W) - g((V 20)FX, W)
- 2g(P,W, TX) - 2g(0,W, FX) + g(oZ, NW, TX))
- g(VwoFX, Z)+ g(Vwo)FX, Z) - 2n(X)g(V z&, W).
= 8(ApzW - ApwZ, TX) + g(V4BFX, W) + g(V ,CFX, W)
- 8(PzFX, W) - 2g(PzW, TX) - 28(0zW, FX)
- g(VwBFX, Z)- g(VywCFX, Z)+ g(PwFX, Z)
- 2(X)g(V4E W).
From the property (ps) (ii) and the Theorem 2.2, we arrive at
82, W, X) = g(ApzW - AgwZ, TX) - sin® 6g(V X, W) + g(0zW, FX)
+ sin® On(X)g(V 28, W) - g(V,FTX, W) - g(OwZ, FX)
- 2g(P,W, TX) - 2g(0,W, FX) + sin® 0g(Vyy X, Z)
—sin® n(X)e(Vwe, Z2)+ g(Vw FTX, Z) - 2n(X)g(V 28, W).
Using the orthogonality of distributions and (2.4), (2.5), we obtain
82, W], X) = g(AyzW - AgwZ, TX ) + sin® 6g(V z,W, X)
+2sin? (X)g(V 46 W) + g(Aprx Z, W) - 2g(P,W, TX)
—sin® 02(VwZ, X) - g(AprxW, Z) - 20(X)g(V 2&, W).
By the symmetry of the shape operator A, we derive
cos? 0g([Z, W, X) = g(AgzW — AgwZ, TX ) - 2 cos® On(X)g(V z&, W)
- 2g(P,W, TX),

which is (3.2), hence the proof is complete. O
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In [1], Al-Solamy obtained the following results which are useful to
prove the characterization of warped products. He also derived an
inequality for the second fundamental form of the warped product

pseudo-slant submanifold of the type M = Mgx; M, of a nearly
cosymplectic manifold M such that the structure vector field & tangent
to Me.

Lemma 3.1 ([1]). Let M = Mg x; M, be a warped product pseudo-

slant submanifold of a nearly cosymplectic manifold M, then
(@) Elnf =0;
(i) 2¢(h(X, Y), 0Z) = g(h(X, Z), FY)+ g(h(Y, Z), FX),
forany X, Y e I(TMy) and Z € T(TM | ).

Lemma 3.2 ([1]). Let M = My x; M| be a warped product pseudo-
slant submanifold of a nearly cosymplectic manifold M, where M, and

My are anti-invariant and proper slant submanifolds of M , respectively.

Then,

28(WZ, W), FIX) = g(WTX, Z), oW) + g(MTX, W), 0Z)
—2cos? 0(X In f)g(Z, W),
forany X e T(TMy) and Z, W € T(TM | ).

Now, we are able to prove the main result of this section.

Theorem 3.3. Let M be a pseudo-slant submanifold of a nearly
cosymplectic manifold M such that the normal component of (§U(p)V

lies in the invariant normal subbundle of M, i.e., QyV € I'(v), for any

U,V e I(TM) and the tangential component of (V ;)W lies in the anti-
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invariant distribution, i.e., P;W € I(D;), for any Z, W € T(D;). Then
M is locally a mixed geodesic warped product submanifold if and only if

AgzX =0, AppxZ = —cos®> 0(Xu)Z, and g(Vz& U) =0, (3.3)

for any X e I(Dy @ (€)), Z e I(Dy) and U e I(TM), where p is a
smooth function on M such that W(u) = 0, for any W e T'(Dy).

Proof. If M is a mixed geodesic warped product pseudo-slant

submanifold of the form M = Mg x; M, of a nearly cosymplectic

manifold M , then first two parts of (3.3) directly follow from Lemma 3.1
(i) and Lemma 38.2. Also, g(VzE, U) =EInfg(Z, U) =0 (using Lemma
3.1 (1), forany Z € T(TM | ) and any U € I'(TM).

Conversely, if M is a pseudo-slant submanifold with the given
conditions such that (3.3) holds, then from (3.1), we have

cos® 0g(VxY, Z) = g(Ayz X, TY ) — g(AppyZ, X) + sin? on(Y)g(V &, X
X oZ FTY Z

- 8(0xY, 0Z) - g(0xZ, FY).
Then from (8.3) and by the given fact that QyV e I'(v), for any
U,V e I(TM), we get cos? 6g(VxY, Z) = 0, since M is proper pseudo-
slant then 6 = n /2 thus the leaves of Dy @ () are totally geodesic in M.

On the other hand, from (3.2), we have

cos” 0g(1Z, W], X) = g(AgzTX, W) - g(AgwTX, Z)

~ 2cos? On(X)g(V 28, W)~ 2g(PzW, TX),
for any Z, W € I'(D;) and any X e ['(Dy @ (€)). Using (3.3) and the fact
that QyV e I'(v), for any U,V e (TM) and PzW e I'(D;), for any

Z, W e I'(D;), we get cos® 0g([Z, W], X) = 0. Since M is proper slant

then cos 6 # 0 thus we conclude that D; is integrable. If we consider a
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leaf M| of D; in M with second fundamental form h of M | in M, then
for any Z, W € I'(D;) and X € I'(Dy @ (£)), we have
g(h(Z, W), X) = g(VzW, X) = g(V,W, X).
From (2.2), we obtain
g(h(Z, W), X) = g(oVzW, 0X) + n(X)g(V W, &)
= 2(Vz0W, 9X) - &((Vz0)W. 0X) - n(X)2(V 28 W).
Again using (2.2), (2.6), (2.8) and the last term of (3.3), we arrive at
g(h(Z, W), X) = — (oW, V,TX) - g(oW, V; FX)
- 8(P;W, TX) - 8(0zW, FX).

Then by the hypothesis of the theorem, the last two terms of the right
hand side are identically zero. Thus, on using (2.2), (2.5) and the

covariant derivative property of ¢, we derive
g(h(Z, W), X) = - g(oW, h(Z, TX)) + g(V z0FX, W) - g((V z0)FX, W)
= - g(A,wTX, Z)+ 8(V zBFX, W) + g(V ;,CFX, W)
- g(P,FX, W).

Hence, the first term of the right and side is identically zero by using the
first part of (3.3), then from the property (ps) (i) and Theorem 2.2, we

obtain
g(h(Z, W), X) = —sin? 0g(V z X, W) + sin on(X)g(V &, W)
- g(VZFTX, W) + g(QzW, FX).

By the hypothesis of the theorem, the second and the last terms in the
right hand side vanish identically. Then, we get

g(h(Z, W), X) = sin® 0g(V W, X) + g(Aprx Z, W).
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Then, from the second part of (3.3), we derive
cos? 0g(h(Z, W), X) = —cos® 0(Xu)g(Z, W),
or
WZ, W) = - Vug(Z, W),
which shows that M| is a totally umbilical submanifold of M with mean

curvature H = —Vu, where Vp is the gradient of the function p.

Furthermore, W(p) = 0, for any W e [(D;) implies that H is parallel

mean curvature vector. Then by a result of Hiepko [10], we conclude that

M is locally a warped product manifold, which completes the proof. O

Example 3.1. Consider a submanifold of R? such that the Cartesian
coordinates of RY are (x1, x9, X3, X4, ¥1, Y2, Y3, Y4, t) and the almost
contact structure is given by

) ) ) o o .
(P(éxij Ay’ “D[ayj] Oxj (p(at) > o

If X = ki%+uj§j+v% is a vector field of RY, then ¢X = —ki%

0 0

0
+pj=— and (P2(X):_7“i%_}1j$
i j

x; =-X+ u%. Also, we can see
that g(X, X) =22 + u? +v2 and g(oX, oX) =22 + u?, where g is the
Euclidean metric tensor of RY. Then, we have g(¢X, ¢X) = g(X, X)-n(X)E,
where & = % and hence (o, &, , g) is an almost contact structure on
RY. Now consider a submanifold M of R? defined by the immersion

x(u, v, w, s, t) = (—wcosH, usin B, elw, 0, vcos B, vsin B, 0, e's, t),
for any 6 = 0, % Then, the tangent space TM of M is spanned by the

following vectors:
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le—c056%+sin6%, Zo :cos@%-ﬂ,-sine%,

0 d
Zg=e ——, Zy=e"—, Z5=—.
3¢ g’ AT G T

Thus, we have

0 . 0 0 . 0
0z, = cosea—smeg, ©Zy = coseersmO@,

0 0
(ngZ—et%, (pZ4:etm, (PZ5=0.

Clearly, the vector fields ¢Z3 and ¢Z, are orthogonal to TM. Then the
anti-invariant and proper slant distributions of M, respectively, are

D, = Span{Zs, Z,} and Dy = Span{Z,, Zy} with slant angle 6; = cos™*

8(Z1, 9Zy )j _1(g(Z2, 0Z; )) :
S 22 = cos | =—————== | = 20 such that & = Z; is tangent to M.
( (A2 1Z2] |0z | °

Hence, M is a proper pseudo-slant submanifold of R?. Furthermore, it is
easy to se that D; and Dy are integrable. We denote the integral
manifolds of D; and Dy by M, and My, respectively. Then the metric

tensor g of M is
g = du® + dv? +dt® + egt(dw2 + dsz) =g+ e2tg2.

Thus M is a warped product pseudo-slant submanifold of R? with

warping function f = e’ such that Zs = & is tangent to M.
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