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Abstract 

Recently, the second author studied warped product pseudo-slant submanifolds 
of nearly cosymplectic manifolds and obtained the general inequality for the 
squared norm of the second fundamental form. In this paper, we obtain the 
necessary and sufficient conditions that a pseudo-slant submanifold to be a 
locally warped product manifold. We also provide a non-trivial example of 
warped product pseudo-slant submanifolds of almost contact metric manifolds. 

1. Introduction 

Almost contact manifolds with Killing structures tensors were 
defined in [3] as nearly cosymplectic manifolds. Later, these manifolds 
were studied by Blair and Showers from the topological point of view [5]. 
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An almost contact metric structure ( )g,,, ηξϕ  satisfying ( ) 0~ =ϕ∇ XX  is 

called a nearly cosymplectic structure. If we consider 5S  as a totally 

geodesic hypersurface of a six dimensional sphere ,6S  then it is known 

that 5S  has a non cosymplectic nearly cosymplectic structure. A normal 
nearly cosymplectic manifold is cosymplectic (see [4]). 

On the other hand, pseudo-slant submanifolds of almost contact 
metric manifold were introduced by Carriazo [7] under the name anti-
slant submanifolds. Later, the warped products of these submanifolds of 
Kaehler manifolds were studied by Sahin [11] under the name of warped 
product hemi-slant submanifolds. In this paper, we study pseudo-slant 
submanifolds and their warped products in a nearly cosymplectic 
manifold. We characterise that a pseudo-slant submanifold of a nearly 
cosymplectic manifold is locally a warped product submanifold under the 
obtained condition. Finally, we construct an example of warped product 
pseudo-slant submanifolds of an almost contact metric manifold. 

2. Preliminaries 

A ( ) ldimensiona-12 +n  ∞C  manifold M  is said to have an almost 

contact structure if there exist on M  a tensor field ϕ  of type ( ),1,1  a 

vector field ξ  and a 1-form η  satisfying [5] 

( ) .1,0,0,2 =ξη=ϕη=ϕξξ⊗η+−=ϕ I   (2.1) 

There always exists a Riemannian metric g on an almost contact 
manifold M  satisfying the following compatibility condition: 

( ) ( ) ( ) ( ) ( ) ( ),,,,, YXYXgYXgXgX ηη−=ϕϕξ=η   (2.2) 

where X and Y are vector fields on M  [5]. 

An almost contact structure ( )ηξϕ ,,  is said to be nearly cosymplectic 

if ϕ  is Killing, i.e., if 

( ) ( ) ,0~~ =ϕ∇+ϕ∇ XY YX   (2.3) 
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or any YX ,  tangent to ,M  where ∇~  denotes the Riemannian connection 

of the metric g. It is well known that an almost contact metric manifold is 
cosymplectic if and only if ϕ∇~  vanishes identically, i.e., ( ) 0~ =ϕ∇ YX  and 

.0~ =ξ∇X  

On a nearly cosymplectic manifold the structure vector field ξ  is 

Killing (see [9]), that is, 

( ) ( ) ,0,~,~ =ξ∇+ξ∇ YgZg ZY   (2.4) 

for any ZY ,  tangent to .M  

Let M be submanifold of an almost contact metric manifold M  with 

induced metric g and let ∇  and ⊥∇  be the induced connections on the 

tangent bundle TM and the normal bundle MT ⊥  of M, respectively. 
Denote by ( )MF  the algebra of smooth functions on M and by ( )TMΓ  the 

( )MF -module of smooth sections of TM over M. Then the Gauss and 

Weingarten formulas are given by 

( ) ( ) ( ) ,~b;,~a NXANYXhYY XNXXX
⊥∇+−=∇+∇=∇   (2.5) 

for each ( )TMYX Γ∈,  and ( ),MTN ⊥Γ∈  where h and NA  are the 

second fundamental form and the shape operator (corresponding to the 
normal vector field N), respectively for the immersion of M into .M  They 
are related as ( )( ) ( ),,,, YXAgNYXhg N=  where g denotes the 

Riemannian metric on M  as well as induced on M. 

For any ( ),TMX Γ∈  we write 

,FXTXX +=ϕ   (2.6) 

where TX is the tangential component and FX is the normal component 

of .Xϕ  Similarly, if any ( ),MTN ⊥Γ∈  then Nϕ  decompose as 

,CNBNN +=ϕ   (2.7) 
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where BN and CN are the tangential and the normal components of ,Nϕ  

respectively. A submanifold M of an almost contact metric manifold M  is 
said to be invariant if F is identically zero, that is, ( )TMX Γ∈ϕ  and anti-

invariant if T is identically zero, that is, ( ),MTX ⊥Γ∈ϕ  for any 

( ).TMX Γ∈  

Now, if we denote by YXP  and YXQ  the tangential and normal 

parts of ( ) ,~ YXϕ∇  then 

( ) ,~ YYY XXX Q+=ϕ∇ P   (2.8) 

for all ( )., TMYX Γ∈  

We refer to [13] for the properties of P  and ,Q  which we enlist here 

for later use: 

( ) ( ) ( ) ;ii,ip1 WWWWWW YXYXYXYX QQQ +=+= ++ PPP  

( ) ( ) ( ) ( ) ( ) ;ii,ip2 WYWYWYWY XXXXXX QQQ +=++=+ PPP  

( ) ( ) ( ) ( ) ( ) ( ) ( );,,ii,,,ip3 NYgNYgWYgWYg XXXX PPP −=−= Q  

( ) ( ),p4 YYYY XXXX QQ +ϕ−=ϕ+ϕ PP  

for all ( )TMWYX Γ∈,,  and ( ).MTN ⊥Γ∈  

Also, if M is a submanifold of a nearly cosymplectic manifold ,M  

then from (2.3) and (2.8), we have 

( ) ( ) ,0b;0a =+=+ XYXY YXYX QQPP   (2.9) 

for any ( )., TMYX Γ∈  

As a generalisation of invariant and anti-invariant submanifolds 
Cabrerizo et al. [6] introduced the idea of slant submanifolds of almost 
contact metric manifolds in a similar way of Chen’s characterization of 
slant submanifolds of almost Hermitian manifolds [8]. A submanifold M 
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of an almost contact metric manifold M  is said to be a slant submanifold 
if for each non zero vector X tangent to M at x the angle θ  between Xϕ  

and MTx  is constant for all xx MTX ξ−∈  and for any Mx ∈  [6]. 

Obviously if M,0=θ  is invariant and if M,2π=θ  is an anti-

invariant submanifold. A slant submanifold is said to be proper slant if it 
is neither invariant nor anti-invariant submanifold. They proved the 
following characterization for a slant submanifold of an almost contact 
metric manifold. 

Theorem 2.1 ([6]). Let M be a submanifold of an almost contact 

metric manifold ,M  such that ξ  is tangent to M. Then M is slant if and 

only if there exists a constant [ ]1,0∈λ  such that 

( ).2 ξ⊗η+−λ= IT  

Furthermore, if θ  is slant angle of M, then .cos2 θ=λ  

Following relations are straightforward consequences of the above 
theorem: 

( ) ( ) ( ) ( )( ),,cos, 2 XYYXgTYTXg ηη−θ=   (2.10) 

( ) ( ) ( ) ( )( ),,sin, 2 XYYXgFYFXg ηη−θ=   (2.11) 

for all ( )., TMYX Γ∈  We, also have the following chacterization for a 

slant submanifold M of an almost contact metric manifold .M  

Theorem 2.2 ([15]). Let M be a proper slant submanifold of an almost 

contact metric manifold ,M  such that ( ).TMΓ∈ξ  Then 

( ) ( )( ) ( ) ,b;sina 2 FTXCFXXXBFX −=ξη+−θ=  

for any ( ).TMX Γ∈  
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3. Pseudo-Slant Submanifolds and their Warped Products 

In [7], Carriazo introduced a new class of submanifolds known as 
pseudo-slant submanifolds of almost contact metric manifolds which are 
the generalizations of contact CR and slant submanifolds. He defined 
these submanifolds under the name anti-slant submanifolds as follows: A 
submanifold M of an almost contact metric manifold M  is said to be 
anti-slant (or pseudo-slant) if there exist two orthogonal distributions 1D  
and 2D  satisfying: 

(i) ;21 ξ⊕⊕= DDTM  

(ii) 1D  is an anti-invariant, i.e., ;1 MT ⊥⊆ϕD  

(iii) 2D  is a slant distribution with slant angle .2
π≠θ  

From the above definition it is clear that if ,0=θ  then M is a contact 
CR-submanifold and if we consider the dimensions of 1D  and 2D  by q 
and p, respectively. Then, if 0=q  (respectively, 0=p ), then M is 
proper slant (respectively, anti-invariant). Also, if 0=q  and ,0=θ  then 

M is an invariant submanifold of .M  

If ν  is an invariant normal subbundle of the normal bundle MT ⊥  of 
a pseudo-slant submanifold M, then we have 

.21 ν⊕⊕ϕ=⊥ DD FMT  

Now, we have the following results for later use on a pseudo-slant 
submanifold M of a nearly cosymplectic manifold .M  

Theorem 3.1. Let M be a pseudo-slant submanifold of a nearly 
cosymplectic manifold ,M  then 

( ) ( ) ( ) ( )XgYXZATYAgZYg ZFTYZX ,tan,sec, 22 ξ∇θη+−θ=∇ ϕ  

( ) ( ),,sec,sec 22 FYZgZYg XX QQ θ−ϕθ−   (3.1) 

for any ( )ξ⊕Γ∈ 2, DYX  and any ( ).1DΓ∈Z  



A CHARACTERIZATION OF WARPED PRODUCT … 7

Proof. For any ( )ξ⊕Γ∈ 2, DYX  and ( ),1DΓ∈Z  we have 

( ) ( )ZYgZYg XX ϕ∇ϕ=∇ ,~,~  

( ) (( ) ).,~,~ ZYgZYg XX ϕϕ∇−ϕϕ∇=  

Using (2.6) and (2.8), we get 

( ) ( ) ( ) ( ).,,~,~, FZYgZFYgZTYgZYg XXXX Q−ϕ∇+ϕ∇=∇  

Then from (2.2) and (2.5) (a), we obtain 

( ) ( )( ) ( ) ( ).,,~,, FZYgZFYgZTYXhgZYg XXX Q−∇ϕ−ϕ=∇  

Using the covariant differentiation property of ,ϕ  we derive 

( ) ( )( ) (( ) ) ( )ZFYgZFYgZTYXhgZYg XXX ,~,~,, ϕ∇−ϕ∇+ϕ=∇  

( )FZYg X ,Q−  

( ) ( ) ( )ZBFYgZFYgXTYAg XXZ ,~,, ∇−+= ϕ P  

( ) ( ).,,~ FZYgZCFYg XX Q−∇−  

From the property ( )3p  (ii) and the Theorem 2.2, we obtain 

( ) ( ) ( ) ( )ZYgFYZgXTYAgZYg XXZX ,~sin,,, 2 ∇θ+−=∇ ϕ Q  

( ) ( ) ( ) ( ).,,~,~sin2 FZYgZFTYgZgY XXX Q−∇+ξ∇θη−  

Then by (2.4) and (2.5), we arrive at 

( ) ( ) ( ) ( ) ( )XgYZXAgXTYAgZYg ZFTYZX ,~sin,,,cos 22 ξ∇θη+−=∇θ ϕ  

( ) ( ).,, FZYgFYZg XX QQ −−  

Thus, the proof follows from the last relation by using the symmetry of 
the shape operator A.   

We have the following corollary as a consequence of the above 
theorem. 
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Corollary 3.1. Let M be a pseudo-slant submanifold of a nearly 
cosymplectic manifold ,M  then the slant distribution ξ⊕2D  defines a 

totally geodesic foliation on M if and only if 

( ) ( ) ( ) ,,sin, 2 ν∈ξ∇θη=− ϕ UandXgYXTYAZAg XZZFTY Q  

for any ( ),, 2 ξ⊕Γ∈ DYX  any ( )1DΓ∈Z  and any ( ).TMU Γ∈  

Theorem 3.2. Let M be a pseudo-slant submanifold of a nearly 
cosymplectic manifold ,M  then 

[ ]( ) ( ) ( ) ( )WgXTXZAWAgXWZg ZWZ ,cos2,,,cos 22 ξ∇θη−−=θ ϕϕ  

( ),,2 TXWg ZP−   (3.2) 

for any ( )1, DΓ∈WZ  and any ( ).2 ξ⊕Γ∈ DX  

Proof. For any ( )1, DΓ∈WZ  and ( ),2 ξ⊕Γ∈ DX  we have 

[ ]( ) ( ) ( )XZgXWgXWZg WZ ,~,~,, ∇−∇=  

( ) ( ) ( ) ( )ξ∇η+ϕ∇ϕ−ϕ∇ϕ= ,~,~,~ WgXXZgXWg ZWZ  

( ) ( ).,~ ξ∇η− ZgX W  

Then by the covariant derivative property of ,ϕ  we get 

[ ]( ) ( ) (( ) ) ( )XZgXWgXWgXWZg WZZ ϕϕ∇−ϕϕ∇−ϕϕ∇= ,~,~,~,,  

(( ) ) ( ) ( ) ( ) ( ).,~,~,~ ZgXWgXXZg WZW ξ∇η+ξ∇η−ϕϕ∇+  

By the orthogonality of vector fields and using (2.4), (2.6), and (2.8), we 
obtain 

[ ]( ) ( ) ( ) ( )FXWgTXWgXWgXWZg ZZZ ,,~,,, Q−−ϕ∇ϕ−= P  

( ) ( ) ( )FXZgTXZgXZg WWW ,,~, Q++ϕ∇ϕ− P  

( ) ( ).,~2 WgX Zξ∇η−  

Again using (2.6), (2.9), (2.2), (2.5) and the covariant derivative of ,ϕ  we 

derive 
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[ ]( ) ( )( ) ( ) (( ) )WFXgWFXgTXZhWgXWZg ZZ ,~,~,,,, ϕ∇−ϕ∇+ϕ−=  

( ) ( ) ( )( )TXWhZgFXWgTXWg ZZ ,,,2,2 ϕ+−− QP  

( ) (( ) ) ( ) ( ).,~2,~,~ WgXZFXgZFXg ZWW ξ∇η−ϕ∇+ϕ∇−  

 ( ) ( ) ( )WCFXgWBFXgTXZAWAg ZZWZ ,~,~, ∇+∇+−= ϕϕ  

( ) ( ) ( )FXWgTXWgWFXg ZZZ ,2,2, Q−−− PP  

( ) ( ) ( )ZFXgZCFXgZBFXg WWW ,,~,~ P+∇−∇−  

( ) ( ).,~2 WgX Zξ∇η−  

From the property ( )3p  (ii) and the Theorem 2.2, we arrive at 

[ ]( ) ( ) ( ) ( )FXWgWXgTXZAWAgXWZg ZZWZ ,,~sin,,, 2 Q+∇θ−−= ϕϕ  

( ) ( ) ( ) ( )FXZgWFTXgWgX WZZ ,,~,~sin2 Q−∇−ξ∇θη+  

( ) ( ) ( )ZXgFXWgTXWg WZZ ,~sin,2,2 2 ∇θ+−− QP  

( ) ( ) ( ) ( ) ( ).,~2,~,~sin2 WgXZFTXgZgX ZWW ξ∇η−∇+ξ∇θη−  

Using the orthogonality of distributions and (2.4), (2.5), we obtain 

[ ]( ) ( ) ( )XWgTXZAWAgXWZg ZWZ ,~sin,,, 2 ∇θ+−= ϕϕ  

( ) ( ) ( ) ( )TXWgWZAgWgX ZFTXZ ,2,,~sin2 2 P−+ξ∇θη+  

( ) ( ) ( ) ( ).,~2,,~sin2 WgXZWAgXZg ZFTXW ξ∇η−−∇θ−  

By the symmetry of the shape operator A, we derive 

[ ]( ) ( ) ( ) ( )WgXTXZAWAgXWZg ZWZ ,cos2,,,cos 22 ξ∇θη−−=θ ϕϕ  

( ),,2 TXWg ZP−  

which is (3.2), hence the proof is complete.   
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In [1], Al-Solamy obtained the following results which are useful to 
prove the characterization of warped products. He also derived an 
inequality for the second fundamental form of the warped product 
pseudo-slant submanifold of the type ⊥θ ×= MMM f  of a nearly 

cosymplectic manifold M  such that the structure vector field ξ  tangent 

to .θM  

Lemma 3.1 ([1]). Let ⊥θ ×= MMM f  be a warped product pseudo-

slant submanifold of a nearly cosymplectic manifold ,M  then 

(i) ;0ln =ξ f  

(ii) ( )( ) ( )( ) ( )( ),,,,,,,2 FXZYhgFYZXhgZYXhg +=ϕ  

for any ( )θΓ∈ TMYX ,  and ( ).⊥Γ∈ TMZ  

Lemma 3.2 ([1]). Let ⊥θ ×= MMM f  be a warped product pseudo-

slant submanifold of a nearly cosymplectic manifold ,M  where ⊥M  and 

θM  are anti-invariant and proper slant submanifolds of ,M  respectively. 

Then, 

( )( ) ( )( ) ( )( )ZWTXhgWZTXhgFTXWZhg ϕ+ϕ= ,,,,,,2  

( ) ( ),,lncos2 2 WZgfXθ−  

for any ( )θΓ∈ TMX  and ( )., ⊥Γ∈ TMWZ  

Now, we are able to prove the main result of this section. 

Theorem 3.3. Let M be a pseudo-slant submanifold of a nearly 

cosymplectic manifold M  such that the normal component of ( )VUϕ∇~  

lies in the invariant normal subbundle of M, i.e., ( ),νΓ∈VUQ  for any 

( )TMVU Γ∈,  and the tangential component of ( )WZϕ∇~  lies in the anti-
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invariant distribution, i.e., ( ),1DP Γ∈WZ  for any ( )., 1DΓ∈WZ  Then 

M is locally a mixed geodesic warped product submanifold if and only if 

( ) ( ) ,0,,cos,0 2 =ξ∇µθ−==ϕ UgandZXZAXA ZFTXZ   (3.3) 

for any ( ) ( )12 , DD Γ∈ξ⊕Γ∈ ZX  and ( ),TMU Γ∈  where µ  is a 

smooth function on M such that ( ) ,0=µW  for any ( ).1DΓ∈W  

Proof. If M is a mixed geodesic warped product pseudo-slant 
submanifold of the form ⊥θ ×= MMM f  of a nearly cosymplectic 

manifold ,M  then first two parts of (3.3) directly follow from Lemma 3.1 

(ii) and Lemma 3.2. Also, ( ) ( ) 0,ln, =ξ=ξ∇ UZfgUg Z  (using Lemma 

3.1 (i)), for any ( )⊥Γ∈ TMZ  and any ( ).TMU Γ∈  

Conversely, if M is a pseudo-slant submanifold with the given 
conditions such that (3.3) holds, then from (3.1), we have 

( ) ( ) ( ) ( ) ( )XgYXZAgTYXAgZYg ZFTYZX ,sin,,,cos 22 ξ∇θη+−=∇θ ϕ  

( ) ( ).,, FYZgZYg XX QQ −ϕ−  

Then from (3.3) and by the given fact that ( ),νΓ∈VUQ  for any  

( ),, TMVU Γ∈  we get ( ) ,0,cos2 =∇θ ZYg X  since M is proper pseudo-

slant then 2π≠θ  thus the leaves of ξ⊕2D  are totally geodesic in M. 

On the other hand, from (3.2), we have 

[ ]( ) ( ) ( )ZTXAgWTXAgXWZg WZ ,,,,cos2
ϕϕ −=θ  

( ) ( ) ( ),,2,cos2 2 TXWgWgX ZZ P−ξ∇θη−  

for any ( )1, DΓ∈WZ  and any ( ).2 ξ⊕Γ∈ DX  Using (3.3) and the fact 

that ( ),νΓ∈VUQ  for any ( )TMVU Γ∈,  and ( ),1DP Γ∈WZ  for any 

( ),, 1DΓ∈WZ  we get [ ]( ) .0,,cos2 =θ XWZg  Since M is proper slant 

then 0cos ≠θ  thus we conclude that 1D  is integrable. If we consider a 
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leaf ⊥M  of 1D  in M with second fundamental form ĥ  of ⊥M  in M, then 

for any ( )1, DΓ∈WZ  and ( ),2 ξ⊕Γ∈ DX  we have 

( ( ) ) ( ) ( ).,~,,,ˆ XWgXWgXWZhg ZZ ∇=∇=  

From (2.2), we obtain 

( ( ) ) ( ) ( ) ( )ξ∇η+ϕ∇ϕ= ,~,~,,ˆ WgXXWgXWZhg ZZ  

( ) (( ) ) ( ) ( ).,,~,~ WgXXWgXWg ZZZ ξ∇η−ϕϕ∇−ϕϕ∇=  

Again using (2.2), (2.6), (2.8) and the last term of (3.3), we arrive at 

( ( ) ) ( ) ( )FXWgTXWgXWZhg ZZ ∇ϕ−∇ϕ−= ~,~,,,ˆ  

( ) ( ).,, FXWgTXWg ZZ Q−− P  

Then by the hypothesis of the theorem, the last two terms of the right 
hand side are identically zero. Thus, on using (2.2), (2.5) and the 
covariant derivative property of ,ϕ  we derive 

( ( ) ) ( ( )) ( ) (( ) )WFXgWFXgTXZhWgXWZhg ZZ ,~,~,,,,ˆ ϕ∇−ϕ∇+ϕ−=  

  ( ) ( ) ( )WCFXgWBFXgZTXAg ZZW ,~,~, ∇+∇+−= ϕ  

 ( )., WFXg ZP−  

Hence, the first term of the right and side is identically zero by using the 
first part of (3.3), then from the property ( )3p  (ii) and Theorem 2.2, we 

obtain 

( ( ) ) ( ) ( ) ( )WgXWXgXWZhg ZZ ,~sin,~sin,,ˆ 22 ξ∇θη+∇θ−=  

( ) ( ).,,~ FXWgWFTXg ZZ Q+∇−  

By the hypothesis of the theorem, the second and the last terms in the 
right hand side vanish identically. Then, we get 

( ( ) ) ( ) ( ).,,~sin,,ˆ 2 WZAgXWgXWZhg FTXZ +∇θ=  
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Then, from the second part of (3.3), we derive 

( ( ) ) ( ) ( ),,cos,,ˆcos 22 WZgXXWZhg µθ−=θ  

or 

( ) ( ),,,ˆ WZgWZh µ∇−=  

which shows that ⊥M  is a totally umbilical submanifold of M with mean 

curvature ,ˆ µ∇−=H  where µ∇  is the gradient of the function .µ  

Furthermore, ( ) ,0=µW  for any ( )1DΓ∈W  implies that Ĥ  is parallel 

mean curvature vector. Then by a result of Hiepko [10], we conclude that 
M is locally a warped product manifold, which completes the proof.   

Example 3.1. Consider a submanifold of 9R  such that the Cartesian 

coordinates of 9R  are ( )tyyyyxxxx ,,,,,,,, 43214321  and the almost 

contact structure is given by 

.4,1,0,, ≤≤=





∂
∂ϕ

∂
∂=








∂
∂ϕ

∂
∂−=







∂
∂ϕ jitxyyx jjii

 

If tyjxX
ji

i ∂
∂+

∂
∂µ+

∂
∂λ= ν  is a vector field of ,9R  then 

i
i yX
∂
∂λ−=ϕ  

j
j x∂

∂µ+  and ( ) .2
tXyxX

j
j

i
i ∂

∂+−=
∂
∂µ−

∂
∂λ−=ϕ ν  Also, we can see 

that ( ) 222, ν+µ+λ= jiXXg  and ( ) ,, 22
jiXXg µ+λ=ϕϕ  where g is the 

Euclidean metric tensor of .9R  Then, we have ( ) ( ) ( ) ,,, ξη−=ϕϕ XXXgXXg  

where t∂
∂=ξ  and hence ( )g,,, ηξϕ  is an almost contact structure on 

.9R  Now consider a submanifold M of 9R  defined by the immersion 

( ) ( ),,,0,sin,cos,0,,sin,cos,,,, tsevvweuutswvu tt θθθθ−=χ  

for any .4,0 π≠θ  Then, the tangent space TM of M is spanned by the 

following vectors: 
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,sincos,sincos
21

2
21

1 yyZxxZ
∂
∂θ+

∂
∂θ=

∂
∂θ+

∂
∂θ−=  

.,, 5
4

4
3

3 tZyeZxeZ tt
∂
∂=

∂
∂=

∂
∂=  

Thus, we have 

,sincos,sincos
21

2
21

1 xxZyyZ
∂
∂θ+

∂
∂θ=ϕ

∂
∂θ−

∂
∂θ=ϕ  

.0,, 5
4

4
3

3 =ϕ
∂
∂=ϕ

∂
∂−=ϕ ZxeZyeZ tt  

Clearly, the vector fields 3Zϕ  and 4Zϕ  are orthogonal to TM. Then the 

anti-invariant and proper slant distributions of M, respectively, are  

{ }431 , ZZSpan=D  and { }212 , ZZSpan=D  with slant angle 1
1 cos−=θ  

( ) ( )
θ=








ϕ
ϕ

=







ϕ
ϕ − 2,cos,

12
121

21
21

ZZ
ZZg

ZZ
ZZg  such that 5Z=ξ  is tangent to M. 

Hence, M is a proper pseudo-slant submanifold of .9R  Furthermore, it is 
easy to se that 1D  and 2D  are integrable. We denote the integral 

manifolds of 1D  and 2D  by ⊥M  and ,θM  respectively. Then the metric 

tensor g of M is 

( ) .2
2

1
222222 gegdsdwedtdvdug tt +=++++=  

Thus M is a warped product pseudo-slant submanifold of 9R  with 

warping function tef =  such that ξ=5Z  is tangent to .θM  
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