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Abstract 

Linear errors-in-variables (EIV) models with heteroscedastic measurement errors are 
widely adopted in applied sciences. The linear EIV model estimators, however, can be highly 
biased by gross errors. This paper focuses on robust estimation in linear homoscedastic EIV 
models. Robust estimators of the linear homoscedastic EIV models are derived from M-
estimators and Lagrange multiplier method. 
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1. Introduction 

The linear regression model is a vital tool for statistical analysis in 
many areas such as signal processing, metrology, and engineering. In 
most cases, the independent variable is assumed to be known exactly, 
while the response variable is considered to have measurement errors. 
Usually, a least-squares procedure is employed to get the most favorable 
linear unbiased estimation of the parameters. However, the measured 
independent variable may contain errors due to the influence of 
instrument error, observation condition and human factors. The 
measured errors existing in independent variable disturb the optimal 
properties of least squares estimators, and result in the bias in the 
estimators for the slope and intercept. Suppose that there are true 
unobserved variables ( )ii ηξ ,  that satisfy the linear relationship 

( ).,,121 niii =ξβ+β=η   (1) 

We observe ( )ii yx ,  which are the true variables plus the additive 

measurement errors ( ),, ii εδ  namely, 

( ).,,1, nieyex ii yiixii =+η=+ξ=   (2) 

Model (1)-(2) is called a linear errors-in-variables (EIV) model. In this 
paper, we assume that nn εεδδ ,,;,, 11  are independent error 

variables and ( ) ( ).,0~,,0~ 22
iyix eiei σεσδ  

The author first associated with the linear EIV models is Adcock [1]. 

However, Adcock only considered equal error variances ( =σ2
1xe  

).222
1 nyynx eee σ==σ=σ=  Adcock’s work was later extended by 

Kummel [9] and instead of assuming equal error variances, he assumed 

that ,, 22222
11

yexee ynxx
σ==σσ=σ==σ  and the ratio 22 / yx σσ=λ  

was known instead. Later, the linear EIV model has been widely 
discussed in quite a number of publications (Cheng and Van Ness [2]; 
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Fuller [4]). There are many approaches to deal with the linear EIV 
model. The method of moments approach is considered in detail in 
Gillard and Iles [5]. The vast majority of the papers available on the 
linear EIV model have adopted a maximum likelihood approach to 
estimate the parameters (Wong [13]; Gillard and Iles [5]). Cheng and Rui 
[3] discussed maximum likelihood estimators in heteroscedastic simple 
linear EIV models with normal errors. Total least squares is a method of 
estimating the parameters of a linear EIV model and was introduced by 
Golub and Van Loan [6], which is frequently cited in the computational 
mathematics and engineering literature. Furthermore, in statistical and 
geodetic literature, many authors focused on the solution of EIV models 
using the weighted total least-squares (WTLS) methods (Schaffrin et al. 
[11]; Schaffrin and Wieser [12]; Mahboub et al. [10]). However, similar to 
the traditional EIV model, the estimated parameters of the linear EIV 
model with heteroscedastic measurement errors are affected or even 
severely distorted when observed variables are contaminated by outliers, 
and so robust estimation is required for a linear EIV model. The most 
common method of robust regression is M-estimation by Huber [7]. 

In this paper, we investigate robust estimation of the linear 
heteroscedastic EIV model by M-estimation and Lagrange multiplier 
method. The structure of this paper is as follows. Section 2 introduces 
robust estimators for the linear heteroscedastic EIV model when the 
independent and response variables are contaminated by gross errors. 
The paper is concluded in Section 3. 

2. Robust Estimators for Linear Heteroscedastic EIV Models 

Suppose the true values of response variable and independent 
variables are linearly related as 

[ ] [ ] .,,:and,,: 11
T

n
T

n yyyxxx ==  

Then these form the relationship 

( ),1 21 xny exey −⋅β+⋅β=−   (3) 
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where [ ]Tn 1,,11 =   and 
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In this paper, we just studied the case, in which the weight matrices yP  

and xP  are diagonal matrices defined as 
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The weighted total least squares principle is to minimize the objective 
function 

.xx
T
xyy

T
y ePeePeS +=  

According to the ideas of M-methods (Huber [8]), the residual functions, 

xx
T
xyy

T
y ePeePe ,  are replaced by the slow-growing residual functions 

( ) ( ),,
11

ji xj
n

j
yi

n

i
eser ρρ ∑∑

==
 respectively, to reduce or eliminate the influence 

of gross errors on the estimated parameters. The resulted estimation 
criterion is as follows: 

( ) ( ) .min
11

=ρ+ρ=Ω ∑∑
==

ji xj

n

j
yi

n

i
eser  

The corresponding Lagrange target function satisfies that 

( ) ( ) ( ) ( )( ),1,,, 21
11

yxn
T

xj

n

j
yi

n

i
xy eexyeseree ji −−⋅β−⋅β−λ+ρ+ρ=ξλΦ ∑∑

==

(4) 

where λ  is its Lagrange multiplier vector. 
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Then the Lagrange necessary conditions are obtained as: 
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and 
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(10) 

Equations (5) and (6) can be written, respectively, as 

( )( ) ,0ˆ~~ =λ−yyy eewP   (11) 

( )( ) .0ˆˆ~~
2 =λ⋅β+xxx eewP   (12) 

Now, ye~  and xe~  can be expressed in terms of λ̂  by using (11) and (12). 

This leads to 

( )( ) ,ˆ~~ 1λ= −
yyy ewPe  

( )( ) ,ˆ~ˆ~ 1
2 λβ−= −

xxx ewPe  

and after inserting this into (7), we have 

( )( ) ( )( )[ ] ( ).ˆ1ˆ~ˆ~ˆ 21
112

2
1 xyewPewP nxxyy ⋅β−⋅β−β+=λ

−−−  (13) 

Let 

( )( ) ( )( ) ,~ˆ~ 12
2

1
1

−− β+= xxyy ewPewPQ  

and we readily obtain 

( ).ˆ1ˆˆ 21
1

1 xy n ⋅β−⋅β−=λ −Q   (14) 

Inserting (14) into (8), we get 

( ) ( ).ˆ111ˆ 2
1

1
11

11 xyT
nn

T
n ⋅β−=β −−− QQ  (15) 
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Let 
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Then we obtain from (9) that 

( ) ( ).~ˆˆ 2
1

22 x
T eyx λ−=β − QQ  (16) 

Inserting (16) into (15), the closed-form expression of the estimated 
parameter vector 1β̂   and 2β̂  can be derived as 

( ) ( ( ) ) ( )( )
( ) ( )








λ−=β

λ+−=β

−

−−−−−

.~ˆˆ

,~ˆ111ˆ

2
1

22

1
22

1
2

1
1

11
11

x
T

x
T

n
T

nn
T

n

eyx

exxyxxI

QQ

QQQQQ
 (17) 

Different robust estimators can be obtained by using different                 
M-estimation functions. 

3. Conclusion 

Considering the random errors and gross errors may exist in both of 
the response variable and independent variable, the robust estimators 
are constructed in this paper; thus, this model in theoretically more 
rigorous than general robust estimation methods, which only considers 
the errors in the response variable. According to the idea of M-methods, 
by replacing the sum of residual squares of the response variable and 
independent variable with the slow-growing residual functions, a closed 
form solutions are obtained. 
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