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Abstract

This paper deals with development and analysis of a discretization by the method of
lines with a finite volumes approach for a one-dimensional convection-diffusion
equation. This discretization leads to an ordinary differential equation (ODE).

We use an explicit scheme to solve the obtained ODE. L™ stability of the
approximate solution under appropriate CFL conditions is also obtained. Study
is done for constant and discontinuous thermal conductivities. Results of

numerical experiments using the present approach are reported.
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1. Introduction
We consider the following convection-diffusion problem:

Qr ={0<x<L,0<t<T}
“p[ut('x’ t)+ dv ux(x’ t)] = (}"ux)x(x’ t) + f(x’ t)’ (x’ t) € QT,
u(0, t) = go(t), telo, T, (1.1)

u(L’ t) = gL(t)’ VS ]07 T],

u(x, 0) = u%(x), «x <]0, L[,

where u denotes the temperature, u; the time derivative of u, u, the
derivative with respect to the space variable, p is the specific heat, p is
the mass density (up > 0), A is the thermal conductivity, ¢ (0 < ¢ < 1)

denotes the porosity (the ratio of liquid volume to the total volume), v is

the velocity (v > 0), ¢t is a time, f(x, t) is the capacity of internal heat

sources. All thermophysical parameters in (1.1) are assumed to be

known. A 1s assumed to be constant or discontinuous such that
A<A< A with A, L e R} and all of the others parameters are assumed

to be constant.

The discontinuity of A 1is justified since the conductivities of the

different components of the medium may be quite different.
The problem (1.1) can be written in the form:
Qr ={0<x<L,0<t<Ty,
g, 1) = (g ), (3, £) — v ey o £) + f(ﬁ—pt) (x. 1) € Q.
u(0, t) = got), te]o,T], (1.2)

u(L’ t) = gL(t)’ S ]O’ T]’

u(x, 0) = u®(x), «xe]0, L[,
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where o = i Study of this problem without discontinuities of A was
up

done for instance in [7] and the authors use the finite difference method.
Similar model was also studied in [9, 12]. One finds also an example of
convection-diffusion equation in [4] where the authors combine Laplace
transform method and homotopy perturbation method to determine

analytical solutions.

In this paper, we perfom a finite volume method (see, e.g., [2, 3])
semi-discretization only in space. Hence we get an ODE in time. This
approach is also called method of lines (MOL). An explicit scheme 1s used
to solve the obtained ODE and stability criteria are formulated. The MOL
has been already used in many problems (see, e.g., [1, 5, 6, 9, 10]) with

often a semi-discretization by a finite difference method.

The outline of the remainder of this paper is as follows. In next
section, we present the semi-discrete approximation of the problem.
Section 3 is devoted to the fully discrete approximation. Finally in
Section 4, numerical results using this approach are shown and compared

sometimes with the exact solution (EXACT).
2. Semi-Discrete Approximation

By semi-discretization we mean discretization only in space, not in
time. We discretize space into N equal size grid cells of size h = L/ N,
and define x; = h/2+ih,i =0, ..., N -1, so that x; is the center of cell
I; = (xi_1/2, Xi41/2 )iz0,.. N1 With x 1 =0, x = L.

-1 -1
2 N=3

Definition 2.1. Let 7 = (I;),_, n_y, Where I; is given above. T
is called admissible uniform mesh of (0, L).

In a finite volume method, the unknowns approximate the average of

the solution over a grid cell. More precisely, we let u;(f) be the

approximation
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X
u;(t) = %J.x +1//2 u(x, t)dx.
i-1/2

Integrating (1.2) over the cell I; and dividing par 2 we get

X; xX; Xi
1 +l/2u x, t)dx = Lo ou x, t)dx _ v +l/Zu x, t)dx
h t h x/x h X

Xi-1/2 Xi-1/2 Xi-1/2

+ (np) " J'x”1/2

A f(x, t)dx.

(2.1)
Xi-1/2

2.1. Constant conductivities case

Let us suppose that A is constant, so o is constant. Hence we have

.[xiﬂ/z(aux e (0, 1) = ety (%41 /25 1) = e (%1725 1)) 2.2)
Xi-1/2

Since the value in the midpoint of the cell is a second order
approximation of average, we have for smooth u

(12 ) = 7 [wlxi, €)= ulwi g, £)+ O(A?)],

and

(0 1) = 7 [t ) - ulxi, £) + O(h%)]

(2.3)
We have also
Xi+1/2
o el 0 = ulpjo) = ulsiaga) = wlo) = wloia). - @9
Xi-1/2

From (2.1)-(2.4), we get the following numerical scheme for inner points
1<i<N-2:

dui(t) _a

o = 5 a0 ) = @) = s )= 5 (0 s O]+ 0) 0,
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du; _ [(l)_u +}:L2jui_1 —(£+ i—a)ui +};L2ui+1 +(up) f, for i =1, ..., N -2.

(2.5)

To complete the scheme (2.5) we need update formula also for the
boundary points i = 0 and i = N — 1. These must be derived by taking

the boundary conditions into account. We introduce the ghost cells I_;

and I which located just outside the domain.

The boundary conditions are used to fill these cells with values u_;
and up, based on the values u; in the interior cells. The same update

formula (2.5) as before can then be used also for i = 0 and i = N - 1. Let

us consider our boundary conditions u(0, t) = go(t) and w(L, t) = gr(¢).

Since the center of cells Iy and Iy_; are not on the boundary, we

take the average of two cells to approximate the value in between,

go(t) — u(O, t) ~ u(xO: t) ';u(x—l: t) + O(h2) — uO(t) ‘;u—l(t) + O(h2 ),

and

L t)~ u(on_1,t)+u(xy, t) L O(h?) = uN—1(t)2+ uy () +O(h?),

g1(t) = ul S

leading to the approximations
u_(t) = 280(t) —uo(t) and un (t) = 2g1,(t) - un 1 ().

We now insert this into the update (2.5) for i = 0 and i = N -1, we get

duy o v 20 v« -1
W_h_2u1_(_+h_JuO+(T+h_2ju‘l +(up)~ fos

d _
S - (2ﬂ+2—°‘j o g+ 2g0(t)(%+}%j s ) o, (26)
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and

duy_ 1 «a v 2a dv
T_h—2uN—(7+h—2juN_1 +(T+h— UN- 2+(HP) N1

d
uczl\;fl _ (4;1_”+};L2JMN2 _(% 2 )uN 1 +2gL(t)—+(uP) fN-1-

2.7

We put all the Equations (2.5), (2.6), (2.7) together and write them in
matrix form, then we get the linear ODE system:

du(t)

o= Ault)+ F(o), (2.8)

where the matrix A is given by

3a o
Agg =-— [2£+ j, Ay = —,
00 h hz 01 9
AH1=(¢—;+}%, 1<i<N-2
Aii+1_}%, 1<i<N-2 (2.9)
2
Allz—%+h—°‘j, 1<i<N-2
3
AN-1N-2 = (% + }%j AN N-1 =~ [% (;j
i duo(t) ¢_ i
‘o 60 | |20 G+ 5
dul(t)
t 0
— A(@)
WO Jamd FO =@ |+
dt
duy_(t)
N2 _ol2 0
o fn-2(t)
duy_1(t) o
N1V 1 (t 2 t)—
] v (@) i gL()h2 |
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Here, in this semi-discretization the time-dependent partial differential
equation has been approximated by a system of ODEs.

2.2. Piecewise constant conductivities case

Let us suppose that the coefficient A is discontinuous (more precisely

piecewise constant). So o is discontinuous. Let 7 = (I;),_, n_; be an

admissible uniform mesh of (0, L) in the sense of Definition 2.1 such that

the discontinuities of o coincide with the interfaces of the mesh. First

integral in the right-hand term of (2.1) becomes

Xi+1/2
o e = (o) iy, )= ) (i ) @:10)
Xi-1/2
In order that the scheme be conservative, the discretization of the flux

—ou, at x. ; should have the same value on I; and I;,;. To this
i+5

purpose, one introduces as in [2, 3, 8], the auxiliary unknown U1

2

(approximation of u at x.,1). Since on I; and I;;;, o 1is constant, the
2

approximation of —au, may be perform on each side of X1 by using
2

the finite difference principle:

4,10 - ()

F1+%(t) = —ocux(xh%) R -0 — on Ii’
2
uia(t)—u,, 1)
F1+%(t) = _a”x(xn%) T 7 2—on I, (2.11)
2

where o; (respectively, a;,1) is the value of o on I; (respectively, on
I;,1). Requiring the two above approximation of (- ocux)(xﬂl, t) to be
2
equal (conservativity of the flux) yields the value of u 1 (¢)(for i = 0,
2

e, N=1):
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w1 (0) = (=0 () + ou;(t)) ’
o O + 0

which, in turn, allows to give expression of the approximation F1+ 1(¢) of
2

(- aux)(xH%, tj :
Fl%(t) == TH%(um (£) - u; (2)), 2.12)

with

20,041

. = , = e, N —1. 2.1
Tird T hagy + )’ 0:-e (2-13)

From (2.1), (2.10), (2.12), and (2.13), we get the following numerical

scheme for inner points 1 <i < N — 2:

B s @ - ) - 7, () - 02 0] - S L) - w50

+(up) £ ().

So

du; 1 -
dtl = E[(d)v + Ti_%juil —(d)v 71+ Ti+%jui +(Ti+éjui+1} +(up) L,

2

fori=1,..., N - 2. (2.14)

Using the ghost cells I_; and Iy and the limit conditions as the

previous section, one gets:

ddito - %[(‘1’” i T—%j U = (4"’ Tt le ug + (T%j ul} + (o) fo,

2 2

ddito = %[— (24)1/ + 2’1’_% + ’T%j uy + (le ul} + 2g2(t) ((])v + T_%j + (up)_lfo,

2
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duN_1 1
—a E|:(¢U + TN_%juN_Q - ((])U + TN_% + 2TN%)LLN_1i|

2gL (t)TN_L

+ TQ + (“p)_lfN—l'

As in the previous section one gets the linear ODE system (2.8), where

the matrix A is given by

AOO = —%(24)1/4—2”]’_% +T%j, AO]. :TE’

Ay :%[4’“*%_&)’ 1<i<N-2
2

Tivl
Ajiq = h2’ 1<i<N-2
1
All:_ﬁ(¢v+Tlé+Ti+§j’ 1£ZSN—2,
1
AN-1N-2 = ﬁ(dw + TN_QJ’ AN1N-1 = ——(4)” +Ty_3 2TN_;)’
2 2 2
(2.15)
and
- 1 [2g0(¢ i
f()(t) go()((j)l/-i-’l'_l)
h )
fit) 0
Fi)=@wp)"| - |+
fn-2(t) (())
2gL t TN—l
N1 (®)] 7 z
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3. Fully Discrete Approximation

The system (2.8) can be solved by the forward Euler method. Thus,

let At = % (M > 0) be a time step, one has:

U™ = U™ + At[AU™ + F(t,)], U" ~ U(t,), t, = nAt,n =0, ..., M,

(3.1)

where
[ up(t) |

up (2)

U(t) =

un_o(t)

Lun_1(t)]

This is the method we used, others methods can be used. As for any ODE
method, there arises the question of stability whose the answer is given

by the following propositions.

Proposition 3.1. Under the CFL condition:

CFL, = At (4’—; + }21_(;) <1,

the explicit scheme (3.1), where the matrix A is given by (2.9) is L™ stable.

Proof. We write scheme (3.1) in the following form:
S Y (LS 20 P S PO N I VR ) At(up) L 7
ui = —+h— ui_1+ T+h—2 ui + h—zui+1+ up [

(3.2)
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The key point of the proof is that, under the condition CFL;, the right-

n

hand side of the Equation (3.2) is a convex combination of u” u;, and

-1’

plus the term A¢(up) ' f;. From (3.2), one can deduce

g

+ AL(up) M, i=1,., N -2

z+1’

ur < At‘ (“’” +h—2]un

I’L
L+1

+ At |—
h?

Using (2.6), (2.7) and the fact that u(0, t) = g¢(t) and w(L, t) = g,(¢), we

get the previous inequality for i = 0 and i = N — 1. One deduces

| < (At(%+}%j+l —At(£+h_2j+ At ]||U"||

+ At(up) Y F,, i=0,..,N-1

So
n+l n -
[0, < U7 + atp) ™ ma |7,
By obvious recurrence, we get
[0, < NU°[, + nat(up)™ max |£*] < |U°,, + T(up)™" max "],
<k< 0<k<M

vne{0,1, ..., M}.

Hence the L™ stability is proven. O

20,01

Proposition 3.2. Let C = max (
O<i<N-1

T =;);
2% and T = (I g,y

be an admissible mesh of (0, L) in the sense of Definition 2.1 such that,

the discontinuities of L coincide with the interfaces of the mesh. Then

under the CFL condition:
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CFLy = At (%“ ; i—gj <1,

the explicit scheme (3.1), where the matrix A is given by (2.15) is L*
stable.

Proof. Proof is done by a simular way as Proposition 3.1. O
4. Numerical Simulations

In this section, we present numerical results. First test series was
done with following data: f(x, ¢) = (A — pp)cos(x)sin(t) — updv sin(x) cos(z),
2o(t) = cos(t), g (t) = cos(L)cos(t), u®(x) = cos(x). So the exact solution
is u(x, t) = cos(x)cos(t). Figure 1 shows that the numerical solution (NS)

gives a good approximation of the exact solution. Figure 2 gives the

temperature distribution after 15, 25, and 35 seconds.

)= 0,001, =001, g = 4000, p= 1000, A = 0.5, h =01, L =06, T= 15, At = 0.001

0.8

—e—ao NS
EXACT

06 o

04 o

0.2 o

ufx,t)
o
1

-0.2

-0.4

-0.6-

Figure 1. Test problem 1.
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5 = 0.001, = 0.01, g =4000, p= 1000, A =05, h=01. L =6, At =0.001

0.8
0.6 -
04 4
0.2 -
= *—e—o NS:T=15s
x 04 ONS:T=25s
=
NS: T=35s
-0.2

0.4~

-0.6

-0.8 -

Figure 2. Test problem 1.

Second test series was done with following data: L = 0.05m, the thermal
conductivity A = 0.5W/(mK), the specific heat p = 4000J/(kgK), the

density p = 1000kg/m?, u%(x) = 30°C, go(t) = 30°C, g (t) = 30°C, and

107, if 0.02 < x <0.03 and ¢ < 10,
f(x’ t) =

0, otherwise.

Mesh step is equal to A = 0.001m, time step: At = 0.01s.

Figures 3 & 4 give the temperature distribution after 15, 25, 35, and
45 seconds. Porosity is the same in both cases but the velocities are
different. We change the porosity but conserve the same velocity like in
Figure 4 to get Figure 5. Figure 6 gives the temperature distribution for

different velocities with the same porosity.
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Temperature distrubution after 15, 25, 35 and 45 seconds (@ = 0.001, v = 0.01m/s)

NS: T=15s
o—e—a NS T=25s
—O—0O NS: T=35s
— —— NS:T=45s

u(x,t)

30—t e e e R TR
0 0005 001 0015 002 0025 003 0035 004 0045 005

Figure 3. Test problem 2.

Temperature distrubution after 15, 25, 35 and 45 seconds (¢ = 0.001, ¥ = 0.03m/s)

NS: T=15s
+—e—e NS T=25s
O—O—ONS: T=35s
— — — NS:T=45s

ufx,t)

0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045 0.05

X

Figure 4. Test problem 2.
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Temperature distrubution after 15, 25, 35 and 45 seconds (¢ = 0.01, ¢ = 0.03m/5)

NS: T=15s
*—e—e NS:T=25s
i O—CO—ONS: T=35s
48 — — — NS:T=45s

46
44
42

40

K s e e =

0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04

x

Figure 5. Test problem 2.

Temperature distrubution after 25 seconds (& = 0,01, i = 0.0001)

NS:w=00
*—e—@ NS :w=10.02
— =— = NS:w=0.03

e
4
a4
42-‘

40 -

X

Figure 6. Test problem 2.

T ) TP T T =
0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04

pep———
0.045

0.05

105
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Third test series was done with following data: L = 10m, the thermal
conductivity specific heat p = 4000J/(kgK), density p = 1000kg/ m?,
T =15, go(t) = cos(t), g.(t) = cos(L)cos(t), u°(x) = cos(x). So the exact
solution is u(x, t) = cos(x)cos(t).
10, if 0 <x <25,

50, if 2.5 <x <5,

10, if 5 <«x <75

50, if 7.5 < x <10.

One has again a good approximation of the exact solution by the
numerical solution with a discontinuous thermal conductivity (see Figure 7).

= 0.001, =001, g = 4000, p= 1000, it = 0.125, L = 10, T = 15, At = 0.0001

0.8

e—e—o NS
EXACT

0.6 o

0.4

02+

uix,t)
o
L

-024

-0.4

-0.6

Figure 7. Test problem 3.
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Last test series was done with following data: L = 0.05m, the thermal
conductivity A = 0.5W/(mK), the specific heat p = 4000J/(kgK), the

density p = 1000kg/m?, u°(x) = 30°C, go(t) = 30°C, g, (¢) =30°C,

107, if 0.025 < x £ 0.0375 and ¢ < 10,
flx, ) =
0, otherwise,
and
10, if 0.025 < x < 0.0375,
A =
1.5, otherwise.

Mesh step 1s equal to A = 0.00125m, time step: At = 0.001s. Figure 8
gives the temperature distribution after 10, 30, and 50 seconds and
Figure 9 gives the temperature distribution after 15, 25, and 45 seconds.
Porosity and the velocity are the same in both cases.

Temperature distrubution after 10, 30 and 50 seconds(¢ = 0.0001, 1 = 0.001m/s)

60

NS:T=10s
] NS: T=30s
55 4 O—O—0 NS: T=50's

50

45

ufx,1)

40

35 9

0 foapementles s o ]
0 0005 001 0015 002 0025 003 0035 004 0045 005

X

Figure 8. Test problem 4.
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Temperature distrubution after 15, 25 and 45 seconds(@ = 0.0001, v = 0.001m/s)

65

NS: T=15s
—e—o NS T=25s
O—O—ONS: T=45¢

B0 4

55 o

50 o

ufx,t)

45 -
40

35

20 T T T T T T T T T
0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045 0.05

X

Figure 9. Test problem 4.

5. Concluding Remarks

The purpose of this paper was to apply the method of lines with a
finite volumes approach for a one-dimensional convection-diffusion

equation. The study was done for both constant and discontinuous

conductivities. After proving that the schemes are L* stable under CFL
conditions, we presented numerical resultats indicate that this approach
is well adapted to the discretization of this problem. The extension of the
present technique to the two-dimensional problem with uniform

rectangular grids is straightforward.
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