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Abstract

This work is dedicated to solving the direct and inverse spectral task Sturm-
Liouville type with linear delay and dispensed boundary conditions. Under the

direct spectral assignment, we mean the construction of solutions D? y = 22 .

The aim of this paper is to solve the inverse task for the operator D2, which to
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our knowledge is not known in the literature. We propose a new method. This
method is based on the transformation of F in such a form that establishes a

connection between the Fourier coefficients of a specific set of functions and

values of their own operator DQ, second. In this article, we will assume that

h =0.
1. Introduction

This paper is dedicated to solving the direct and inverse spectral
assignment type Sturm-Liouville with linear delay
3 2
) = ox + B, (o, B) < (0, 1| 1= _p A=) j

a® —3a -3 2-oa

and partitioned boundary conditions. Let is

qe L0, n], y(x) =1 -a)x-B, & = : E}oc . Therefore y(&;) = 0.

Studying border assignments D? y = Ay given by

- ¥'(x) + g(x)y(y(x) = 2y(x); & = 2%, @
y(r(x), 2) =0, x<l0, &), @)

¥'(0, 2) - hy(0, 2) = 0, 3

y'(n, z) + Hy(m, z) = 0. 4)

The potential ¢ and numbers h, H, o, p are parameters operator. In
particular, if

a = 0, holds y(x) = x — B we have tasks with constant delay expires
(see [4], [5], [6], [7]). If p=0 and a =1-0a, we have tasks with
homogeneously delay (see [8] and [9]). When o =B =0 assignment
detail thrown in the works ([1], [2], [3], and [10]).
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2. Direct Spectral Assignments

In this paper, under the direct spectral assignment mean
construction solutions D2y = 22y and the construction of the

characteristic functions F' and its asymptotic zero.
2.1. Solution task (1, 2, 3)

Lemma 1. Task (1, 2, 3) is equivalent to the integral equation type

Voltaire

X
y(x, z) = cos xz + gsin xz + % J‘q(tl )sin z(x — ) )y(y(t,), 2)dt;. (5)
&1

Indeed, the method of variation of constants in the Equation (1) using the
initial condition (2) and the boundary condition (3) the relation (5) follows

directly. We construct a series of functions
v (x) = y(ykil(x)) and series of numbers &, : y¥(&;) = 0.
Lemma 2. There kg € N are such that it is valid &z, < m < & 41

Proof.

p

) =) = (- -p=0=8 =P

vP(x) = y(4(x) = 1 -o)’x —(1-a)p-p=0=

B B BB 1 _ 2-a _2-a
:(22_(l—a)2+1—0t_1—0t[1+1—0c}_(1_a)2ﬁ_1—oc‘t’1'

Mathematical induction to show valid
Fa)=0-afr-0-af - -1 -a)p-p

and it follows

o)
ik:y‘l(()):% 1+1}G+”.+W _%M'
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How to order

Z:lﬁ diverges, there ky € N are such that it is valid
Tl-a

Cky < T < Cpg1-

Therefore,

ko
(&1, m] = U(ik—b & U (&ko, n].
k=2
In the following, we take the functions

X
se(, 2) = [ (t)sin(x - ) cos zy(ty)d,
&1

X
az (x, 2) = Jq(tl )sin(x — ¢;) sin zy(t; )dty,
&
and the recurrent relations

X
a(x. 2) = [ alt)sinz(x — t)agor (10). 2)d, k> 1,
Ek

X
a k1 (x, 2) = Jq(tl)sin 2(x -ty )ag, (v(t), 2)dty, k> 1.
Ek

Theorem 1. At a distance (&}, &,1], 1 =1, kg solution of the

Equation (5) has the form of

MN

Llag o tapmal @

h .
y(x, z) = cos xz + —sin xz +
c k=1%
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Proof. For x € (0, ;] valid y(x, z) = cos xz + gsin xz. For x € (&1, &9],

we have

h . 1 h
y(x, 2) = cosxz + —sin xz + — ag.(x, z2) + — a 5 (x, 2).
-4 z 22 s

For x € (&9, £3], we have

h . 1 h 1
y(x, 2) = cos xz + ~ sinxz + ;asc(x, z)+ = a s (x, 2) + Z—2asgc(x, z)
h
+—a 3(x, 2).
3 s ’

The notion that (7) holds for / and [/ +1. So at a distance (&,1, ;521

intial solution is exactly the distance (&;, £;,;] and it is determined

summands

1
Zl+1

h
[asmc (%, 2) + ~aga(x, 2)},
which is exactly the (7) for [ + 1.

2.2. Construction characteristic function

Construction of characteristic function is based on the solution of the

equation at a distance (&ko, n] and condition (4). From (7) for I = k; get

ko

dy B . 1 h
2 (x, z) = —zsin xz + h cos xz + ; = [acsk_lc(x, z)+ Z G (2, z)}, 8)
where is it

X
@16, 2) = [ alt)eos 2(x — t)aor (1), 2)d,
Ek

(e, 2) = [ alt)cos 2(x — 1)y (+(tr), 2)dy. ©)
&k
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From (7) and (8) on the basis of (4) come to the characteristic function
F(2):

F(z) = (—z+h7H)sinnz+(h+H)cosnz

k
+ ZOZ 1 g (2)+ L [ha ;(z)+ Ha ; (2)]+ LH (2)
p=i zk—l estle 2,k sk ske Zk+1 skl ’

(10)
where we have the markings m.

The function F is the whole function of exponential type with
transparent singularity included in the point z = 0 specified. Within the

circle |z — n| = r,, where is r, sufficiently small number, there is exactly

one zero z, function F, which is well known from [3] or [13].

In this study limits may be the case ky = 2. Therefore
hH\ . 1
F(z)=|-2z+ —|sinmz + (h + H)cos nz + as (=) + > [ha.s(z) + Hag(2)]

hH 1 1 hH
+ polr (2) + ~ Gesc (2) + = [ha 2 (2) + Ha p ()] + L (2).

(11

In the right conditions kg = 2 limited space allowed for B and is

3 2
pe| (= o (-0 J

o2 -3a-3 2-o

2.3. The transformation function F

The finish line of this work is to solve the inverse task for the
operator D?, which to our knowledge is not known in the literature.

Since methods Borg, Geljfand, Marchenko, Crane, Levinson, and other
Lejbenzona not apply to the operator with a deviation, we propose a new

method. This method is based on the transformation function F in such a
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form that establishes a connection between the Fourier coefficients of a
specific set of functions and eigen values of the operator D2, second. In
this paper, we will assume that A = 0, which only simplifies technical

procedure. First, let us introduce the following codes:

1
W = Te o = Lanep) = 10 o ey o0 - Brigg,

V(21) = Zlf(ﬁ), Vg) = lgm — 1B, vﬁf) = 11(75 - &1), Vg) =T —%T(ﬂ),

where is
2
h=1-% h=1-a+Z, z{‘—%—1
Also put
\3
w0 =257 ey = = iy = U,
oo B) = Ea(cs B)—r(n)—[( - )2—1}3 o

In area D = {(a, B):ae(0,1),Be [E(a), B(oc))} there is a fault B = r(a)
with a starting point in the (o, E(ao)) and end at point (1, 0) ¢ D such

that 1t 1s valid
o(o, H0) = 0, & € [ag, 1). In area
D, =
{o. By e D: o e (0, ag) A B < [Bla). Ble))v a e (ag, 1) A B < ((ar), Blor))}
<D
is

0 <o) <o) <o) <) 0 O 0 L0 L
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Definition 1. Function

0, 0 < [0, VYUY, xl,
1 (20-8 1 20+ ® 0 ,
aQ( a )+2_QQ(2_Q)7 ee[ 27 )7 (11)
1 (20+8 1)
2—ocq(2—ocj’ ee[*’v ]
called transition to function operator D>
We define the following auxiliary functions
%eflfal
20 — 2B — at
o) =2 [ gl 2L ay,
i__
al o

2 % 2 20
(P(zl)(e) == I q(t1)q (11?51 - B; )dh,

2 * 2 20
(P(22)(9) = J- q(ty)q (lltl - B:; jdtp

04
5L
o 4
7Py .
t
o(0) = ] j q(t1)g (l_ - —ijdtl,
1
=0-h&
T e t
o)(0) = ] j q(t)g [E - _i]dtb
2 1
PRaLs!
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%%1
1 0
(PELI)(G) =7 j q(t1)q (h - l_)dtl’
1, 1
B
T
1 T
(PE;Z)(O) =T J q(t1)g (t1 - lﬁjdtb (12)
1 1
0 B
ol o
0, 0 € [0, Ug))U (vg), ],

(1)(9) (P(l)(e)Jr(p(l)(e) (p(l)(e) 96[() (1))
Ky(6, 9(0)) = | ¢(0) - o0 + 0 (0) - ¢P0), 0 € [V, v, (13
—oD0)+ 0P 0) - 02(0), 8 PP, v

)

— o@0) - ¢2(0), 0ep®, v

Converting the product of trigonometric functions in the forest, by
introducing new variables and changing the order of integration we

obtain

as(z) = j 3 (6) cos 2(n — 20)d6 = @," (),
0

@) [0 =M - La ),

(lcs;(z) _ %J’Kl(& 4(0)) sin Z(Z - 20) a0,

a s (2) K _
L L [Ki0, (o) <2222 g (14
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Producing the partial integration in (14), we get

)
%%(2) - % ‘([ J;Kl(el, q(01))d6; cos 2(r — 20)d6,
a 2 (Z) 1 n 0
-3 J' I Ky (6, (6,))d0; sin z(x — 20)d. (15)
00

By the relation (15), we have come with the use of the fact that

as (2)
lim £¢ — =0,
z—0 4

and then must be
Y
[ &1 0. a(@)a0 - 0.
0
So, when A = 0, the function (11) is transformed into the form of

~ +
F(z) = —zsinnz+Hcosnz+5c+(z)+Has (2)

0
j K,(6,, q(6,))d0; cos z(r — 26)d0
0

l\'>|
Ot 3

N|m

n o
I J (6, q(6,))d0; sin z(x — 20)d. (16)
00

2.4. Asymptotic zero function F

Lemma 3. If it is q € Ly[0, n] then zero z,,n e N have the

following asymptotic:

T
n j G (8)cos 2n0d6

a =7 n+{ %J. cosZnOdeJ%+O 0 (as n — o),

0

n2
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where is ¢* transition function. Indeed, the direct inclusion z, in (16)

and (13) follows the accuracy results.

From (16) follow

T T
A, = n? +%H +%D2Ia+(e)cos 2n0d0 + O %J'c?(e)cos 2n0d0 |. (17)
0 0

Therefore, eigenvalues operator D? have asymptotic (17).
Note 1. Oscillating member as, = %jg?’(@) cos 2n0dO in the (17) is

cosine coefficient transition function ¢* that with spaces [0, Ugo)) and

(1/511), n] annulled. Because

CTr(Ug)):ﬁ and (T“(V?)zﬁq(n) we think it's worth

q(&;)q(n) # 0 which means that the transition function g in items ug)

and v(51) has interrupted.
3. Inverse Spectral Assignments

Determination of parameters q, o, B, H operator D? called solving
the inverse spectral assignment. We proceed from the assumption that
the two sets of data own values 1,; operator D?, with the potential
q : q(&;)g(n) # 0. From the necessary conditions that we know is true

asymptotic

4

~+
n:n+cj+62+n+0[a;”],(asn—)oo),j:1,2, am)

where are c¢; and @3, cosine Fourier coefficients of a function that is
reversed at intervals [0, p;) and (uy, n] where are pu; and py known

numbers and p; < pg.
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From limn_m(knj - n2) = ¢j, Jj =1, 2, we obtain HJ- = %cj. Still, we

are celebrating =u and w —%(om +B) = ug to we obtain the

_B
2(1 - a)
parameters o and B of the equation. Thus, the parameters H ) =12
and a and B are obtained uniformly.

3.1. Basic identity

According Adamar’s theorems obtain representation of F by their zero
* JAni, € Ng, j =1, 2 in which
o8] 7\’ . 22 0 22
F](Z)ZTCKOJ H—nzj 1—r H 1—T s (18)
n=1 1 0j n=1 n

numbers o and B are as defined. In the future we will assume that the

following applies:

3 2
ae(0,3_\/g)/\[36[ (1-o) n (1-o) n), or

2 a®-3a+3 2-0

3-+5
a e 2

2
, 1] AB e [r(oc), %n} where is

{2‘—“—1}(@—% _ 0, ae(?"*/g , 1}

(1-a) 2
In this way, we can conclude that the other functions on the expression

(18) must be of the form (15), i.e., kg = 2. First, we put

a(z) = j ( j OGK1 (01, ¢(0, 1)d) cos =(x — 26)d6,
0

all(z) = j O“( I ; K,(0,, q(6, 1)d0; ) sin 2(x — 20)db.
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We establish basic identities

HyF(z) - H Fy(z) .
Az) = =21 1727 4 zsin nz,
(2) H, — H,

B(z) ==z w — z oS 7z.

From (19) we come to the system

~+(z>+ alV(z) = Alz),

@l (z) + i) = B(z), zeC.

System identity (20) is equivalent infinite system

i ~+(m)+__a(1)( ) = %A(m), meNU {0}’

2 ~ 21
Ea;(m)Jr;Eagl)(m), m e N.

Because

_ac fm)=(-1)" ZI q*(0)cos 2mOdo = (-1)" @y, ,

2~y _ m+l 2 [T~y : _ m+17 +
=ag; (m)=(-1) ) a (0) sin 2m0OdO = (—1)"" by, ,

1)(m) -1y 2 j U Ky (61, q(61)d0, ) cos 2mOdo = (- 1)™

63

19)

(20)

@1

Aom>

asl)(m) (- 1)er1 ZJ.(.[ K,(07, q(6,)d0; ) sin 2m0Odo =(- 1)m+1b§1n)1.
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And leading mark

%A(m) ~D)™ = Ay, %B(m) (-1)™*! = By, from (21) we get

Eérm +%a5(21721 = Agm, m e No,

b + %bg,; = B,,, m e N. 22)

From (19) proves to be true Ay, — 0, By,, > 0, m —> 0. So arrays
{Ay,,, By, } represent the Fourier coefficients of a function f e Ly[0, =].
Multiplying (22) with cos 2mx"i sin 2mx”, x* € [0, n], after summarizing

come to the equation
1 =
()5 [ Ki, a®)do = f(x"). 23
0

Transformation of the transition function ¢* and function g is the tool

that we used the method of determining the solutions reduce to solving

integral equations of type Volterra. From (11’) and (13), we conclude that

the Equation (23) breaks up in different forms at intervals [“(711) , ug) ] and

[US), U(51)] kernel K; is reversed and the Equation (23) becomes

7(x) = fo) @)
For

e POt 7)< a0
Let’s
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and

F@) - @- (Sl - wx -pl)

When out of (231) following g(x) = f(x), x € [x1, x9] U [x3, 7]

On the segment [u(l) @)

0 O] vatia

K, (0, g(0)) = - (02(0) + o2(0)).

so we get

2x" ! x
o Q[ ;Cff] -3 [ b0+ o0 - 57,

From (12), we have

x*
i

%
X

T
2 2—a)—t 2B + 20
08 (0)do = o _[ _[ Q(tl)Q(( <) al P ]dhdﬁ
“3) "g)lﬁﬂif—l
2 2

By changing the order of integration and the replacement of variables

(2- o) —2B - 20

=1
o 2
we have
1 .
x* §1+Ex lltl—%ﬂ:—ﬁ
oOdo = [ aw) | alz)ds |dn. (@)
) o) oty

Similar to the previous valid

_B = !

xF (l112+all %n—

J 0F(8)d6 = J alty) J qlty)dty |dty, (®2)
vg) u(gl) (- 2

i
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where is
Wm_= B _B W _ L
Mo =5 Ty alf’ ! TS
Functions
lftrug) o
T
o) = [ g, uf) = =2 ep,
a&p
and
Iy
5P
) = [ al)ds,
B
(1*(1)t1*?

are absolutely continuous on fraud

1 . * .
e+ L] {Hg), - Lo _ZJ and x* < b0, 0]

So, these segments are limited and have performed almost everywhere

Let’s

_2x" + B L ap & _B(1 1
R T )

1 o 211 l%
When (23) becomes
x+2§_lll —x-Xg
a@) = F@)+ [ ate-wp@dn + | aw)@-apdw)dn.
“9) u(zl)

(@3)
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Let’s t; = min{p(zl), u(22)} and sjx + sg = max{x + ZE“—lll, éx - xG},

() = @ - apVn)+ @ - owPH),  Ax) = q) - F(x).
When (®©3) becomes

$1X+8g
n) = [ (i) + el )dn. (23
i
81X+89 -
Operator A(h) = _[ (h(tl) +f( ))w(tl)dtl with some degree of
i
contraction operator and a uniform fixed point. This provides the solution

. _ I _
for q at a distance [x,, x3], where is x, = l—zn - ; &
1 -

B. With intervals

[vg), ugl)], [vgl), U(Ql)], and [u(zl), v(gl)], the solution was prepared by the

same procedure as in interval [Ug), vgll)].

Theorem. There is a single partition segments [£;, n| and [v(}%, vg)]

such that
o0
[‘2’17 TC] = U[xk+17 xk]7 X =T Xoo = éla
k=0

and

b o] = |l d w5 = v, 2 = 00, i = 000,
k=0
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Proof. By using the function x* = ax + P point © exceeding the

point “(711) and using the tool x* = w point x; = %ﬂiﬁ
2( ocrr2+ Bj B Y

exceeding the point v(_ll) because x; = - 9T B . Further,
2-a 2-a

oy +B:l( o’n N 208 +B]— *

2 220 "2 a =%z
and is
2
a’m 20 FB+p ,
x 2-a 2-a a’m 20,8 2B
g =
2-a (2—oc)2 (2—oc)2 2—-a
Also,
axg +f 1 o’n 2021 2B FB| =
- = = x3,
2 2l@e-a)? (@2-ap 2-°
and

S {(Zga)” T - } 5

Directly checking that the formula (232) is true when using in (232)

instead of /, [ + 1 put and the formula are valid for every [ € N.

Moreover valid

lim x —lim( a )lm 2B |1+ +---+( a )H
[ > l_l—)oo 2—a 2 -0 5o 2—a 2 —a
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Like checking that applies

fim f =03 = S &,

This theorem evidence.

Effect 1: While variable x lies in the segment [x;,;, x; ],k =0, 1, 2, ...

when valid

2-opx-B
2

ox +f

€ [xlt+1’ xlt]’ and € [xlt+2’ xlt+1]-

Effect 2: Since the solution of the Equation (23) defined on [x;, =]

stops finding potential to [¢;, x1). Equation (23) at a distance [v(}%, v(}l) ]

has the form

1 (2x" -B 1 26" + B .
Eq( o jiZ—aq[2—aJ_f(x)

2" + 2" — 2-a 2
R ] R B R LI
k=0,1,2, ...
Therefore,
ale) = -2 g (2225 B p(BoukoB) (23)
o a o 2

Ifitis x € [x441, Xk, k =1, 2, ... when it is Z-a

2B
x-—-¢ [xs, 41 ]

For k = 0, we determine the potential ¢ in the previous treatments

to the right side (233) is known. Relation (233) yields the potential ¢ on

the segment [xy, x;]. Successive potential is determined on each
segment [x;.1, x4 ], K =1, 2, .... Finally, this procedure gives potential

on [&;, x;]. Thus we have proved the main result:



70

ISMET KALCO et al.

Theorem 3. Some were given two sets of eigenvalues hy;, j =1, 2.

n € Nq operator Dz(q, a, B, 0, H) with potential q : 3u; € (0, n) : q(&;)
q(r) = 0;

(a, B) € (0, 1) x (B(a), Ble)); Bler) =

3 _
% n, B(a) = (1 — o),

and if Apj him have asymptotic (17) whereby dsy,," series of cosine Fourier

coefficients function ¢~ € Lo[0, n]: ¢*(x)x € [0, uy) U (ug, nt],1y < Ho, @

numbers |y, wy are known. Then the operator D? is known.

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]
(10]
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