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Abstract 

This work is dedicated to solving the direct and inverse spectral task Sturm-
Liouville type with linear delay and dispensed boundary conditions. Under the 

direct spectral assignment, we mean the construction of solutions .22 yzyD =  

The aim of this paper is to solve the inverse task for the operator ,2D  which to 
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our knowledge is not known in the literature. We propose a new method. This 
method is based on the transformation of F in such a form that establishes a 
connection between the Fourier coefficients of a specific set of functions and 

values of their own operator ,2D  second. In this article, we will assume that 

.0=h  

1. Introduction 

This paper is dedicated to solving the direct and inverse spectral 
assignment type Sturm-Liouville with linear delay 

( ) ( ) ( ) ( ) ( ) ,2
1,

33
11,0,,

2
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






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


π

α−
α−

β
−α−α

α−
×∈βαβ+α=τ xx  

and partitioned boundary conditions. Let is 

[ ] ( ) ( ) .1,1,,0 12 α−
β=ξβ−α−=γπ∈ xxLq  Therefore ( ) .01 =ξγ  

Studying border assignments yyD λ=2  given by 

( ) ( ) ( )( ) ( ) ,; 2zxyxyxqxy =λλ=γ+′′−  (1) 

( )( ) [ ),,0,0, 1ξ∈≡γ xzxy  (2) 

( ) ( ) ,0,0,0 =−′ zhyzy  (3) 

( ) ( ) .0,, =π+π′ zHyzy  (4) 

The potential q and numbers βα,,, Hh  are parameters operator. In 

particular, if 

,0=α  holds ( ) β−=γ xx  we have tasks with constant delay expires 

(see [4], [5], [6], [7]). If 0=β  and ,1 α−=a  we have tasks with 

homogeneously delay (see [8] and [9]). When 0=β=α  assignment 

detail thrown in the works ([1], [2], [3], and [10]). 
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2. Direct Spectral Assignments 

In this paper, under the direct spectral assignment mean 

construction solutions yzyD 22 =  and the construction of the 
characteristic functions F and its asymptotic zero. 

2.1. Solution task (1, 2, 3) 

Lemma 1. Task (1, 2, 3) is equivalent to the integral equation type 
Voltaire 

( ) ( ) ( ) ( )( ) .,sin1sincos, 1111
1

dtztytxztqzxzz
hxzzxy

x

γ−++= ∫
ξ

 (5) 

Indeed, the method of variation of constants in the Equation (1) using the 
initial condition (2) and the boundary condition (3) the relation (5) follows 
directly. We construct a series of functions 

( ) ( )( )xx 1−γγ=γ kk  and series of numbers ( ) .0: =ξγξ k
k

k  

Lemma 2. There N∈0k  are such that it is valid .100 +ξ<π<ξ kk  

Proof. 

( ) ( ) ( ) .101 1
1
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β=ξ⇒=β−α−=γ=γ xxx  

( ) ( )( ) ( ) ( ) ⇒=β−βα−−α−=γγ=γ 011 22 xxx  
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Mathematical induction to show valid 

( ) ( ) ( ) ( ) ,111 1 β−βα−−−α−−α−=γ − "xxx kkk  

and it follows 
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How to order 

( )kk α−
∑∞

= 1
1

1  diverges, there N∈0k  are such that it is valid 

.100 +ξ<π<ξ kk  

Therefore, 

( ] ( ] ( ].,,, 0

0

1
2

1 πξξξ=πξ −
=

kkk

k

k
∪∪  

In the following, we take the functions 

( ) ( ) ( ) ( ) ,cossin, 1111
1

dttztxtqzxa
x

sc γ−= ∫
ξ

 

( ) ( ) ( ) ( ) ,sinsin, 1111
1

2 dttztxtqzxa
x

s γ−= ∫
ξ

 

and the recurrent relations 

( ) ( ) ( ) ( )( ) ,1,,sin, 1111 1 >γ−= −∫
ξ

kk

k

k dtztatxztqzxa cs

x

cs  

( ) ( ) ( ) ( )( ) .1,,sin, 11111 >γ−= ∫
ξ

+ kk

k

k dtztatxztqzxa s

x

s  

Theorem 1. At a distance ( ] 01 ,1,, k=ξξ + lll  solution of the 

Equation (5) has the form of 

( ) ( ) ( ) .,,1sincos, 1
1





 +++= +∑

=

zxaz
hzxa

z
xzz

hxzzxy scs

l

kkk
k

 (7) 
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Proof. For ( ]1,0 ξ∈x  valid ( ) .sincos, xzz
hxzzxy +=  For ( ],, 21 ξξ∈x  

we have 

( ) ( ) ( ).,,1sincos, 22 zxa
z
hzxazxzz

hxzzxy ssc +++=  

For ( ],, 32 ξξ∈x  we have 

( ) ( ) ( ) ( )zxa
z

zxa
z
hzxazxzz

hxzzxy csssc ,1,,1sincos, 22 22 ++++=  

( ).,33 zxa
z
h

s+  

The notion that (7) holds for l and .1+l  So at a distance ( ]21, ++ ξξ ll  

intial solution is exactly the distance ( ]1, +ξξ ll  and it is determined 

summands 

( ) ( ) ,,,1
211 



 + +++

zxaz
hzxa

z
ll scsl  

which is exactly the (7) for .1+l  

2.2. Construction characteristic function 

Construction of characteristic function is based on the solution of the 
equation at a distance ( ]πξ ,0k  and condition (4). From (7) for 0k=l  get 

( ) ( ) ( ) ,,,1cossin, 1

0

1
1





 +++−= −−

=
∑ zxaz
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dy

csccs kkk

k

k
(8) 

where is it 

( ) ( ) ( ) ( ( ) ) ,,cos, 1111 11 dtztatxztqzxa cs

x

ccs γ−= −− ∫
ξ

k

k

k  

( ) ( ) ( ) ( ( ) ) .,cos, 1111 dtztatxztqzxa s

x

cs γ−= ∫
ξ

k

k

k  (9) 
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From (7) and (8) on the basis of (4) come to the characteristic function 
( ):zF  

( ) ( ) zHhzz
hHzzF π++π



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 +−= cossin  

( ) [ ( ) ( )] ( ) ,11
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(10) 

where we have the markings .π  

The function F is the whole function of exponential type with 
transparent singularity included in the point 0=z  specified. Within the 
circle ,nrnz =−  where is nr  sufficiently small number, there is exactly 

one zero nz  function F, which is well known from [3] or [13]. 

In this study limits may be the case .20 =k  Therefore 

( ) ( ) ( ) [ ( ) ( )]zHazhazzazHhzz
hHzzF sccsc +++π++π





 +−= 1cossin 2  

( ) ( ) [ ( ) ( )] ( ).11
3222 32csc2 za

z
hHzHazha

z
zazza

z
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scscsc +++++  

(11) 

In the right conditions 20 =k  limited space allowed for β  and is 
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2.3. The transformation function F 

The finish line of this work is to solve the inverse task for the 

operator ,2D  which to our knowledge is not known in the literature. 
Since methods Borg, Geljfand, Marchenko, Crane, Levinson, and other 
Lejbenzona not apply to the operator with a deviation, we propose a new 
method. This method is based on the transformation function F in such a 
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form that establishes a connection between the Fourier coefficients of a 

specific set of functions and eigen values of the operator ,2D  second. In 
this paper, we will assume that ,0=h  which only simplifies technical 
procedure. First, let us introduce the following codes: 

( ) ( ) ( ) ( ) ( ) ( ) ,2,2
1;22
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where is 

.12,21,21 1
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Also put 
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In area ( ) ( ) ( ) ( )[ ){ }αβαβ∈β∈αβα= ,,1,0:,D  there is a fault ( )α=β r  

with a starting point in the ( )( )00 , αβα  and end at point ( ) D∈/0,1  such 

that it is valid 

( )( ) [ ).1,,0, 0α∈α=ααϕ r  In area 

=+D  

( ) ( ) ( ) ( )[ ) ( ) ( ) ( )( )( ){ }αβα∈β∧α∈α∨αβαβ∈β∧α∈α∈βα ,1,,,0:, 00 rD  
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Definition 1. Function 
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called transition to function operator .2D  

We define the following auxiliary functions: 
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Converting the product of trigonometric functions in the forest, by 
introducing new variables and changing the order of integration we 
obtain 

( ) ( ) ( ) ( ),~2cos~

0
2 zadzqza cc

++
π

=θθ−πθ= ∫  

( ) ( ) ( ) ( ),~12sin~

0

zazdz
zqz

za
s

sc ++
π

=θθ−πθ= ∫  

( ) ( )( ) ( ) ,2sin,4
1

1
0
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( )
( )( ) ( ) .2cos,4

1
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za cs  (14) 
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Producing the partial integration in (14), we get 

( ) ( )( ) ( ) ,2cos,2
1

1111
00

csc θθ−πθθθ= ∫∫
θπ

dzdqKz
za  

( )
( )( ) ( ) .2sin,2

1
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2
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By the relation (15), we have come with the use of the fact that 

( )
,0lim
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0
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za cs
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and then must be 

( )( ) .0,1
0

=θθθ∫
π

dqK  

So, when ,0=h  the function (11) is transformed into the form of 

( ) ( ) ( )
z

zaHzazHzzzF s
c

+
+ ++π+π−=

~~cossin  

 ( )( ) ( ) θθ−πθθθ+ ∫∫
θπ

dzdqK 2cos,2
1

1111
00

 

 ( )( ) ( ) .2sin,2 1111
00

θθ−πθθθ+ ∫∫
θπ

dzdqKz
H  (16) 

2.4. Asymptotic zero function F 

Lemma 3. If it is [ ]π∈ ,02Lq  then zero Nnzn ∈,  have the 

following asymptotic: 
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where is +q~  transition function. Indeed, the direct inclusion nz  in (16) 

and (13) follows the accuracy results. 

From (16) follow 

( ) ( ) .2cos~12cos~22

00

22













θθθ+θθθ

π
+

π
+=λ +

π
+

π

∫∫ dnqnOdnqDHnn  (17) 

Therefore, eigenvalues operator 2D  have asymptotic (17). 

Note 1. Oscillating member ( ) θθθ
π

= +π+ ∫ dnqa n 2cos~2~
02  in the (17) is 

cosine coefficient transition function +q~  that with spaces [ ( ) )0
1,0 ν  and 

( ) ]( π,1
4ν  annulled. Because 

( )( ) ( )α−α
=+

2
2~ 1

0νq  and ( )( ) ( )π
α−

=+ qq 2
1~ 1

5ν  we think it's worth 

( ) ( ) 01 ≠πξ qq  which means that the transition function +q~  in items ( )1
0ν  

and ( )1
5ν  has interrupted. 

3. Inverse Spectral Assignments 

Determination of parameters Hq ,,, βα  operator 2D  called solving 

the inverse spectral assignment. We proceed from the assumption that 

the two sets of data own values njλ  operator ,2D  with the potential 

( ) ( ) .0: 1 ≠πξ qqq  From the necessary conditions that we know is true 

asymptotic 

( ) ,2,1,as,2
~~ 2

2 =∞→









+++=

+
+ jnaOacnz n
njn  (17’) 

where are jc  and +
na2

~  cosine Fourier coefficients of a function that is 

reversed at intervals [ )1,0 µ  and ( ]πµ ,2  where are 1µ  and 2µ  known 

numbers and .21 µ<µ  
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From ( ) ,2,1,lim 2 ==−λ∞→ jcn jnjn  we obtain .2 jj cH π=  Still, we 

are celebrating ( ) 112 µ=
α−

β  and ( ) 22
1 µ=β+απ−π  to we obtain the 

parameters α  and β  of the equation. Thus, the parameters .2,1, =jH j  

and α  and β  are obtained uniformly. 

3.1. Basic identity 

According Adamar’s theorems obtain representation of F by their zero 

2,1,, 0 =∈λ± jNnnj  in which 

( ) ,11
2
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2

2
1

0 





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λ

−
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
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λ

πλ= ∏∏
∞
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n

zF  (18) 

numbers α  and β  are as defined. In the future we will assume that the 

following applies: 
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2
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In this way, we can conclude that the other functions on the expression 
(18) must be of the form (15), i.e., .20 =k  First, we put 

( )( ) ( )( ) ( ) ,2cos1,0,11
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0

1 θ

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θ
π

dzdqKzac  
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1 θ
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We establish basic identities 

( ) ( ) ( ) ,sin
12

2112 zzHH
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m

o
m

s bdmqma  

( )( ) ( ) ( )( ) ( ) ( ) ,12cos,212 1
21111

0
0

1
m

mm
c admdqKma −=θθ




θθθ

π
−=

π ∫∫
θ

π

 

( )( ) ( ) ( )( ) ( ) ( ) .12sin,212 1
2

1
1111

0
0

11
m

mm
s bdmdqKma +θ

π
+ −




=θθθθθ

π
−=

π ∫∫  
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And leading mark 

( ) ( ) ( ) ( ) m
m

m
m BmBAmA 2

1
2 12,12 =−

π
=−

π
+  from (21) we get 

( ) ,,2
1a~ 02

1
22 NmAa mmm ∈=++  

( ) .,2
1~

2
1

22 NmBbb mmm ∈=++  (22) 

From (19) proves to be true .0,0,0 22 →→→ mBA mm  So arrays 

{ }mm BA 22 ,  represent the Fourier coefficients of a function [ ].,02 π∈ Lf  

Multiplying (22) with [ ],,0,2sin2cos π∈∗∗∗ xmximx  after summarizing 

come to the equation 

( ) ( )( ) ( ).,2
1~

1
0

∗∗+ =θθθ+ ∫
∗

xfdqKxq
x

  (23) 

Transformation of the transition function +q~  and function q is the tool 

that we used the method of determining the solutions reduce to solving 
integral equations of type Volterra. From (11’) and (13), we conclude that 

the Equation (23) breaks up in different forms at intervals ( ) ( )[ ]1
0

1
1, νν−  and 

( ) ( )[ ]1
5

1
4 , νν  kernel 1K  is reversed and the Equation (23) becomes 

( ) ( ).~ xfxq =+  (231) 

For 

( ) ( )[ ] ( ) .2
2

2
1~valid, 1

5
1
1 








α−
β+

α−
=∈

∗
∗+

−
∗ xqxqx νν  

Let’s 

( ) ( ) ( ) ( ) ,12,12
33,2

2
3

2
21 α−α−

β−π=β
α−α−

+α−α=
α−
β+απ= xxx  
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and 

( ) ( ) ( )[ ] .22
12~






 β−α−α−= xfxf  

When out of (231) following ( ) ( ) [ ] [ ].,,,~
321 π∈= xxxxxfxq ∪  

On the segment ( ) ( )[ ]1
4

1
3 , νν  valid 

( )( ) ( )( ) ( )( )( ),, 2
4

2
21 θϕ+θϕ−=θθ qK  

so we get 

( )

( )( ) ( )( )( ) ( ).2
1

2
2

2
1 2

4
2

2
1

3

∗
∗

=θθϕ+θϕ−







α−
β+

α− ∫
∗

xfdxq
x

ν

 

From (12), we have 

( )

( )( )
( )

( ) ( ) .2222
1

1
1

2
2

2
1

2

1
3

1
3

dtdttqtqd

l
l

l

xx









α
θ+β−α−

α
=θθϕ ∫∫∫

π

β+θ

∗∗

νν

 

By changing the order of integration and the replacement of variables 

( ) ,222
2

1 tt
=

α
θ−β−α−  

we have 

( )

( )( )
( )

( ) ( ) ( )1122

2

1

1

2
2 .

2
11

1

1
1

1
1

1
3

Φ



















=θθϕ ∫∫∫
β−π

α
−

αξ

+ξ

µ

∗∗
∗

dtdttqtqd

ltlxlx

ν

 

Similar to the previous valid 

( )

( )( )
( )

( )

( )

( ) ( )2122

1

1
2

4 ,
1
2

2
1

1

12
1

1
2

1
3

Φ





















=θθϕ ∫∫∫
β−π

β−α−

α
+

α

β−

µ

∗

∗

dtdttqtqd
l
l

l
t

l
x

lx

ν
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where is 

( ) ( ) ., 1
1
21

12
1

1
2 αξ+π=µ

α

β−
α
β−

α
π=µ l

l
l

 

Functions 

( )( )

( )

( ) ( ) ,2, 21
3221

1
1

1
311

1

β+
α
π

=µ=/ ∫
µ−

αξ

∗

ldttqtv
tl

 

and 

( )( )

( )

( ) ,22

1

1
1

2

1
2

2
1

1

dttqtv
l
l

l
t
∫

β−π

β−α−

=/  

are absolutely continuous on fraud 

( ) ( ) ( ) ( )[ ].,and,,1, 1
4

1
312

1

1
21

1
1

1 νν∈











+β−µ



 +ξµ ∗

∗
∗ xal

x
al

xl  

So, these segments are limited and have performed almost everywhere 

Let’s 

.1
2
1,,2,2

2
2
21

6
1

1
5

11
2

4 









+

α
β=

ξ
−π=αβ+π=

α−
β+=

∗

∗

llx
l

xll
lxxx  

When (23) becomes 

( ) ( )
( )

( ) ( ) ( )( )
( )

( ) ( ) ( )( ) .22~
11

1
21

1

11
1

11

2 6

1
2

1
1

1
1

dttvtqdttvtqxfxq

xxlx

/α−+/α−+= ∫∫
−

α

µ

ξ
+

µ

 

)3(Φ  
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Let’s ( ) ( ){ }2
2

1
21 ,min µµ=t  and ,1,2max 6

1
1

21 





 −

α
ξ

+=+ xxlxsxs  

( ) ( ) ( )( ) ( ) ( )( ) ( ) ( ) ( ).~,22 1
1

21
1

11 xfxqxhtvtvtv −=/α−+/α−=/  

When )3(Φ  becomes 

( ) ( ) ( )( ) ( ) .~
1111

21

1

dttvtfthxh
sxs

t
/+= ∫

+

 (232) 

Operator ( ) ( ) ( )( ) ( ) 1111
~21

1

dttvtfthhA
sxs

t
/+= ∫

+

 with some degree of 

contraction operator and a uniform fixed point. This provides the solution 

for q at a distance [ ],, 34 xx  where is .2
1

1
2

4 β
α−
α−−π= l

lx  With intervals 

( ) ( )[ ] ( ) ( )[ ],,,, 1
2

1
1

1
1

1
0 νννν  and ( ) ( )[ ],, 1

3
1
2 νν  the solution was prepared by the 

same procedure as in interval ( ) ( )[ ]., 1
4

1
3 νν  

Theorem. There is a single partition segments [ ]πξ ,1  and ( ) ( )[ ]1
5

1
2, νν−  

such that 

[ ] [ ] ,,,,, 101
0

1 ξ=π==πξ ∞+

∞

=

xxxx kk
k
∪  

and 

( ) ( )[ ] [ ] ( ) ( ) ( ).,,,, 1
11

1
2

1
501

0

1
5

1
2 −

∗
−∞

∗∗
+

∞

=
− ==== ννννν xxxxk

k
∪  
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Proof. By using the function 2
β+α=∗ xx  point π  exceeding the 

point ( )1
1−ν  and using the tool ( )

2
2 β−α−=∗ xx  point 

α−
β+απ= 2

2
1x  

exceeding the point ( )1
1−ν  because .2

2
2
22

1 α−
β+απ=

α−

β+





 β+απ

=x  Further, 

,2
2

22
1

2 2
2

1 ∗=







β+

α−
αβ+

α−
πα=

β+α xx  

and is 

( ) ( )
.2

2
2

2
22

2
2

2
22

2

2

2 α−
β+

α−

αβ+
α−

πα=
α−









β+β+

α−
αβ+

α−
πα

=x  

Also, 

( ) ( )
,2

2
2
2

22
1

2 32

2

2

3
2 ∗=












β+

α−
β+

α−

πα+
α−

πα=
β+α xx  

and 

.12222
2

2
21









+

α−
α++







α−
α+







α−
α

α−
β+π







α−
α=

−−
"

lll
lx  (232) 

Directly checking that the formula (232) is true when using in (232) 
instead of 1, +ll  put and the formula are valid for every .Nl ∈  

Moreover valid 
















α−
α++

α−
α+

α−
β+π







α−
α=

−

∞→∞→∞→

1

221lim2
2

2limlim
l

l

l

lll
x "  

.1
21

21
lim2

2
1 ∞∞→
=ξ=

α−
β=

α−
α−








α−
α−

α−
β= x

l

l
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Like checking that applies 

( ) .2
1lim 1

1
2 ξ== −

∗
∞→

νll
x  

This theorem evidence. 

Effect 1: While variable x lies in the segment [ ] …,2,1,0,,1 =+ kkk xx  

when valid 

( ) [ ] [ ].,2and,,2
2

121
∗
+

∗
+

∗∗
+ ∈β+α∈

β−α−
kkkk xxxxxx  

Effect 2: Since the solution of the Equation (23) defined on [ ]π,1x  

stops finding potential to [ )., 11 xξ  Equation (23) at a distance ( ) ( )[ ]1
1

1
2, −− νν  

has the form 

( )∗
∗∗

=







α−
β+

α−
±








α

β−
α

xfxqxq 2
2

2
121  

[ ] [ ],,222,2
2

112 kkkk xxxxxxxx +

∗

++

∗
∈

α
β−

α
α−=

α
β−⇒∈

α−
β+=  

.,2,1,0 …=k  

Therefore, 

( ) ( ) .2
2222







 β−α−

+







α
β−

α
α−

α
α−−=

xfxqxq  (233) 

If it is [ ] …,2,1,,1 =∈ + kkk xxx  when it is [ ].,22
1−∈

α
β−

α
α−

kk xxx  

For ,0=k  we determine the potential q in the previous treatments 
to the right side (233) is known. Relation (233) yields the potential q on 
the segment [ ]., 12 xx  Successive potential is determined on each 

segment [ ] .,2,1,,1 …=+ kkk xx  Finally, this procedure gives potential 

on [ ]., 11 xξ  Thus we have proved the main result: 
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Theorem 3. Some were given two sets of eigenvalues .2,1, =λ jnj  

0Nn ∈  operator ( )HqD ,0,,,2 βα  with potential ( ) ( )11 :,0: ξπ∈µ∃ qq  

( ) ;0≠πq  

( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ,1,
33

1;,1,0, 2

3
πα−=αβπ

−α−α

α−−
=αβαβαβ×∈βα  

and if njλ  him have asymptotic (17’) whereby +
na2

~  series of cosine Fourier 

coefficients function [ ] ( ) [ ) ( ] ,,,,0~:,0~
21212 µ<µπµµ∈π∈ ++ ∪xxqLq  a 

numbers 21, µµ  are known. Then the operator 2D  is known. 
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