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Abstract

A new expansion of a function, inspired by the Taylor series expansion, is
introduced, and various examples of functions admiting such new expansion,
are given. In addition, it is shown that the new expansion, when applied to
functions being completely monotonic, leads to some quite interesting results
and applications. Finally, a new approach is suggested towards obtaining the

solution of the difference equation Ay(x) = g(x), and examples involving the

gamma and psi functions are given.
1. Introduction

Let g(x) be a real valued, continuous function, defined on the
interval (o, o). Three classical operators which can apply to g(x), are

the derivative operator
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the shift operator
E(g(x)) = g(x +1), 1.1)
and the difference operator
Ag(x)) = glx +1) - g(x) = (E - I)(g(x)), (1.2)
where I is the identity operator.

Higher order operators are defined similarly,

D (g(x)) = w = W), 1.3)

E"(g(x)) = g(x + &), (1.4)

Jj=0

N'(g(x)) = (B - If*(g(@)) = ) (1) { }E" () = Y (-1 { }g(x +J);
J Jj=0 J
(1.5)

where « is any positive integer.

It is easily shown that if x and A are any two positive integers, the

operators A” and D" commute
X (DM (g(x) = DM (& (g(@))), (1.6)
provided that g(x) is A times differentiable on (o, o).

Let us further assume that g(x), within its interval of definition,

admits an infinite Taylor series expansion, of the form

@ (2) (3) =\ DF
g 1!(96) L8 !(x) L8 ZW’ (1.7)

glx +1) = glx) + U

£=0

or equivalently,

Ag(x)) = (eP - I)(g(x)), (1.8)
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from which one, formally, obtains the operator equivalency,
A=eP -1, or D =1In(I + A). (1.9

The operator e? could be called the Taylor operator, in which case, an

appropriate name for In(I + A), would be the inverse Taylor operator.

However, it is not clear what i1s the meaning of the operator

In(I + A). One possible way to interpret In(I + A), is to consider the

expansion
2 3 4 ® n—-1
Y- SO G SR o G ) A
In(l +4) = A= T+ 5 = S _Z‘ A, (1.10)
n=

in accordance to the well-known expansion for In(1 + x), -1 < x < 1.

In this context, (1.9) leads to

Dlete) = (- 4+ 4= 5o o) 11

It is worth mentioning that (1.11) was obtained quite formally, and
therefore there is no a priori warranty about its general validity. On the
contrary, (1.11) should motivate an investigation towards the direction of

finding functions g(x) for which (1.11) is valid.

Simple, preliminary calculations show that such functions do exist.
For example, if g(x) = e ™ or if g(x) is any polynomial of x, (1.11) is
valid (this is shown in the next section). On the other hand, if g(x) = e*,
(1.11) is not valid, since the infinite series in the right side of (1.11) does
not converge.

In the sequel of this paper, we will show that the class of functions
g(x), satisfying (1.11) is considerably rich. Expanding a function g(x),
or rather the derivative D(g(x)), according to (1.11), usually reveals new

properties of the function at hand, and often leads to some quite

interesting results and unexpected applications ([9], [10]).
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Definition 1. We say that a real valued function g(x), belongs to the

class K, if
2 3 4 * r—1
D(g(x) = (A LA ] (s) = > T w(g), L12)
r=1
for all x € (a, ).

In particular K_,, will represent the class of functions for which
expansion (1.12) is valid for all real values of x (—o < x < o), while K|

will represent the class of functions satisfying (1.12) for all positive real

values of x (0 < x < ©).

Proving various theorems, in the rest of this paper, we shall make

use of the following elementary identities:
@) A(f(x)g(x)) = A(f(x)g(x) + f(x + 1)A(g(x)). (1.13)
Gi) If f(x) = x, (A(f(x)) = A(x) = 1), (1.13) reduces to
Alxg(x)) = g(x) + (x + 1)A(8(x)). (1.14)
(iii) Taking successive differences of (1.14), one may easily show that
A (xg(x)) = kA" (g(x)) + (x + K)A"(g(x)), where x =1, 2, 3, .... (1.15)

(iv) It is well-known that the In(1 — x) function, admits the following

power series expansion:
o0 xh:
- 1In(1 - = _—, —-1<x<1. 1.16
n(l - x) Z; - x (1.16)
K=

Since 0 <1-e* <1, forall ¢t € [0, ), (1.16) leads to

o A

2(1;) —t, 0<t<w (1.17)
R

r=1
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2. Various Functions Belonging to Some Class K

In this section, we shall list a number of functions satisfying (1.12),
for appropriate values of the parameter .

Theorem 1. All monomials x™*, n e N, arein K_

Proof. We shall use induction on n, to show that x" € K__, for all

n e N. For n =1, obviously D(x) = A(x) = 1.

Let us now assume that x"” € K__, for some n € N, meaning that

D(x") = Z( D™ pr(am) = Z( 1

since A“(x")=0fork =n+1,n+2,n+3,...

)hl )hl

A (x™), 2.1)

We shall show that x"*! € K__, as well.
Making use of (1.15), with g(x) = x™*, one obtains
A (™Y = kAT (6™ ) + (2 + £)A (™), K =1,23, ..., n, (2.2)
while
A (MY = (n+ DAY (") + (x + 1+ DA (x?) = (n + DA (™), (2.3)
since A" (x") =0
In that sense the infinite series in (1.12) terminates, the last term

being ( V" A" (x™1). Using (2.1), (2.2), and (2.3), one may easily show

+1
that
n+l r—1 n r—1
Z(_llz Aﬁ(xn+1):xn+x2(_1/z A (x™)
r=1 r=1

= 2" 1 xD(x") = (n + 1" = D(x™1),

and this completes the proof. O
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An immediate consequence of Theorem 1, is the following.

Theorem 2. All polynomials are in K_,.
Theorem 3. The function g(x) = e~ € K_.

Proof. The x-th difference of g(x) = e, is easily found to be

N(e*)=(-1)'(1-e')e™ kel (2.4)

Making use of (2.4) and (1.17) (applied at ¢ = 1), the infinite series

x k=1 0 -1\~
Z% N(e ) = (- 1)5962% — (c1)eF = D(eF),
k=1 k=1

and the proof is completed. O
Theorem 4. The trigonometric functions cos x and sin x are in K_,.
Proof. Let us consider the function w(x) = ¢, x € R.
The x-th difference of w(x), is easily found to be
AN(e™)=(-1)"(1-e)e™, x=123 ... (2.5)
Since [1 - ef| = | (1 - cos1) —isin1| = 2sin(% ) <1,
® —1 ® I\K
(_ 1)K K XY\ _ ix (1 —-e )
S U ey - (3 )
r=1 k=1
=(-1%e®In(1-1+¢e')=ie™ = —sinx +icosx,

and equating real and imaginary parts, yields

X (_ 1)%—1 . )

E ~———— A%cosx) = —sinx = D(cos x),
K

k=1
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and

)h -1
A"(sin x) = cos x = D(sin x),

Z(l

which completes the proof. O
Theorem 5. If p is any positive real number, then x P e K.

Proof. Starting with the definition of the gamma function,
* 1
I'(p) = J. e “uPdu, p>0, (2.6)
0

and making the substitution u = tx, (x > 0), one obtains

x P = LJ' e Pt x>0, p>o0, 2.7
I(p)Jo
from which
N (x7P) = ﬂjwe‘xt(l —e Y P ldr, ke N (2.8)
I(p) Jo ’

The infinite series

(_ 1)5—1 Aﬁ(x—P) ~ ((_ij. —xt(l —t )h P -1 .

R

[Ms

Il
—

K

and since the integrand is positive for all x and ¢, interchange of
summation with integration is permissible, by Tonelli’s theorem,

therefore,
. (_ 1)K_1 K (=D (_ 1) - x (1_e_t )ﬁ p-1
LA = 2 |tP a4
; K SR L ; K

(_ 1) * —xt,p
=2 e “tfdt,
I(p)
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(by virtue of (1.17)), or

0 _1H*1 o 1) _(ps
;—( J— p):%x (P (p 1 1),

(from (2.7)), and since
[(p +1) = pl(p),

one finally obtains
x (_ 1 -1
ZT Ni(x7P) = — px~(P*) = D(x7P),
r=1

and the proof is completed.

O

We have thus far shown that the class K, is not empty. Many

important functions belong to some K, .

In the next section, we shall show that, under certain additional

conditions, one may significantly extend the class of functions already

belonging to some K, (see Theorems 12, 13, 14, and 15).

3. Completely Monotonic Functions

Definition 2. A function g(x) is said to be completely monotonic on

(o, ), if

(i) g(x) possesses derivatives of all orders, and

(i) (-1)"D"(g(x)) > 0 for k = 0,1, 2, ....

Conditions (i) and (ii) imply that for each «, the function (- 1)" D" (g(x)),

within its interval of definition, is positive, decreasing and concave

upwards.
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X

For example, the functions e¢™* and x?(p > 0), are completely

monotonic on (0, ©). Also, if g(x) is the Laplace transform of a positive
function P(t), 0 <t < o, ie., if g(x) = I;Oe_xtp(t)dt, g(x) is completely
monotonic on (0, «) (see [1], [5], [14]).
If g(x) is completely monotonic on (a, ©) and G,(x) is any n-th
antiderivative of g(x), then for every x € (o, ),
(-1 D™ (G, (x) >0, x=0,1,2, ... 3.1)

Functions of complete monotonicity have attracted special attention by
various researchers, (see, for example, [2], [4], [6], and [7]).

In this section, we shall derive some fundamental properties of

completely monotonic functions, belonging to some class K,, which

eventually lead to quite interesting results and applications.

Theorem 6. If g(x) is completely monotonic on (o, ©), then for each

n=0,1,2,..., the function
(-1)" A" (g(x))
is also completely monotonic within the same interval.

In particular, (-1)"A*(g(x)) is positive and decreasing for all n.
Proof. For n = 0, (-1)"A"(g(x)) = g(x) is completely monotonic, by
assumption.
Also, since (—1)"D"(g(x))>0,x=0,1,2, ..., the function (-1)" D" (g(x)),
is for each «, positive and decreasing, meaning that
A((-1)"D"(g(x))) < 0, or (-1)"D"((- 1)A(g(x))) > O, (3.2)

(by virtue of (1.6)), which in turn proves the validity of Theorem 6, for
n=1.
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Similarly, since (—1)A(g(x)) is completely monotonic, as shown in (3.2),

A((=1)°D*((- )Ag(x)) < 0, or (- 1)*D*((-1*A%(g(x))) > 0,  (3.3)
which proves Theorem 6, for n = 2.

In a quite similar manner, proceeding step by step, we can prove

Theorem 6, for all values of n.

So, in general,
(-1)"D*((- 1)"A"(g(x)) > O,
which for x = 0, implies that (- 1)"A"(g(x)) > 0, while for x = 1 implies
that (- 1)"A"(g(x)) is decreasing. O
Theorem 7. Let g(x) be a given function. If
(i) g(x) e K., and
(i) g(x) is completely monotonic on (o, »),

then the infinite series

® r—1
>V e, 3.9
r=1

converges absolutely and uniformly on o < x5 < x < oo.

Proof. Since g(x) e K,, series (3.4), at x = x; converges to

D(g(x))|x:x0 = D(g(xg)). Also, due to condition (i), on a < xg < x < o,

we have, by virtue of Theorem 6,
0 < (-1)"A%(g(x)) < (-1)"A"(8(x))] ,_y, = (-1)"A"(8(x0)), (3.5)

for k =1,2,3, ....
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If we now consider the absolute values of the terms in series (3.4), we

have

( l)nl

A (gl >>‘ EU g « CL x(axo ),
(from (3.5)), and since the series

U K (gloo) = (- 1)2( !

)nl

A*(g(x)),

Ms

Il
—

R
converges to (-1)D(g(xq)) > 0, (because g(x)e K,) application of

Weierstrass M-Test, shows that series (3.4) is absolutely and uniformly

convergent on a < xg < x < o, and the proof is completed. O

Theorem 8. If g(x) is a function completely monotonic on (a, ©),

and G,,(x) is any m-th antiderivative of g(x), (Go(x) = g(x)), then
(= 1) A(Gyp (x)) > 0, (3.6)
where k = 0,1, 2, ....
Proof. For m = 0, (3.6) is obvious, since Gy(x) = g(x).

Let m = 1. The function g(x) = D(G;(x)) is completely monotonic, by

assumption, therefore,
(-1)"D*(DGy(x)) > O,
which by virtue of the Theorem 6, implies

(- 1)*A"(DG;(x)) > 0, or D((—1)"A"(G;(x))) > 0,

which in turn means that the function (-1)"A"(G;(x)) is increasing,

within (a, ®), i.e.,

A((-1)" A" (Gy(x)) > 0, or (= 1)*AH(Gy (x)) > O,

and this proves Theorem 8, for m = 1.
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Also, since G;(x) = D(G9(x)), we have
(- 1) A1 (DGy(x)) > 0, or D (- 1) 41 (Gy(x)) > 0,
meaning that the function (- 1)" A*"}(Gy(x)) is increasing, i.e.,

A 1A (Gy)) > 0, or (- 1)FA2(Gy(x)) > O,
and this completes the proof for m = 2.
Proceeding similarly, one can prove Theorem 8, for m = 3, 4, 5, ....

O
For brievety and economy, in the sequel of this paper, we shall make
use of the simplified notation A"G,,(x) or A°G,, and D"G,,(x) or D"G,,

instead of A"(G,,(x)) and D"(G,,(x)), respectively.

Theorem 9. Let g(x) be a given function and G,,(x) be any m-th
antiderivative of g(x). If

(1) g(x) e K,, and
(i) g(x) is completely monotonic on (o, »),

then the infinite series
X 1 r—1 )
Z% NG, (x), (3.7)
r=1

converges absolutely and uniformly on a < x5 < x < .

Proof. We shall prove Theorem 9, gradually, step by step.

We start with m =1, in which case Gj(x) is the first antiderivative
of g(x). Since, by assumption g(x) is completely monotonic on (a, ),
for each x =0,1,2,... the function (-1)*D"g(x) is positive and

decreasing, i.e.,
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- x+1 ~ - - .
0< (1Dl +1) <[ (1 (Dg@)dt < (1) D glx),
X

0<(-1"D"g(x +1) < (-1)"D"(AG;(x)) < (-1)" D" g(x),
(-1)"D"(g - AGy) > 0. (3.8

In deriving (3.8), we have used the fact that
x+1 3 x+1
7 wrstna - ([ st
X X

= D"(Gy(x +1) - Gy(x)) = D"(AG (x)).
Making use of Theorem 6, (3.8) implies
(-1)"A(g — AGy) > 0, or (-1)°A"1Gy < (-1)'A°g, £ =0,1,2, ..., (3.9

which when combined with (3.6) (with m = 1), finally yields
0 < ( 1) A/»+1G()<( 1) Ahg()<( 1) Ahg()<( 1) A”g(xo)
k+1 +1
(3.10)

for k =1,2,3,..., and a < xg < x < .

The last inequality in (3.10) stems directly from (3.5).
The series

0

)&1

gxr(nz(l

A"g(xg) = (-1)Dg(xg) > 0,
r=1

since by assumption g(x)e K,, therefore application of Weierstrass

M-Test, shows that the series

o0} K

A"+1G = —%AQGI JF%A?’G1 —iA‘LGl +oe,
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is absolutely and uniformly convergent on o < x3 < x < o, and therefore,

D ks N DT
r=0 k=1

k+1
1.2 1.3 1 .4
= AGy — = A 2 MG, - = A
Gl 2 G1+3 Gl 1 G1+ ,

is also absolutely and uniformly convergent on a < x5 < x < o, and this

completes the proof for m = 1.

We next prove the theorem for m = 2, in which case Gs(x) is a

second antiderivative of g(x).

Since (—1)"D"(DGy) > 0, by assumption (ii), for each x = 0, 1, 2, ...,

the function (- 1)* D**1G; is positive and decreasing, meaning that
el x+1 3 1 ; 1
0 < (1) DG (x +1) < j (- 15 (D" 26y ())dt < (- 1) D26 (x),
X

or
0<(-1) D’”lGl (x+1) < (-1)" Drt (AGy(x)) < (-1)° D’”lGl (x),
or
(- 1Y D" 1(AGy - Gy) > 0. (3.11)
By virtue of Theorem 6, (3.11) implies
(1Y AN AGy - Gy) > 0, or (- 1)°A"*2G, < (- 1)"A"1Gy,
or taking into consideration (3.6) with m = 2,

0 < (-1 A*2Gy < (-1)°AMGy, £=0,1,2 ..., (3.12)
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Oor even more,

0<( 194 A2G <( b AGy <( 1) asTen

K+ 2 2 K+ 2 k+1
1)~ 1
< E (g « E x (e ), (319
for k =1,2,3,...,and a < x5 < x < 0.

The last inequality in (3.13) stems directly from (3.10).
Since, by assumption (i),

0

® r—1
EU wgw) = (- 1)Dg(x) > 0,
r=1 K=

application again of Weierstrass M-Test shows that the series
Y

(-1
;(/i+)2

is absolutely and uniformly convergent on a < x5 < x < o, and therefore

AK+2G2 = —éASGQ +%A4G2 —%AE)GZ + ey

the series
( )hl 7 1 .2 1 .3 1 .4
Z NGy = Gy — g &Gy + g XGy =g MGy o0,

is also absolutely and uniformly convergent on a < x5 < x < o, and this

completes the proof for m = 2.

Proceeding along similar lines, one can prove (3.7) gradually, for
m=3,4,5,... ]

Theorem 10. If g(x) is completely monotonic on (o, ), such that

lim g(x) = 0
X —>00
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then

(1) lim g'(x) = 0, and (3.14)
X —>0

(i1) lim A"G,,(x) = 0, for k > m, (3.15)
X —>00

where G,,(x) is any m-th antiderivative of g(x).

Proof. (i) Since, by assumption g(x) - 0 as x — o, the
lim (Ag(x)) = lim (g(x +1) - g(x))=0-0 = 0.
X —>0 X —>0

Also, since the function (-1)Dg(x) is positive and decreasing, on (o, ®)

0<C0Dg ) < [N Ds)dt < C1Dgl)

x
or
0 < (-1)Dg(x +1) < (-1)Ag(x) < (-1)Dg(x),
l.e.,
Agx) < g'(x +1) < 0, x € (a, o),

and since lim, _,,(Ag(x)) = 0, as proved, we have

lim g'(x +1) = lim g'(x) = 0,

x>0 x>0

and the proof is completed.

(i) Let G;(x) be the first antiderivative of g(x). From (3.9), applied

at x = 0, and Theorem 8, with m = 1, we have
0 < AGy(x) < g(x),

and since lim,_,, g(x) =0, we infer that lim,_,, AG;(x) = 0. Given

that, if the first difference of a function tends to zero, as x — o, then all
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higher order differences of the function tend to zero, as well, as x — o,

we conclude that
AgGl(x)’ A3G1(x)7 A4G1(x)7
tend to zero, as x — o, and this proves (3.15), for m = 1.

Let now Gy(x) be a second antiderivative of g(x). From (3.12),

applied at x = 0, and Theorem 8, with m = 2, we have
0 < A2Gy(x) < AGy(x),

and since lim,_,., AG;(x) = 0, as proved already, we infer that A%Gy(x) — 0

as x — o, and therefore all higher order differences, i.e.,
NGy(x), A'Gy(x), AGy(x), ...
tend to zero, as x — o, and this proves (3.15), for m = 2.

In a similar manner (3.15) is proved, gradually, for m = 3, 4, 5, ....

O

Theorem 11. Let g(x) be a given function, and G,,(x) be any m-th
antiderivative of g(x). If

@) glx) e K,
(i1) g(x) is completely monotonic on (o, ©), and
Gii) lim g(x) =0

X —>00

then, if we define

R, (x) = —AmG m(x) — 1 ——A™1G, (x)
L A2 () - — L A3G () 4 o (3.16)
m+ 2 m m+3 m ’

then

lim R,,(x) = 0. (3.17)
X —>0
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Proof. Let us define the quantity,

Q%) = - == A"1Gy, (x) + ——5 A" G, (1) = ——2 A5G, (x) 4 o

+1 + 2 +3

Then,
1
R, (x) = EAme(x) + Q) (). (3.18)
The function @,,(x) satisfies the following inequality:

0 < @p(x) < (-1)Dg(x), (3.19)

which can be deduced easily from (3.10), (3.13) and their obvious

generalizations, i.e.,

_ 1" eem =" 1) x B
H+mA G,,(x) < Ng(x), m=1,23, ..,

and the fact that

0

X r—1
8 = (DY T wvg(e) = (1)Dg(e),
r=1

=1
since by assumption, g(x) € K.
The
lim Dg(x) =0
P

by Theorem 10 (i), therefore (3.19) implies that
lim @,,(x) = 0. (3.20)
X—>0
Also since
lim A"G,,(x) =0
X —>0
by Theorem 10 (i1), (3.18) finally yields

lim R,,(x) = — hm A"G,, (x) + hm Q,,(x) = 0,

X—>0

which completes the proof of Theorem 11. O
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Theorem 12. Let g(x) be a given function, and G,,(x) be any m-th
antiderivative of g(x). If

() g(x) € K,

(i) g(x) is completely monotonic on (a, ), and

Gii) lim g(x) = 0,

X —>00
then
G, (x)e K,.

Proof. We shall prove Theorem 12, gradually, step by step, starting
with m =1, in which case G;(x) represents the first antiderivative of g(x).

By virtue of Theorem 9, the series

) r—1
510 = > x6i(0) = Biw) (3.21)

k=1
where R;(x) is obtained from (3.16) with m =1, converges absolutely

and uniformly on a < x5 < x < o, while the series of the derivatives of

the terms in (3.21), i.e., the series

) -1 x r—1 *© r-1
So{ - £ s S e

r=1 k=1 k=1

(3.22)

by Theorem 7, also converges absolutely and uniformly over the same
interval.

Application of the well-known theorem, about the term by term
differentiation of a uniformly convergent series, yields

0 r—1 * k=1
DS, (x) = D[Z% A’{Gl(x)J - Z% D(NGy (x))
=1 r=1

) re—1 ® r—1
SV w06, = 3 EY sv(e) = Detw).

r=1 K=1
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since, by assumption g(x) € K, or equivalently, and taking (3.21) into

account,
DS, (x) = Dg(x), or S;(x) = R(x) = g(x) + ¢y, (3.23)

where, up to this point, ¢; is an arbitrary constant. Taking the limit of
both sides in (3.23), as x — o, and noting that lim,_,,, Rj(x) = 0, (by
Theorem 11), and that lim,_,, g(x) = 0 (by assumption), ¢; = 0, and
finally

© r—1
$10)= > C 46y () = gla) = DGy (),
r=1

meaning that G;(x) € K,, and this completes the proof of Theorem 12,

for m = 1.

Let now Gy(x) be the second antiderivative of g(x), or the same, the

first antiderivative of G;(x). By virtue of Theorem 9, the series

S(x)—z( 1

where Ry(x) is obtained from (3.16) with m = 2, converges absolutely

r—1
) N Gy(x) = AGy(x) - Ry(x), (3.24)

and uniformly, on o < x5 < x < o, while the series of the derivatives of

the terms in (3.24), 1.e.,

iD{( ) e (x)J=i( D e, <x)>-Z( |
=1

k=1

)nl

NGy (x),

(3.25)

again by Theorem 9, converges absolutely and uniformly, over the same

interval, to the function DGj(x), since G;(x) € K, as proved already.
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We can therefore differentiate term by term the series in (3.24), to

obtain

~ ® (_ 1)/@'—1 . ~ ® (_ l)ﬁ—l . ~
DSy (x) = ZD(TA Go(x) | = Z NGy (x) = DG (x),
k=1 k=1
since Gy (x) € K, from which
Sy(x) = Gi(x) + ¢9, or AGy(x) — Gy(x) — Ry(x) = cg, (3.26)

where, up to this point, ¢y is an arbitrary constant.

Taking the limit of both sides, in (3.26), as x — o, and noting that
lim,_,,, Ry(x) = 0 (from (3.17) with m = 2), and that,

Tim (AGy(¥) - Gy (x)) = ggg(%g@) —0 (x<E<x+1)

by assumption (iii), the constant ¢y = 0, and finally

i r—1
S) = > EL 86y (x) = Gy(x) = DGo()
K=1

meaning that Gy(x) € K,, and the theorem has thus been proved for

m = 2.
Proceeding similarly, one may prove Theorem 12, for m = 3, 4, 5, ....

O

Using Theorem 12, one may extend the class of functions already

belonging to some K, as shown in the following theorems:
Theorem 13. The function In x and all its antiderivatives are in K.
Proof. It suffices to apply Theorem 12, to the function
1
== 0
8(x)=—, x>0,

which is completely monotonic on (0, ), belongs to K, (by virtue of

Theorem 5, for p = 1), and approaches zero as x — oo. U
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Theorem 14. If s is any real number, x° € K.
Proof. If s < 0, x° € K, by virtue of Theorem 5.
If s = 0, obviously x° € K.

If s is any positive integer, x°* € K_, (Theorem 1), and therefore
belongs to K;, as well. Let now O0<s<1, or equivalently

-1 < s-1 < 0. The function

glx) = sx®1 e K,

by virtue of Theorem 5, and at the same time satisfies conditions (ii) and
(111) of Theorem 12, therefore according again to Theorem 12, any first

antiderivative Gp(x) of g(x), also belongs to K. One first antiderivative
of g(x), is
Gi(x)=x° e Ky, O0<s<l.

If 1 < s < 2, or equivalently -1 < s — 2 < 0, the function
g(x) = s(s —1)x*2 e Ky,

by virtue of Theorem 5, and satisfies conditions (ii) and (ii1) of Theorem

12, therefore any second antiderivative Gg(x) of g(x) also belongs to

K. One second antiderivative of g(x), is

Go(x)=x° e Ky, 1<s<2.

The generalization is obvious, establishing thus the validity of Theorem
14, for all real values of s. O

Theorem 15. If g(x), a < x < o, is the Laplace transform of a
positive function P(t), 0 <t < o, then g(x) and any m-th antiderivative

G, (x) of gx),m=1,2,38, ... arein K,.
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Proof. Let g(x), o < x < o, be the Laplace transform of a positive

function P(t), 0 < ¢ < o, i.e.,
g(x) = J' e~ P()dt. (3.27)
0

The function g(x) is completely monotonic in a < x < © (see [13]), and
lim,_,, g(x) = 0. We can also show that g(x) € K,. Indeed, the x-th

difference of g(x), is
Nig(x) = (- 1) J e t(1—e Y PE)dt, x=1,23 .., (3.28)
0

from which

R

© r-1 O e ,—xt A%
SEV Krgle) - (- DY (1‘2 PO 4y (3.29)
r=1 r=1

and since the integrand is nonnegative for all x and ¢, interchange of

summation with integration is permissible, by Tonelli’s theorem,

therefore,
o k=1

- - 1)[ :e_xttP(t)dt - Da(x), (3.30)

meaning that g(x) e K.
(In obtaining (3.30), use of (1.17) has been made).

Thus, the function g(x), as defined in (3.27), satisfies the conditions

(1), (i) and (i11) of the Theorem 12, therefore, any m-th antiderivative

G,,(x) of g(x), belongs to K, and this completes the proof. O
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4. The Difference Equation Ay(x)= y(x +1)- y(x)= g(x)

The difference equation
Ay(x) = y(x +1) - y(x) = g(x), g(x) given (4.1)

was first studied by Krull, in his pioneer work [11], and subsequently by
other researchers (see [3], [12], [8], and [9]).

Under certain conditions, imposed on g(x), the solution y(x) of (4.1),

can be expressed as a series of differences of functions, finite or infinite,

depending on g(x). This series representation of y(x), usually leads to

interesting, and often unexpected, applications and results.
To be more specific, let G(x) be an antiderivative of g(x). Let us

further assume that G(x) belongs to some K, i.e.,

0 r—1
DG(x) = Z% A°G(x), o <x <o, (4.2)
k=1

Equation (4.1) becomes

* k=1
Ay(x) = g(x) = DG(x) = Z% A"G(x), o <x <o,

r=1

from which one obtains
_ c (_ 1)/{/71 r—1
) = 21— A7G(x)
K=

— G(x) - % AG(x) + %AQG(x) - i ABG(x) + . (4.3)

Expression (4.3) represents the solution of the difference equation (4.1),

in the interval a < x < «.

Two striking examples of this approach, are given in a recent paper

(see [9]), where an expansion for the gamma function I'(x), x > 0 and the

digamma function (or psi function)
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I(x)

T 5 0, (4.4)

P(x) = S (inT(x)} =

are obtained.

It is well-known that I'(x), satisfies the difference equation
InT(x +1)-InT(x) =Inx, x >0. (4.5)

By Theorem 13, the functions g(x)=1lnx and its antiderivative
G(x) =xInx —x, belong to K, therefore InT(x) admits a series

representation according to (4.3). Pursuing this approach to the end, one

arrives at the following expression for I'(x), (Equation (3.18) in [9])

1
0 K K . |m+L
I(x) = V2nee7xH H(x + j)(x+j)[J(_1)] , (4.6)
j=0

£=0

or

1 1 )
X 2 x x+2 |3 x 3(x+2) 1
[(x) = V2neexxx|: x x+1}2 l:x (x +2) :|3 l:( x%(x + 2) 4

(x +1) (w + 12+ x4 1P (g 4 g)e e

Similarly, the digamma function ¥(x), satisfies

W(x +1)- ¥(x) = % x> 0. 4.7)

Again by Theorems 5 and 13, the function g(x):% and its

antiderivative G(x) = In x, belong to K.

Following the procedure outlined above, one may obtain the following

representation for ¥(x), (Equation (3.22) in [9]):

oo}

W)= Y - i : ;(— l)j{j]ln(x +j), x>0 (4.8)

r=0

In a new paper to appear soon, there will be more interesting

applications and results, following the Theory developed in this work.
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