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Abstract 

In the present paper, by using new identity for fractional integrals, some new 
estimates on generalizations of Hermite-Hadamard type inequalities for the 
class of generalized ( ) preinvex-,,1 ϕm  functions via Riemann-Liouville fractional 
integral are established. At the end, some applications to special means are 
given. 

1. Introduction 

The following notation is used throughout this paper. We use I to 

denote an interval on the real line ( )∞+−∞= ,R  and DI  to denote the 
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interior of I. For any subset DKK n ,R⊆  is used to denote the interior of  ,K  
nR  is used to denote a generic n-dimensional vector space. The 

nonnegative real numbers are denoted by [ ).,0 ∞+=DR  The set of 

integrable functions on the interval [ ]ba,  is denoted by [ ].,1 baL  

The following inequality, named Hermite-Hadamard inequality, is 
one of the most famous inequalities in the literature for convex functions. 

Theorem 1.1. Let RR →⊆If :  be a convex function on an interval 

I of real numbers and Iba ∈,  with .ba <  Then the following inequality 

holds: 

( ) ( ) ( ) .2
1

2
bfafdxxfab

baf
b

a

+≤
−

≤




 + ∫  (1.1) 

The following definition will be used in the sequel. 

Definition 1.2. The hypergeometric function ( )zcbaF ;;,12  is defined by 

( ) ( ) ( ) ( ) ,11,
1;;, 111

0
12 dtztttbcbzcbaF abcb −−−− −−

−β
= ∫  

for 0>> bc  and ,1<z  where ( )yx,β  is the Euler beta function for all 

.0, >yx  

In recent years, various generalizations, extensions and variants of 
such inequalities have been obtained (see [11], [12], [13]). For other 
recent results concerning Hermite-Hadamard type inequalities through 
various classes of convex functions (see [9]) and the references cited 
therein, also (see [8]) and the references cited therein. 

Fractional calculus (see [9]) and the references cited therein, was 
introduced at the end of the nineteenth century by Liouville and 
Riemann, the subject of which has become a rapidly growing area and 
has found applications in diverse fields ranging from physical sciences 
and engineering to biological sciences and economics. 
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Definition 1.3. Let [ ].,1 baLf ∈  The Riemann-Liouville integrals fJa
α
+  

and fJb
α
−  of order 0>α  with 0≥a  are defined by 

( ) ( ) ( ) ( ) ,,1 1 axdttftxxfJ
x

a
a >−

αΓ
= −αα

+ ∫  

and 

( ) ( ) ( ) ( ) ,,1 1 xbdttfxtxfJ
b

xb >−
αΓ

= −αα
− ∫  

where ( ) .1
0

duue u −α−∞+
∫=αΓ  Here ( ) ( ) ( ).00 xfxfJxfJ ba == −+  

In the case of ,1=α  the fractional integral reduces to the classical 

integral. 

Due to the wide application of fractional integrals, some authors 
extended to study fractional Hermite-Hadamard type inequalities for 
functions of different classes (see [9]-[16]) and the references cited 
therein. 

Now, let us recall some definitions of various convex functions. 

Definition 1.4 (see [3]). A nonnegative function DRR →⊆If :  is 

said to be P-function or P-convex, if 

( )( ) ( ) ( ) [ ].1,0,,,1 ∈∈∀+≤−+ tIyxyfxfyttxf  

Definition 1.5 (see [6]). A function RR →D:f  is said to be s-convex 

in the second sense, if 

( )( ) ( ) ( ) ( ),11 yfxfyxf ss λ−+λ≤λ−+λ   (1.2) 

for all [ ]1,0,, ∈λ∈ DRyx  and ( ].1,0∈s  

It is clear that a 1-convex function must be convex on DR  as usual. The    

s-convex functions in the second sense have been investigated in (see [6]). 
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Definition 1.6 (see [4]). A set nK R⊆  is said to be invex with respect 

to the mapping ,: nKK R→×η  if ( ) Kxytx ∈η+ ,  for every Kyx ∈,  

and [ ].1,0∈t  

Notice that every convex set is invex with respect to the mapping 
( ) ,, xyxy −=η  but the converse is not necessarily true. For more 

details, please see ([4], [5]) and the references therein. 

Definition 1.7 (see [7]). The function f defined on the invex set 
nK R⊆  is said to be preinvex with respect ,η  if for every Kyx ∈,  and 

[ ],1,0∈t  we have that 

( )( ) ( ) ( ) ( ).1, ytfxftxytxf +−≤η+  

The concept of preinvexity is more general than convexity since every 
convex function is preinvex with respect to the mapping ( ) ,, xyxy −=η  

but the converse is not true. 

Motivated by these results, the aim of this paper is to establish some 
generalizations of Hermite-Hadamard type inequalities using new 
identity given in Section 2 for generalized ( )ϕ,,1 m -preinvex functions 

via Riemann-Liouville fractional integral. In Section 3, some applications 
to special means are given. These general inequalities give us some new 
estimates for Hermite-Hadamard type fractional integral inequalities. 

2. Main Results 

Definition 2.1 (see [2]). A set nK R⊆  is said to be m-invex with 

respect to the mapping ( ] nKK R→××η 1,0:  for some fixed 

( ],1,0∈m  if ( ) Kmxytmx ∈η+ ,,  holds for each Kyx ∈,  and any 

[ ].1,0∈t  

Remark 2.2. In Definition 2.1, under certain conditions, the mapping 
( )mxy ,,η  could reduce to ( )., xyη  



HERMITE-HADAMARD TYPE FRACTIONAL … 5

Definition 2.3 (see [1]). Let nK R⊆  be an open m-invex set with 

respect to ( ] nKK R→××η 1,0:  and R→ϕ I:  a continuous 

increasing function. For R→Kf :  and any fixed ( ],1,0, ∈ms  if 

( ) ( ) ( )( )( ) ( ) ( )( ) ( )( ),1,, yftxftmmxytxmf ss ϕ+ϕ−≤ϕϕη+ϕ   (2.1) 

is valid for all [ ],1,0,, ∈∈ tKyx  then we say that ( )xf  is a generalized 

( )ϕ,, ms -preinvex function with respect to .η  

Remark 2.4. For 1=s  in Definition 2.3, we say that ( )xf  is a 

generalized ( )ϕ,,1 m -preinvex function with respect to .η  

Remark 2.5. In Definition 2.3, it is worthwhile to note that the class 
of generalized ( )ϕ,, ms -preinvex function is a generalization of the class 

of s-convex in the second sense function given in Definition 1.5. 

Throughout this paper, we denote 

( )bamxA ,,,,,,; µλϕηα  

( ) ( )( )
( ) ( )( ) ( ) ( ) ( )( )( ) ( ) ( )( ){ }xmfmxaxmfmab

mxa
ϕλ−+ϕϕη+ϕλ

ϕϕη
ϕϕη

=
α

1,,,,
,,  

( ) ( )( )
( ) ( )( ) ( )( ) ( ) ( ) ( ) ( )( )( ){ }mxbxmfxmfmab

mxb ,,1,,
,,

ϕϕη+ϕµ−+ϕµ
ϕϕη
ϕϕη

+
α

 

 ( )
( ) ( )( )mab ,,

1
ϕϕη
+αΓ

−  

( ) ( ) ( )( )( ) ( )( ) ( ) ( ) ( )( )( ) ( )( )[ ],,,,, xmfJxmfJ mxbxmmxaxm ϕ+ϕ× α
−ϕϕη+ϕ

α
−ϕϕη+ϕ  

where ( )arrbx −+= 1  for [ ].1,0∈r  

In this section, in order to prove our main results regarding some 
Hermite-Hadamard type inequalities for generalized ( )ϕ,,1 m -preinvex 

function via fractional integrals, we need the following lemmas: 
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Lemma 2.6. Let R→ϕ I:  be a continuous increasing function. 

Suppose R⊆K  be an open m-invex subset with respect to ××η KK:  

( ] R→1,0  for any fixed ( ]1,0∈m  and let ( ) ( ) baKba <∈ϕϕ ,,  with 

( ) ( )( ) .0,, ≠ϕϕη mab  Assume that R→Kf :  is a differentiable function 

on DK  and ( ) ( )[ ].,1 baLf ϕϕ∈′  Then for any [ ]1,0, ∈µλ  and ,0>α  the 

following identity holds: 

( )bamxA ,,,,,,; µλϕηα  

( ) ( )( )
( ) ( )( ) ( ) ( ) ( ) ( )( )( )dtmxbtxmftmab

mxb ,,,,
,, 1

0

1
ϕϕη+ϕ′µ−

ϕϕη
ϕϕη

= α
+α

∫  

( ) ( )( )
( ) ( )( ) ( ) ( ) ( ) ( )( )( ) ,,,1,,

,, 1

0

1
dtmxatxmftmab

mxa
ϕϕη+ϕ′−λ−

ϕϕη
ϕϕη

− α
+α

∫   

(2.2) 

where ( )arrbx −+= 1  for [ ].1,0∈r  

Proof. A simple proof of the equality (2.2) can be done by performing 
an integration by parts in the integrals from the right side and changing 
the variable. The details are left to the interested reader.  

 

For the simplicities of notations, let 

( ) ( ) ,,,,
1

0
2

1

0
1 dtttdtt ξ−=ξαδξ−=ξαδ αα ∫∫  

( ) .,,
1

0
1 dttp pξ−=ξα α∫  (2.3) 
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Lemma 2.7. For ,10 ≤ξ≤  we have 

(a) 

( )















=ξ
+α
α

<ξ<ξ−
+α

+αξ

=ξ
+α

=ξαδ
α

+

.1,1

;10,1
12

;0,1
1

,
11

1  

(b) 

( )

( )













=ξ
+α
α

<ξ<ξ−
+α

+αξ

=ξ
+α

=ξαδ
α

+

.1,22

;10,22
1

;0,2
1

,
21

2  

(c) 

( )
( )
( )

















=ξ






α
+β

α

<ξ<




 ξ−+

α
−×

+α
ξ−+





 +
α

β
α

ξ

=ξ
+α

=ξα

++
α

.1,1,11

;10,1;2;1,11

1
11,1

;0,1
1

,,

12

1

1

1

p

pF

pp

p

p

pp

 

Proof. These equalities follows from a straightfoward computation of 
definite integrals.   

Now we turn our attention to establish new integral inequalities of 
Hermite-Hadamard type for generalized ( )ϕ,,1 m -preinvex functions via 

fractional integrals. Using Lemmas 2.6 and 2.7, the following results can 
be obtained for the corresponding version for power of the absolute value 
of the first derivative: 
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Theorem 2.8. Let R→ϕ I:  be a continuous increasing function. 

Suppose R⊆A  be an open m-invex subset with respect to ××η AA:  

( ] R→1,0  for any fixed ( ]1,0∈m  and let ( ) ( ) baAba <∈ϕϕ ,,  with 

( ) ( )( ) .0,, ≠ϕϕη mab  Assume that R→Af :  is a differentiable function 

on .DA  If qf ′  is a generalized ( )ϕ,,1 m -preinvex function on ( ) ( )[ ],, ba ϕϕ  

,1,1 11 =+> −− qpq  then, for any [ ]1,0, ∈µλ  and ,0>α  the following 

inequality for fractional integrals holds: 

( )bamxA ,,,,,,; µλϕηα  

( ) ( )( )
( ) ( )( ) ( ) ( )( ) ( )( ) q

p
qq xfmafpmab

mxa
1

1

2,1,,,
,,

1

1










 ϕ′+ϕ′
λ−α

ϕϕη
ϕϕη

≤
+α

 

( ) ( )( )
( ) ( )( ) ( ) ( )( ) ( )( ) .2,,,,

,,
1

1

1

1 q
p

qq xfmbfpmab
mxb










 ϕ′+ϕ′
µα

ϕϕη
ϕϕη

+
+α

 

 (2.4) 

Proof. Suppose that .1>q  Using Lemmas 2.6 and 2.7, the fact that 

qf ′  is a generalized ( )ϕ,,1 m -preinvex function, property of the modulus 

and Hölder’s inequality, we have 

( )bamxA ,,,,,,; µλϕηα  

( ) ( )( )
( ) ( )( ) ( ) ( ) ( )( )( ) dtmxatxmftmab

mxa ,,1,,
,, 1

0

1
ϕϕη+ϕ′−λ−

ϕϕη
ϕϕη

≤ α
+α

∫  

( ) ( )( )
( ) ( )( ) ( ) ( ) ( )( )( ) dtmxbtxmftmab

mxb ,,,,
,, 1

0

1
ϕϕη+ϕ′µ−

ϕϕη
ϕϕη

+ α
+α

∫  
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( ) ( )( )
( ) ( )( )

p
dttmab

mxa p
1

1,,
,, 1

0

1









−λ−

ϕϕη
ϕϕη

≤ α
+α

∫  

( ) ( ) ( )( )( )
q

dtmxatxmf q
1

,,
1

0 







ϕϕη+ϕ′× ∫  

( ) ( )( )
( ) ( )( )

p
dttmab

mxb p
1

1

0

1

,,
,,









µ−

ϕϕη
ϕϕη

+ α
+α

∫  

( ) ( ) ( )( )( )
q

dtmxbtxmf q
1

,,
1

0 







ϕϕη+ϕ′× ∫  

( ) ( )( )
( ) ( )( ) ( )pmab

mxa p ,1,,,
,, 1

1

1
λ−α

ϕϕη
ϕϕη

≤
+α

 

( ( ) ( )( ) ( )( )
q

dtaftxftm qq
1

1
1

0 







ϕ′+ϕ′−× ∫  

( ) ( )( )
( ) ( )( ) ( )pmab

mxb p ,,,,
,, 1

1

1
µα

ϕϕη
ϕϕη

+
+α

 

( ( ) ( )( ) ( )( )
q

dtbftxftm qq
1

1
1

0 







ϕ′+ϕ′−× ∫  

( ) ( )( )
( ) ( )( ) ( ) ( )( ) ( )( ) q

p
qq xfmafpmab

mxa
1

1

2,1,,,
,,

1

1










 ϕ′+ϕ′
λ−α

ϕϕη
ϕϕη

=
+α

 

( ) ( )( )
( ) ( )( ) ( ) ( )( ) ( )( ) .2,,,,

,,
1

1

1

1 q
p

qq xfmbfpmab
mxb










 ϕ′+ϕ′
µα

ϕϕη
ϕϕη

+
+α

 

The proof of Theorem 2.8 is completed.   
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Corollary 2.9. Under the conditions of Theorem 2.8, if we choose 

1,2,2
1 =+==µ=λ mbax  and ( ) ( )( ) ( ) ( ),1,, xyxy ϕ−ϕ=ϕϕη  we get 

the following generalized Hermite-Hadamard type inequality for 
fractional integrals: 

( ( ) ( ))
( ) ( )

( )( ) ( ( ))











 ϕ+ϕ

ϕ−ϕ

ϕ−ϕ +α+

2
22

baba faf
ab

a
 

( ( ) ( ))
( ) ( )

( )( ) ( ( ))











 ϕ+ϕ

ϕ−ϕ

ϕ−ϕ
+

+α+

2
22

baba fbf
ab

b
 

( )
( ) ( ) ( ) ( ) 



 





 





 +ϕ+





 





 +ϕ

ϕ−ϕ
+αΓ− α

−ϕ
α

−ϕ 22
1 bafJbafJab ba  

( ( ) ( ))
( ) ( )

( ( )) ( )( ) q
p

qqbaba aff
pab

a
1

1

2,2
1, 2

1

1
2















 ϕ′+ϕ′





α

ϕ−ϕ

ϕ−ϕ
≤

++α+

 

( ( ) ( ))
( ) ( )

( ( )) ( )( )
.2,2

1,

1
1

2
1

1
2

q
p

qqbaba bff
pab

b















 ϕ′+ϕ′





α

ϕ−ϕ

ϕ−ϕ
+

++α+

 (2.5) 

Theorem 2.10. Let R→ϕ I:  be a continuous increasing function. 

Suppose R⊆A  be an open m-invex subset with respect to ××η AA:  

( ] R→1,0  for any fixed ( ]1,0∈m  and let ( ) ( ) baAba <∈ϕϕ ,,  with 

( ) ( )( ) .0,, ≠ϕϕη mab  Assume that R→Af :  is a differentiable function 

on .DA  If qf ′  is a generalized ( )ϕ,,1 m -preinvex function on ( ) ( )[ ],, ba ϕϕ  

,1≥q  then, for any [ ]1,0, ∈µλ  and ,0>α  the following inequality for 

fractional integrals holds: 
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( )bamxA ,,,,,,; µλϕηα  

( ) ( )( )
( ) ( )( ) ( )λ−αδ

ϕϕη
ϕϕη

≤
−+α

1,,,
,, 11

1

1
q

mab
mxa  

( ) ( )( ) ( ) ( )( ) ( )( )[ ]qqq xfmaf
1

1,1,1, 212 ϕ′λ−αδ−λ−αδ+ϕ′λ−αδ×  

( ) ( )( )
( ) ( )( ) ( )µαδ

ϕϕη
ϕϕη

+
−+α

,,,
,, 11

1

1
q

mab
mxb  

( ) ( )( ) ( ) ( )( ) ( )( )[ ] .,,,
1

212
qqq xfmbf ϕ′µαδ−µαδ+ϕ′µαδ×  (2.6) 

Proof. Suppose that .1≥q  Using Lemmas 2.6 and 2.7, the fact that 
qf ′  is a generalized ( )ϕ,,1 m -preinvex function, property of the modulus 

and the well-known power mean inequality, we have 

( )bamxA ,,,,,,; µλϕηα  

( ) ( )( )
( ) ( )( ) ( ) ( ) ( )( )( ) dtmxatxmftmab

mxa ,,1,,
,, 1

0

1
ϕϕη+ϕ′−λ−

ϕϕη
ϕϕη

≤ α
+α

∫  

( ) ( )( )
( ) ( )( ) ( ) ( ) ( )( )( ) dtmxbtxmftmab

mxb ,,,,
,, 1

0

1
ϕϕη+ϕ′µ−

ϕϕη
ϕϕη

+ α
+α

∫  

( ) ( )( )
( ) ( )( )

q
dttmab

mxa
111

0

1
1,,

,, −
α

+α









−λ−

ϕϕη
ϕϕη

≤ ∫  

( ) ( ) ( )( )( )
q

dtmxatxmft q
1

,,1
1

0 







ϕϕη+ϕ′−λ−× α∫  

( ) ( )( )
( ) ( )( )

q
dttmab

mxb
111

0

1

,,
,, −

α
+α









µ−

ϕϕη
ϕϕη

+ ∫  

( ) ( ) ( )( )( )
q

dtmxbtxmft q
1

,,
1

0 







ϕϕη+ϕ′µ−× α∫  
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( ) ( )( )
( ) ( )( ) ( )λ−αδ

ϕϕη
ϕϕη

≤
−+α

1,,,
,, 11

1

1
q

mab
mxa  

( ) ( )( ) ( ) ( )( ) ( )( )[ ]qqq xfmaf
1

1,1,1, 212 ϕ′λ−αδ−λ−αδ+ϕ′λ−αδ×  

( ) ( )( )
( ) ( )( ) ( )µαδ

ϕϕη
ϕϕη

+
−+α

,,,
,, 11

1

1
q

mab
mxb  

( ) ( )( ) ( ) ( )( ) ( )( )[ ] .,,,
1

212
qqq xfmbf ϕ′µαδ−µαδ+ϕ′µαδ×  

The proof of Theorem 2.10 is completed.   

Corollary 2.11. Under the conditions of Theorem 2.10, if we choose 

1,2,2
1 =+==µ=λ mbax  and ( ) ( )( ) ( ) ( ),1,, xyxy ϕ−ϕ=ϕϕη  we get 

the following generalized Hermite-Hadamard type inequality for 
fractional integrals: 

( ( ) ( ))
( ) ( )

( )( ) ( ( ))











 ϕ+ϕ

ϕ−ϕ

ϕ−ϕ +α+

2
22

baba faf
ab

a
 

( ( ) ( ))
( ) ( )

( )( ) ( ( ))











 ϕ+ϕ

ϕ−ϕ

ϕ−ϕ
+

+α+

2
22

baba fbf
ab

b
 

( )
( ) ( ) ( ) ( ) 



 





 





 +ϕ+





 





 +ϕ

ϕ−ϕ
+αΓ

− α
−ϕ

α
−ϕ 22

1 bafJbafJab ba  

( ( ) ( ))
( ) ( ) 





αδ

ϕ−ϕ

ϕ−ϕ
≤

−+α+

2
1,

11
1

1
2 q

ab
aba

 

( )( )
qq

q bafaf
1

22
1,2

1,2
1, 212 













 





 +ϕ′





 





αδ−





αδ+ϕ′





αδ×  

( ( ) ( ))
( ) ( ) 





αδ

ϕ−ϕ

ϕ−ϕ
+

−+α+

2
1,

11
1

1
2 q

ab
b ba

 

( )( ) .22
1,2

1,2
1,

1

212
qq

q bafbf 












 





 +ϕ′





 





αδ−





αδ+ϕ′





αδ×  (2.7) 
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3. Applications to Special Means 

In the following, we give certain generalizations of some notions for a 
positive valued function of a positive variable. 

Definition 3.1 (see [17]). A function ,: 2
++ → RRM  is called a mean 

function if it has the following properties: 

(1) Homogeneity: ( ) ( ),,, yxaMayaxM =  for all .0>a  

(2) Symmetry: ( ) ( ).,, xyMyxM =  

(3) Reflexivity: ( ) ., xxxM =  

(4) Monotonicity: If xx ′≤  and ,yy ′≤  then ( ) ( ).,, yxMyxM ′′≤  

(5) Internality: { } ( ) { }.,max,,min yxyxMyx ≤≤  

We consider some means for arbitrary positive real numbers βα,  

( ).β≠α  

(1) The arithmetic mean: 

( ) .2,: β+α=βα= AA  

(2) The geometric mean: 

( ) .,: αβ=βα= GG  

(3) The harmonic mean: 

( ) .2,: 11
βα +

=βα= HH  

(4) The power mean: 

( ) .1,2,:
1

≥






 β+α=βα= rPP
rrr

rr  
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(5) The identric mean: 

( )








β=αα

β≠α








α

β
=βα= α

β

.,

;,1
,: eII  

(6) The logarithmic mean: 

( ) .0,;lnln,: ≠αββ≠α
α−β

α−β=βα= LL  

(7) The generalized log-mean: 

( ) ( ) ( ) { } .,0,1\;1,:
1

11
β≠α−∈








α−β+

α−β=βα=
++

RppLL
ppp

pp  

(8) The weighted p-power mean: 

,
,,,

,,, 1

121

21 p
p
ii

n

in

n
p u

uuu
M 













α=













 ααα

∑
="

"
 

where ( )niuii ,,2,10,10 …=>≤α≤  with .11 =α∑ = i
n
i  

It is well-known that pL  is monotonic nondecreasing over R∈p  

with LL =− :1  and .:0 IL =  In particular, we have the following 

inequality .AILGH ≤≤≤≤  Now, let a and b be positive real 
numbers such that .ba <  Consider the function ( ) ( )( ) :,: baMM ϕϕ=  

( ) ( ) ( ) ( )( )[ ] ( ) ( ) ( ) ( )( )[ ] ,,,,, +→ϕϕη+ϕϕ×ϕϕη+ϕϕ Rabaaabaa  which is one 

of the above mentioned means and R→ϕ I:  be a continuous increasing 

function, therefore one can obtain various inequalities using the results 
of Section 2 for these means as follows: 

Replace ( ) ( )( )mxy ,, ϕϕη  with ( ) ( )( )xy ϕϕη ,  and setting ( ) ( )( )ba ϕϕη ,  

( ) ( )( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )( ),,,,,,,, xbMxbxaMxabaM ϕϕ=ϕϕηϕϕ=ϕϕηϕϕ=  

,Ax ∈∀  for value 1=m  in (2.4) and (2.6), one can obtain the following 
interesting inequalities involving means: 
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( ) ( )( )
( ) ( )( ) ( ) ( ) ( )( )( ) ( ) ( )( ){ }xfxaMxfbaM

xaM
ϕλ−+ϕϕ+ϕλ

ϕϕ
ϕϕ α

1,,
,  

( ) ( )( )
( ) ( )( ) ( )( ) ( ) ( ) ( ) ( )( )( ){ }xbMxfxfbaM

xbM
ϕϕ+ϕµ−+ϕµ

ϕϕ
ϕϕ

+
α

,1,
,  

( )
( ) ( )( )baM ϕϕ

+αΓ− ,
1  

( ) ( ) ( )( )( ) ( )( ) ( ) ( ) ( )( )( ) ( )( )[ ]xfJxfJ xbMxxaMx ϕ+ϕ× α
−ϕϕ+ϕ

α
−ϕϕ+ϕ ,,  

( ) ( )( )
( ) ( )( ) ( ) ( )( ) ( )( ) q

p
qq xfafpbaM

xaM
1

1

2,1,,
,

1

1










 ϕ′+ϕ′
λ−α

ϕϕ
ϕϕ

≤
+α

 

( ) ( )( )
( ) ( )( ) ( ) ( )( ) ( )( ) ,2,,,
,

1
1

1

1 q
p

qq xfbfpbaM
xbM










 ϕ′+ϕ′
µα

ϕϕ
ϕϕ

+
+α

 (3.1) 

( ) ( )( )
( ) ( )( ) ( ) ( ) ( )( )( ) ( ) ( )( ){ }xfxaMxfbaM

xaM
ϕλ−+ϕϕ+ϕλ

ϕϕ
ϕϕ α

1,,
,  

( ) ( )( )
( ) ( )( ) ( )( ) ( ) ( ) ( ) ( )( )( ){ }xbMxfxfbaM

xbM
ϕϕ+ϕµ−+ϕµ

ϕϕ
ϕϕ

+
α

,1,
,  

( )
( ) ( )( )baM ϕϕ

+αΓ
− ,

1  

( ) ( ) ( )( )( ) ( )( ) ( ) ( ) ( )( )( ) ( )( )[ ]xfJxfJ xbMxxaMx ϕ+ϕ× α
−ϕϕ+ϕ

α
−ϕϕ+ϕ ,,  

( ) ( )( )
( ) ( )( ) ( )λ−αδ

ϕϕ
ϕϕ

≤
−+α

1,,
, 11

1

1
q

baM
xaM  

( ) ( )( ) ( ( ) ( )) ( )( )[ ]qqq xfaf
1

1,1,1, 212 ϕ′λ−αδ−λ−αδ+ϕ′λ−αδ×  

( ) ( )( )
( ) ( )( ) ( )µαδ

ϕϕ
ϕϕ

+
−+α

,,
, 11

1

1
q

baM
xbM  

( ) ( )( ) ( ( ) ( )) ( )( )[ ] .,,,
1

212
qqq xfbf ϕ′µαδ−µαδ+ϕ′µαδ×  (3.2) 
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Letting ( ) ( )( ) ,,,,,,,,,,, AyxMLLIPHGAyxM ppr ∈∀=ϕϕ  in 

(3.1) and (3.2), we get the inequalities involving means for a particular 
choices of a differentiable generalized ( )ϕ,1,1 -preinvex function f. The 

details are left to the interested reader. 
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