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Abstract 

A hypergraph is an ordered pair ( ) ,, EVH =  where V is a finite nonempty set 

called vertices and E is a collection of subsets of V, called hyper edges or simply 
edges. A subset T of vertices in a hypergraph H is called a vertex cover if T has 
a nonempty intersection with every edge of H. The vertex covering number 
( )Hτ  of H is the minimum size of a vertex cover in H. Let ( )iH ,C  be the family 

of vertex covering sets of H with cardinality i and let ( )iHc ,  be the cardinality 
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of ( ) ., iHC  The polynomial 
( )

( )
( ) iHV

Hi
xiHc ,∑ =τ

 is defined as vertex cover 

polynomial of H. For a graph ( ) GHEVG ,,=  denotes the hypergraph with 

vertex set V and edge set { ( ) }.VxxNG ∈  In this paper, we prove that the total 

domination polynomial of a connected graph G is the vertex cover polynomial of 
.GH  Using this result, we determine total domination polynomials of cartesian 

products of certain classes of graphs. 

1. Introduction 

All graphs considered in this paper are simple and connected unless 
otherwise stated. Notations and definitions not given here can be found 
in [2, 5, 9]. A graph is an ordered pair ( ) ( )( ),, GEGVG =  where ( )GV  is 

a finite nonempty set and ( )GE  is a collection of 2-point subsets of V. The 

sets ( )GV  and ( )GE  are the vertex set and edge set of G, respectively. 

The cartesian product of two graphs G and H, denoted ,HG  to be the 

graph with vertex set ( ) ( )HVGV ×  and edges between two vertices 

( )11, ba  and ( )22, ba  if and only if either 21 aa =  and 21bb  ( )HE∈  or 

21 bb =  and ( ).21 GEaa ∈  The open neighbourhood of a vertex ( )GVv ∈  

is ( ) { ( )}.GEuvVuvNG ∈∈=  The closed neighbourhood of a vertex 

( )GVv ∈  is [ ] ( ) { }.vvNvN GG ∪=  If the graph G is clear from the 

context, we write ( )vN  and [ ]vN  rather than ( )vNG  and [ ].vNG  A 

dominating set, of a graph ( )EVG ,=  with no isolated vertex is a set S 

of vertices of G such that every vertex in SG \  is adjacent to a vertex in 
S. If no proper subset of S is a dominating set of G, then S is a minimal 
dominating set of G. The domination number of G, denoted by ( ),Gγ  is 

the minimum cardinality of a dominating set of G. A dominating set of G 
of cardinality ( )Gγ  is called a ( )Gγ -set. Let ( )iG,D  be the family of 

dominating sets of G with cardinality i and let ( ) =iGd ,  ( ) ., iGD  The 

polynomial ( )
( )

( )
( ) i

GV

Gi
xiGdxG ,, ∑

γ=
=D  is defined as domination polynomial 
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of G. A total dominating set, abbreviated TD-set, of a graph ( )EVG ,=  

with no isolated vertex is set S of vertices of G such that every vertex of 
G is adjacent to a vertex in S. If no proper subset of S is a TD-set of G, 
then S is a minimal TD-set of G. The total domination number of G, 
denoted by ( ),Gtγ  is the minimum cardinality of a TD-set of G. A TD-set 

of G of cardinality ( )Gtγ  is called a ( )Gtγ -set. Let ( )iGt ,D  be the family 

of total dominating sets of G with cardinality i and let ( ) ( ) .,, iGiGd tt D=  

The polynomial ( )
( )

( )
( ) i

t

GV

Gi
t xiGdxG

t

,, ∑
γ=

=D  is defined as total domination 

polynomial of G. A hypergraph ( )EVH ,=  is a finite nonempty set 

( )HVV =  of elements called vertices, together with a finite multiset 

( )HEE =  of subsets of V, called hyper edges or simply edges. The order 

and size of H are V  and ,E  respectively. A k-edge in H is an edge of size 

k.  A subset T of vertices in a hypergraph H is a transversal (also called 
vertex cover) if T has a nonempty intersection with every edge of H. The 
transversal number ( )Hτ  of H is the minimum size of a transversal in H. 

For further information on hypergraphs refer [4]. Let ( )iH ,C  be the family 

of vertex covering sets of H with cardinality i and let ( ) ( ) .,, iHiHc C=  

The polynomial ( )
( )

( )
( ) i

HV

Hi
xiHcxH ,, ∑

=
=

τ
C  is defined as vertex cover 

polynomial of H. For a graph ( ),, EVG =  the ONH(G) or GH  is the open 

neighbourhood hypergraph of ( )CVHG G ,; =  is the hypergraph with 

vertex set ( ) VHV G =  and with edge set ( ) { ( ) xxNCHE GG == }V∈  

consisting of the open neighbourhoods of vertices of V in G. Let Γ  be a 

finite group with identity e. Let Γ⊆S  such that Se ∈/  and ,1−= SS  

that is, S is inverse closed. Then the Cayley graph ( ),, SCayG Γ=  is 

defined as a graph with vertex set ( ) Γ=GV  and edge set 

( ) {( ) }., 1 SabbaGE ∈= −  
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We need the following theorems to prove the main results of this 
paper. 

Theorem 1.1 ([8]). The ONH of a connected bipartite graph consists 
of two components, while the ONH of a connected graph that is not 
bipartite is connected. 

Theorem 1.2 ([9]). If G is a graph with no isolated vertex and GH  is 

the ONH of G, then ( ) ( ).Gt HG τ=γ  

Theorem 1.3 ([1]). If a graph G consists of m components ,,,, 21 mGGG …   

then ( ) ( ) ( ).,,, 1 xGDxGDxGD m…=  

Theorem 1.4 ([1]). For every ,4≥n  

( ) [ ( ) ( ) ( )],,,,, 321 xPDxPDxPDxxPD nnnn −−− ++=  

with initial values ( ) ( ) ( ) +=+== 3
3

2
21 ,,2,,, xxPDxxxPDxxPD  

.3 2 xx +  

Theorem 1.5 ([1]). For every ,4≥n  

( ) [ ( ) ( ) ( )],,,,, 321 xCDxCDxCDxxCD nnnn −−− ++=  

with initial values ( ) ( ) ( ) +=+== 3
3

2
21 ,,2,,, xxCDxxxCDxxCD  

.33 2 xx +  

Theorem 1.6 ([1]). ( ) (( ) ) (( ) ) .1111,,
nmnm

nm xxxxxKD ++−+−+=   

Theorem 1.7 ([10]). Let nL  be the graph .2KPn  The domination 

polynomial for nL  satisfies the recurrence: ( ) ( ) ( )xLDxxxLD nn ,2, 1−+=  

( ) ( ) ( ) ( ) ( )xLDxxLDxxxLDxx nnn ,,1,1 5
3

3
2

2 −−− −++++  with initial 

values, 
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n 2KPn  

1 xx 22 +  

2 234 64 xxx ++  

3 23456 316156 xxxxx ++++  

4 3455678 2474852288 xxxxxxx ++++++  

5 345678910 2471481781164510 xxxxxxxx +++++++  

6 45678910112 1716847060445321666112 xxxxxxxxx ++++++++  

2. Main Results 

Theorem 2.1. The total domination polynomial of a connected 
bipartite graph G is the product of the vertex cover polynomials of the two 
components of ,GH  while the total domination polynomial of a connected 

graph that is not bipartite is the vertex cover polynomial of .GH  

Proof. The proof follows immediately from the definitions of total 
dominating set of G and vertex cover polynomial of .GH   

Theorem 2.2. For a bipartite graph G, 

( ) ( )[ ] .,, 2
2 xGDxGKDt =  

Proof. Let { } { }nm yyyyYxxxxX ,,,,,,,,, 321321 …… ==  be the 
bipartition of G. If ( ) { },,2 baKV =  then the bipartition of GK 2  is 
{( ) ( ) ( ) ( ) ( ) ( )} {( ) ( ),,,,,,,,,,,,,,,,,, 212121 xbxbybybybxaxaxa nm ……  

( ) ( ) ( ) ( )}.,,,,,,,,, 21 nm yayayaxb ……  For mi ,,2,1 …=  and for 
,,,2,1 nj …=  we have 

( )( ) ( ){ } ( ){ },,in~,, iii xbGxyyaxaN ∪=  

( )( ) ( ){ } ( ){ },,in~,, iii xaGxyybxbN ∪=  

( )( ) {( ) } {( )},,in~,, jjj ybGyxxayaN ∪=  

(( )) {( ) } {( )}.,in~,, jjj yaGyxxbybN ∪=  
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Let 1G  be a graph with bipartition {( ) ( ) ( )},,,,,,, 21 mxbxbxb …  

{( ) ( ) ( )},,,,,,, 21 nyayaya …  such that ( ) ( )ji yaxb ,~,  if and only if 

( ) ~, ixa ( )jya,  in .2 GK   Similarly we construct another graph 2G  with 

bipartition {( ) ( ) ( )} {( ) ( ) ( )},,,,,,,,,,,,,, 2121 nm ybybybxaxaxa ……  such 

that ( ) ( )ji ybxa ,~,  if and only if ( ) ( )ji ybxb ,~,  in .2 GK   It can be 

observed that both 1G  and 2G  is isomorphic to G and a set N is an open 

neighbourhood of a vertex in GK 2  if and only if N is a closed 

neighbourhood of a vertex in 1G  or .2G  Therefore, a set S is a total 

dominating set of GK 2  if and only if S is a dominating set of .21 GG ∪  

So, 

( ) ( )xGGDxGKDt ,, 212 ∪=  

 ( ) ( )xGDxGD ,., 21=  

 ( )[ ] ., 2xGD=  

This completes the proof.  

Corollary 2.3. From Theorem 2.2, we can infer the following results: 

(1) ( ) ( )[ ] .,, 2
2 xPDxPKD nnt =  

(2) ( ) ( )  ..2.2 32
n

nnt PPK =γ=γ   

(3) ( ) ( )[ ] .,, 2
222 xCDxCKD nnt =  

(4) ( ) ( )  ..2.2 3
2

222
n

nnt CCK =γ=γ   

(5) ( ) [ ( )] .,, 2
,,2 xKDxKKD nmnmt =  

(6) ( ) .4,2 =γ nmt KK   

(7) ( ) [ ( )] ,,, 2
,,2 xBDxBKD nmnmt =  where nmB ,  is the bi-star graph. 

(8) If T is a tree, then ( ) ( )[ ] .,, 2
2 xTDxTKDt =  
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Theorem 2.4. A set S is a dominating set of a cycle nC  if and only if 

it has non empty intersection with the set of vertices of all paths of length 
two in .nC  

Proof. Let S be a dominating set and uvwP =  be a path of length 
two in .nC  If { } ,,, φ=wvuS ∩  then the vertex v is not adjacent to any 

vertex in S and so S cannot be a dominating set of .nC  The converse is 

obvious.  

Theorem 2.5. If n is odd, then ( ) ( ).,, 22 xCDxCKD nnt =  

Proof. Let the vertices of nCK 2  be labelled as shown in Figure 1. 

 

Figure 1. The graph .2 nCK   

Let GH  be the open neighbourhood hypergraph of .2 nCK   Let nC2  

be the cycle, ( ).,,,,,,,, 12121 abbbaaa nn ……  It can be observed that if 

( ),2 nCKVv ∈  then the vertices of ( )vN  form a path of length two in 

.2nC  Also the set of vertices of any path of length two in nC2  is an edge 

in .GH  Since ( ) ( ),,, 22 xCDxC nn =C  the proof follows from Theorems 

2.1 and 2.4.  
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Theorem 2.6. Let ( ),, SCayG nZ=  where { }1,, −= bbaS  is a 

generating set of nZ  such that aa =−1  and .><∈/ ba  Then, 

( )
[ ( )]

( )





=
.,,

,2,,
,

2
2

otherwisexCD

evenisnifxCD
xGD

n

t
n

 

Proof. Here .
2

2 nCKG ≅  So the proof follows from Corollary 2.3(3) 

and Theorem 2.5. 

Theorem 2.7. Let ( ),, SCayG nZ=  where { }1,, −= bbaS  such that 

aa =−1  and b is a generator of .nZ  Then, 

( )
( )

[ ( )]






=

.,,

,4,,
, 2

2
otherwisexCD

ofmultipleaisnifxCD
xGD

n

n

t  

Proof. Since b generates ( )SCayG nn ,, ZZ =  can be labelled as 

shown in Figure 2. 

 

Figure 2. The graph ( )., SCayG nZ=  

Case 1. When n is a multiple of 4. 

Consider the cycle ( ( ) ( ) ( ) ,52,4,32,2,12, bnbbnbbnnbCn +++=  

( ) ( ) ).,12,2,,6 nbbnbnb −−…  It can be observed that if ( ),GVv ∈  then 
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the vertices of ( )vN  form a path of length two in nC  and any path of 

length two in nC  is an open neighbourhood of a vertex in G. Therefore by 

Theorem 2.4, ( ) ( ).,, xCDxGD nt =  

Case 2. When n is not a multiple of 4. 

In this case the graph ( )SCayG n ,Z=  is bipartite. Let { iskkbX =  

}odd  and { }evenisssbY =  be the bipartition. Let ( { ( ) })XxxNYHX ∈= ,  

and ( ){ }( )YxxNXHY ∈= ,  be the components of the open 

neighbourhood hypergraph of G. Since XH  is isomorphic to ,YH  by 

Theorem 2.1, ( ) [ ( )] .,, 2xHxGD Xt C=  Also ( ) { ( ) (( ) ),22, bnNbNHE X +=  

( ) (( ) )} {{ ( ) } {( ) ( ) },32,2,12,2,12,2,,3 bnbbnbbnnbbnNbN +++=…  

{ ( ) } {( ) ( ) }}.12,,12,,4,32,2 bnnbbnbbnb +−+ …  

Consider the cycle, ( ( ) ( ) ( )12,,4,32,2,12,
2

−++= nbbnbbnnbCn …  

),, nbb  with vertex set Y. It is obvious that if ,Yv ∈  then the vertices of 

( )vN  form a path of length two in .
2
nC  Also any path of length two in 

2
nC  

is an open neighbourhood of a vertex in Y. Therefore by Theorem 2.4, 
( ) ( ).,,

2
xCDxH nX =C  This completes the proof.  

Lemma 2.8. If G is an 1−n  regular bipartite graph, then 

( )




























−

−
++












 −
+












 −
+= −122

3

22

2

22

1

22
1, nx

n

n
x

n
x

n
nxxGD …  

.
2

2

2

2

1

2
2

2

22
221 nnnn x

n

n
x

n

n
x

n

n
x

n

n
n 













++














+
+














+
+














+














−

−
+ ++ …  
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Proof. Let { }naaaX ,,, 21 …=  and { }nbbbY ,,, 21 …=  be the 

bipartition of G. Assume that ii ba ~/  for all i. If Sba rr ∈,  for some r, 

then S is a dominating set of G. Since there are n pairs, one pair can be 

selected in n ways. So when ,n<k  the coefficient of kx  in ( )xGD ,  is 

.
2

22














−

−

k

n
n  When ,n=k  since X and Y are dominating sets of G, the 

coefficient of nx  is .2
2

22
+














−

−

n

n
n  When ,n>k  any subset of the vertices 

of G contains a pair ., ii ba  So the coefficient of kx  is .
2















k

n
 This 

completes the proof.  

Theorem 2.9. ( ) ( ),,,2 xGDxKKD nt =  where G is an 1−n  regular 

bipartite graph on 2n vertices. 

Proof. Let ( ) { }baKV ,2 =  and ( ) { }.,,3,2,1 nKV n …=  Let 

( ) ( ) ( ){ }naaaA ,,,2,,1, …=  and ( ) ( ) ( ){ }.,,,2,,1, nbbbB …=  Then 

( ) .2 BAKKV n ∪=  Also ( )( ) ( ){ } ( ){ }iaAibiaN ,\,, ∪=  and 

( )( ) =ibN , ( ){ } ( ){ }.,\, ibBia ∪  We construct an ( )1−n -regular bipartite 

graph G in which the open neighbourhoods ( )( )iaN ,  and ( )( )ibN ,  are 

represented as star graphs with root vertices ( )ib,  and ( ),, ia  respectively. 

 

Figure 3. The graph G. 
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Let S be a dominating set of G. Then for all i, either ( ) Sia ∈,  or 

( )ia,  is adjacent to some vertex in S. If ( ) Sia ∈,  for all i, then NS ∩  

( )( ) φ≠ib,  for all i. If ( ) Sra ∈/,  for some r, then there exists ( ) Ssb ∈,  

for some .rs ≠  Therefore ( )( ) φ≠ibNS ,∩  for all i. Similarly, we can 

prove that ( )( ) φ≠iaNS ,∩  for all i. Therefore S is a vertex covering set 

of .2 nKKH   Conversely, let S is a vertex covering set of .2 nKKH   

Consider a vertex ( )., ia  If ( ) ,, Sia ∈  then there is nothing to prove.       

If ( ) ,, Sia ∈/  then ( ) Sjb ∈,  for some .ij ≠  So ( ) ( )jbia ,~,  in G. 

Similarly we can prove the case of ( )jb,  also. Therefore S is a 

dominating set of G. Thus the result follows from Theorem 2.1.  

Next, we determine the total domination polynomials of cartesian 
product of certain classes of graphs with .4C  

Theorem 2.10. For a bipartite graph G, 

( ) [ ( )] .,, 2
24 xGKDxGCDt  =  

Proof. Since the graph GKK  22  is isomorphic to ,4 GC   the 

result follows from Theorems 2.1 and 2.2.  

Corollary 2.11. From Theorem 2.10, we can infer the following results: 

(1) ( ) ( )[ ] .,, 2
4 xLDxPCD nnt =  

(2) ( )  .2 2
1

4
+=γ n

nt PC   

(3) ( ) ( )[ ] .,, 2
2224 xCKDxCCD nnt  =  

(4) ( )






+
=γ

.,22

,,2
24

otherwisen

evenisnifn
CC nt   
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