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Abstract

In this paper, we analyze a neural network system with delay. Firstly, by
considering time delay as bifurcation parameter, we discuss the stability of the
model and the conditions when Hopf bifurcation occurs. Finally, after
complicated calculations with Lyapunov-Schmidt reduction, we obtain the
approximate analytic expression of periodic solutions near the Hopf bifurcation

points.

1. Introduction

The occuring of Hopf bifurcation is an important property of
dynamical systems with delay, and it refers to a phenomenon that the
systems have periodic solutions near the singularity when the stability of
the singularity changes. After determining that a system exists Hopf
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bifurcation, under normal conditions, to determine the stability and
direction of the periodic solutions [1-5], the delay differential equations
need to be expressed as ordinary differential equations in abstract spaces.
The system must has a 2-dimensional center manifold which is tangent to
the central subspace near the constant solutions. Hence, we only need to
considering the limitation of the original system on the center manifold,
actually turning it into a 2-dimensional differential equation. As long as
we study the stability and the direction of periodic solutions of the
ordinary differential equation, we can obtain the properties related to the
original system. For example, Faria and Magalhdes [6] and Liu et al. [7]
all use this technique. Lyapunov-Schmidt reduction is an important
method to investigate the bifurcation problems of ordinary differential
equations [8]. Inspired by Yang and Guo [9], we investigate the periodic
solutions of a neural network model with delay by using Lyapunov-
Schmidt reduction [10-13] and obtain obvious expressions depending on
the parameters of the original system. This method avoids numerous

calculations of center manifold and normal form.

The model to study in this paper is
. 1 3
x = —ax(t)+bx(t — )+ gx(t) , (1.1)
where the dot denotes differentiation with respect to time, and a > 0, b

are parameters.

Our paper is organized as follows: In Section 2, we discuss the
stability of the model and the conditions when Hopf bifurcation occurs. In
Section 3, we obtain the approximate analytic expression of periodic
solutions near the Hopf bifurcation points with Lyapunov-Schmidt

reduction.
2. Stability Analysis

From system (1.1), we can see that there exists an zero equilibrium

and the characteristic equation of the linearized system at zero solution is

A+ a—be) — o, 2.1)
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when 7 = 0,1t is obvious that b < a, the root of the equation has always

negative real parts. If b < —a, Equation (2.1) has one positive root
® = Vb% - a?,

T, = %(n - arcsin(_—wb ))+2—Z)n, n=0,1,2 -, sign{ Re(% )y }T=Tn

= b_2 > 0.
Theorem 2.1. If b < —a, then the zero solution of system (1.1) is

asymptotically stable for T €0, 1y), and unstable when T > T(.

Furthermore, system (1.1) undergoes a Hopf bifurcation at the origin when

T = Tn(n =0,1, )

3. Lyapunov-Schmidt Reduction Process

In this section, near the Hopf bifurcation, we obtain the approximate
analytic periodic solutions bifurcated from the trivial solution of the
neural network by Lyapunov-Schmidt reduction method. Now, we will
mainly discuss how to get the periodic solutions near the Hopf bifurcation
point (.

First of all, by the transformation § = %, u(8) = x(8), T = 19 + &,
s = (1 + k)3, then system (1.1) is equivalent to
F(u, e k)=0+ k)% + (1o + &) [au(s) — bu(s - 1 + k)) - % u(s)’]. (3.1)
Let
2n

Cg[o,;]ZuECO(—OO,+OO)|u(S):u(3+%),

1rn 27 1 2n
Cp[0,7]=uec(—oo,+oo)|u(s)=u(8+7).
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Then F(u, s, k) : C})[O, 2775 ]x Rx R — Cg[O, 2% ], the linearized equation

of Equation (3.1) at zero solution is

Lov = F,;/(0, 0, 0)v = % + Tpav — Tobu(s — 1) = 0, (3.2)

the adjoint equation is

Lov = F,/ (0,0, O = —% + Toav — Tobu(s + 1) = 0, (3.3)

obviously
N(Ly) = span{sin ns, cosns}, N(L;) = span{sin ns, cos ns}.

We have the following decomposition:

Chl0, 2] = N(Lo)® M, CH[0, 2 ] = N(L) @ R(Ly).
Define
Q@ : €0, 2—n"]—> N(Ly), P : €Yo, 27“] = R(Ly),

QU =< v, sin ns > sin ns+ < v, cos ns > cos ns, Pv = v — Qu,

define an inner product is given by

2n

n
< vy, Vg >= E.'.on U1V9dS.

Let
u(s) = x sin ns + y cos ns + (s),

where o(s) € M. By respectively projecting system (3.1) onto R(L;) and
N(Ly), we obtain

PF(x sin ns + y cos ns + w(s), €, k) = 0, (3.4)

QF(x sin ns + y cos ns + w(s), ¢, k) = 0. (3.5)
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Rewrite (3.4) as

F(w; x, v, & k) = P[(1 + k) (nx cos ns — ny sin ns + —dggs) )

+ a(tg + €)(x sin ns + y cos ns + (s))

- bty +&)(xsinn(s — (1 +k))+ ycosn(s — (1 +k)))
+o(s—1+k))- %(TO +¢)(xsinns + ycosns + o(s))>] = 0.

(3.6)

We know F‘w(O; 0,0,0,0)=PLy = Ly, and L, is regular on M, by the

implicit function theorem, it is easy to solve from system (3.6) that
os) = ofs; x, , & k). 3.7)

Obviously, o(s; 0, 0, 0, 0) = 0, plug the system (8.7) into the system (3.5),

we can obtain the equivalent bifurcation equations are

g(x, y, & k) =< F(x sinns + ycos ns + o(s; x, v, ¢, k)), sinns >= 0, (3.8)
hx, y, € k) =< F(x sin ns + y cos ns + o(s; x, y, &, k)), cosns >= 0. (3.9)

Secondly, to obtain the further information respect to the periodic
solutions, we need to calculate the approximate analytic expressions of
system (3.7), (3.8), and (3.9).

For the convenience of narrative, we make some notes

mo(s) =w(s; 0,0,0,0) =0, cog(s) = w,(s; 0, 0, 0, 0), wg(s) = o)y(s; 0,0, 0, 0),
02(s) = w,(s; 0, 0, 0, 0), ®p(s) = w4(s; 0, 0, 0, 0), g2(s) = g.(s; 0, 0, 0, 0),
h(s) = hye(s; 0, 0,0, 0), g9(s) = g,(s5; 0, 0, 0,0), AY(s) = hy(s; 0, 0, 0, 0),
22(s) = g.(s; 0,0, 0, 0), Kd(s) = h(s; 0, 0, 0, 0), g2(s) = g,(s; 0, 0, 0, 0),

h)(s) = hy(s; 0, 0, 0, 0)---.
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Take the derivative of system (3.6) with respect to x, we have

dog (s)
ds

+ a2 (s) - broed(s —1) = 0,
and
< ©2(s), sin ns >= 0, < ©2(s), cos ns >= 0.
We can solve that
®2(s) = 0.
Analogously, we can obtain
cog(s) =0, ®2(s) = 0, ®)(s) = 0, 0. (s) = 0, wgy(s) =0, cogy(s) =0,
03:(5) = 0, @ (s) = 0, y,(5) = 0, ®J(5) = 0, W, (s) = 0, wiy(s) = 0.
Take three derivatives of system (3.6) with respect to x, we have

dmgxx (s) 0 0 . 37 _
g5 T aT00xr (8) = BTy (8 —1) — T P[(sin ns)’ | = 0, (3.10)
. 3 1 .
P[(sin ns)’] = - 7 sin 3ns,

let
(ogxx (s) = ¢1 sin 3ns + cg cos 3ns + c3, (3.11)

plug the system (3.11) into the system (3.10) , we can calculate that

- %To(a’ro —btq cos 3n)

@ = 2 - 2
(atg — bTg cos 3n)” + (3n + bt sin 3n)

%TO (8n + bT( sin 3n)

Co C3 = 0.

(atg — bt cos 3n)? + (3n + bty sin 3n)? ’
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In the same way, we can obtain
O ,(s) = cysin3 3ns, 00 (s) = in 3 3
®yyy(8) = €9 8in 3ns — ¢) cos 3ns, Wy, (s) = —cg sin 3ns + ¢; cos 3ns,

wgyy(s) = —¢; sin 3ns — ¢y cos 3ns, @0 (s) = 0, @2 (s) = 0,
0 0 0 0

0)yy&(s) =0, myyk(s) =0, mxya(s) =0, Onyk(S) =0.

We can calculate that
gg(s) =< F,(o; x, y, &, k), sinns >= a1y — bt cos n.

In the same way, we can obtain

gg(s) = —brg sinn —n, h(s) = brg sinn + n, hS(s) = aty — bt cosn,
gS(S) =0, gl(c)(s) =0, hg(s) =0, hl?(s) =0, ggs(s) =0, g/(c)k(s) =0, g;c)x(s) =0,

ggy(s) =0, hgg(s) =0, h,?k(s) =0, hgx(s) =0, hy,,(s) =0, ggs(s) =a-bcosn,

0

¥y
0 _ : 0 _ : 0 _ 0 _ :

8ye(s) = —bsinn, gy (s) = nbrgsinn, gy (s) = —n —b1( cosn, hy(s) = bsinn,

hgg(s) =a-bcosn, hY.(s) = n+ broncosn, hgk (s) = brgn sin n, ggxy(s) =0,
T T
ha(c)xy(s) = _Toyga(c)yy(s) = _To’ha(c)yy(s) =0, ggxe(s) =0, ha(c)xa(s) =0, ga(gxk(s) =0,

ha(c)xk(s) =0, ggya(s) =0, hgys(s) =0, ggf)yk'(s) =0, hgyk’(s) =0, ggya(s) =0,

0 0 0
hxya(s) =0, gxyk(s) =0, hxyk(s) = 0.
By Taylor expansion, we know

g(x, y, & k)=[H + Jk + Le + Nx* + Ny*x + [I + Pk + Mgy,

h(x, y, &, k)=[I + Pk + Me](- x) + [H + Jk + Le + Nx2 + Ny%]y,



94 YE SUN and CHUNRUI ZHANG
where

. 1
H =aqrg-brgcosn,J =nbrgsinn, L=a-bcosn, N = -g 7o

I =-brgsinn—-n, P=-n-btgncosn, M = -bsinn.
From what has been discussed above, we have

Theorem 3.1. For system (1.1), near the Hopf bifurcation point T,

there exist periodic solutions of which the period is (tq + 8)2—;, and the

approximate analytic expression is

X(s) = x sin ns + y cos ns + (¢; sin 8ns + ¢y cos 3ns)%

xyz

2
. x .
+ (= ¢y sin 3ns + ¢; cos 3ns)Ty + (= ¢; sin 3ns — ¢q cos 3ns) 5

+ (c9 sin 3ns — ¢; cos 3ns)%,

where

_ PH — IJ — PN(x? + y%)
- JM — PL ’

s:s(t):%(1+k), €

k

_ LI - MH — MN(x? + y?)
- JM — PL '
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