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Abstract 

In this paper, we analyze a neural network system with delay. Firstly, by 
considering time delay as bifurcation parameter, we discuss the stability of the 
model and the conditions when Hopf bifurcation occurs. Finally, after 
complicated calculations with Lyapunov-Schmidt reduction, we obtain the 
approximate analytic expression of periodic solutions near the Hopf bifurcation 
points. 

1. Introduction 

The occuring of Hopf bifurcation is an important property of 
dynamical systems with delay, and it refers to a phenomenon that the 
systems have periodic solutions near the singularity when the stability of 
the singularity changes. After determining that a system exists Hopf 
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bifurcation, under normal conditions, to determine the stability and 
direction of the periodic solutions [1-5], the delay differential equations 
need to be expressed as ordinary differential equations in abstract spaces. 
The system must has a 2-dimensional center manifold which is tangent to 
the central subspace near the constant solutions. Hence, we only need to 
considering the limitation of the original system on the center manifold, 
actually turning it into a 2-dimensional differential equation. As long as 
we study the stability and the direction of periodic solutions of the 
ordinary differential equation, we can obtain the properties related to the 
original system. For example, Faria and Magalháes [6] and Liu et al. [7] 
all use this technique. Lyapunov-Schmidt reduction is an important 
method to investigate the bifurcation problems of ordinary differential 
equations [8]. Inspired by Yang and Guo [9], we investigate the periodic 
solutions of a neural network model with delay by using Lyapunov-
Schmidt reduction [10-13] and obtain obvious expressions depending on 
the parameters of the original system. This method avoids numerous 
calculations of center manifold and normal form. 

The model to study in this paper is 

( ) ( ) ( ) ,6
1 3txtbxtaxx +−+−= τ   (1.1) 

where the dot denotes differentiation with respect to time, and ba ,0>  

are parameters. 

Our paper is organized as follows: In Section 2, we discuss the 
stability of the model and the conditions when Hopf bifurcation occurs. In 
Section 3, we obtain the approximate analytic expression of periodic 
solutions near the Hopf bifurcation points with Lyapunov-Schmidt 
reduction. 

2. Stability Analysis 

From system (1.1), we can see that there exists an zero equilibrium 
and the characteristic equation of the linearized system at zero solution is 

( ) ,0=−+λ λ− τbea   (2.1) 
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when ,0=τ it is obvious that ,ab <  the root of the equation has always 

negative real parts. If ,ab −<  Equation (2.1) has one positive root 

,22 ab −=ω  

( ( )) { ( ) }
nd

dsignnn
bn τττ

τ =
−λ=

ω
π+

−
ω−π

ω
= 1Re,,2,1,0,2arcsin1  

.02 >=
b
a  

Theorem 2.1. If ,ab −<  then the zero solution of system (1.1) is 

asymptotically stable for [ ),,0 0ττ ∈  and unstable when .0ττ >  

Furthermore, system (1.1) undergoes a Hopf bifurcation at the origin when 
( ).,1,0== nnττ  

3. Lyapunov-Schmidt Reduction Process 

In this section, near the Hopf bifurcation, we obtain the approximate 
analytic periodic solutions bifurcated from the trivial solution of the 
neural network by Lyapunov-Schmidt reduction method. Now, we will 
mainly discuss how to get the periodic solutions near the Hopf bifurcation 
point .0τ  

First of all, by the transformation ( ) ( ) ,,ˆˆ,ˆ 0 ε+=== τττ
τ

sxsuts  

( ) ,ˆ1 ss k+=  then system (1.1) is equivalent to 

( ) ( ) ( ) [ ( ) ( )( ) ( ) ].6
111,, 3

0 susbusauds
duuF −+−−ε+++=ε kkk τ  (3.1) 

Let 

[ ] ( ) ( ) ( ),2|,2,0 00
nsusuCunCp
π+=∞+∞−∈=π  

[ ] ( ) ( ) ( ).2|,2,0 11
nsusuCunCp
π+=∞+∞−∈=π  
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Then ( ) [ ] [ ],2,02,0:,, 01
nCRRnCuF pp
π→××πε k  the linearized equation 

of Equation (3.1) at zero solution is 

( ) ( ) ,010,0,0 000 =−−+== − sbvavds
dvvFvL u ττ  (3.2) 

the adjoint equation is 

( ) ( ) ,010,0,0 000 =+−+−== +∗ sbvavds
dvvFvL u ττ  (3.3) 

obviously 

( ) { } ( ) { }.cos,sin,cos,sin 00 nsnsspanLNnsnsspanLN == ∗  

We have the following decomposition: 

[ ] ( ) [ ] ( ) ( ).2,0,2,0 00
0

0
1 LRLNnCMLNnC pp  ∗=π=π  

Define 

[ ] ( ) [ ] ( ),2,0:,2,0: 0
0

0
0 LRnCPLNnCQ pp →π→π ∗  

,,coscos,sinsin, QvvPvnsnsvnsnsvQv −=><+>=<  

define an inner product is given by 

., 21
0

21

2

dsvvnvv n∫
π

π
>=<  

Let 

( ) ( ),cossin snsynsxsu ω++=  

where ( ) .Ms ∈ω  By respectively projecting system (3.1) onto ( )0LR  and 

( ),0
∗LN  we obtain 

( )( ) ,0,,cossin =εω++ ksnsynsxPF   (3.4) 

( )( ) .0,,cossin =εω++ ksnsynsxQF   (3.5) 
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Rewrite (3.4) as 

( ) [( ) ( ( ) )ds
sdnsnynsnxPyxF ω+−+=εω sincos1,,,;~ kk  

( ) ( )( )snsynsxa ω++ε++ cossin0τ  

( ) ( )( ) ( )( )( )kk +−++−ε+− 1cos1sin0 snysnxb τ  

( )( ) ( ) ( )( ) ] .0cossin6
11 3

0 =ω++ε+−+−ω+ snsynsxs τk  

(3.6) 

We know ( ) ,0,0,0,0;0~
00 LPLF ==ω  and 0L  is regular on M, by the 

implicit function theorem, it is easy to solve from system (3.6) that 

( ) ( ).,,,; kεω=ω yxss   (3.7) 

Obviously, ( ) ,00,0,0,0; ≡ω s  plug the system (3.7) into the system (3.5), 

we can obtain the equivalent bifurcation equations are 

( ) ( )( ) ,0sin,,,,;cossin,,, >=εω++=<ε nsyxsnsynsxFyxg kk   (3.8) 

( ) ( )( ) .0cos,,,,;cossin,,, >=εω++=<ε nsyxsnsynsxFyxh kk   (3.9) 

Secondly, to obtain the further information respect to the periodic 
solutions, we need to calculate the approximate analytic expressions of 
system (3.7), (3.8), and (3.9). 

For the convenience of narrative, we make some notes 

( ) ( ) ( ) ( ) ( ) ( ),0,0,0,0;,0,0,0,0;,00,0,0,0; 000 ssssss yyxx ω=ωω=ω≡ω=ω  

( ) ( ) ( ) ( ) ( ) ( ),0,0,0,0;,0,0,0,0;,0,0,0,0; 000 sgsgssss xx =ω=ωω=ω εε kk  

( ) ( ) ( ) ( ) ( ) ( ),0,0,0,0;,0,0,0,0;,0,0,0,0; 000 shshsgsgshsh yyyyxx ===  

( ) ( ) ( ) ( ) ( ) ( ),0,0,0,0;,0,0,0,0;,0,0,0,0; 000 sgsgshshsgsg kk === εεεε  

( ) ( ) .0,0,0,0;0 shsh kk =  



YE SUN and CHUNRUI ZHANG 92

Take the derivative of system (3.6) with respect to x, we have 

( ) ( ) ( ) ,010
0

0
0

0
=−ω−ω+

ω sbsads
sd

xx
x ττ  

and 

( ) ( ) .0cos,,0sin, 00 >=ω<>=ω< nssnss xx  

We can solve that 

( ) .00 ≡ω sx  

Analogously, we can obtain 

( ) ( ) ( ) ( ) ( ) ( ) ,0,0,0,0,0,0 000000 =ω=ω=ω=ω=ω=ω ε ssssss xyyyxxy k  

( ) ( ) ( ) ( ) ( ) ( ) .0,0,0,0,0,0 000000 =ω=ω=ω=ω=ω=ω εεεε ssssss yyxx kkkk  

Take three derivatives of system (3.6) with respect to x, we have 

( ) ( ) ( ) [( ) ] ,0sin1 3
0

0
0

0
0

0
=−−ω−ω+

ω nsPsbsads
sd

xxxxxx
xxx τττ  (3.10) 

[( ) ] ,3sin4
1sin 3 nsnsP −=  

let 

( ) ,3cos3sin 321
0 cnscnscsxxx ++=ω   (3.11) 

plug the system (3.11) into the system (3.10) , we can calculate that 

( )

( ) ( )
,

3sin33cos

3cos4
1

2
0

2
00

000
1

nbnnba

nba
c

τττ

τττ

++−

−−
=  

( )

( ) ( )
.0,

3sin33cos

3sin34
1

32
0

2
00

00
2 =

++−

+
= c

nbnnba

nbn
c

τττ

ττ
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In the same way, we can obtain 

( ) ( ) ,3cos3sin,3cos3sin 12
0

12
0 nscnscsnscnscs xxyyyy +−=ω−=ω  

( ) ( ) ( ) ,0,0,3cos3sin 00
21

0 =ω=ω−−=ω ε ssnscnscs xxxxxyy k  

( ) ( ) ( ) ( ) .0,0,0,0 0000 =ω=ω=ω=ω εε ssss xyxyyyyy kk  

We can calculate that 

( ) ( ) .cossin,,,,; 00
0 nbansyxFsg xx ττ −>=εω=< k  

In the same way, we can obtain 

( ) ( ) ( ) ,cos,sin,sin 00
0

0
0

0
0 nbashnnbshnnbsg yxy ττττ −=+=−−=  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ,0,0,0,0,0,0,0 0000000 ======= εεεε sgsgsgshshsgsg xxkkkk  

( ) ( ) ( ) ( ) ( ) ( ) ,cos,0,0,0,0,0 000000 nbasgshshshshsg xyyxxyy −====== εεε kk  

( ) ( ) ( ) ( ) ,sin,cos,sin,sin 0
0

0
0

00 nbshnbnsgnnbsgnbsg xyxy =−−==−= εε ττ kk  

( ) ( ) ( ) ( ) ,0,sin,cos,cos 0
0

0
0

00 ==+=−=ε sgnnbshnnbnshnbash xxyyxy ττ kk  

( ) ( ) ( ) ( ) ( ) ( ) ,0,0,0,0,4,4
00000000 ====−=−= εε sgshsgshsgsh xxxxxxxyyxyyxxy k

ττ  

( ) ( ) ( ) ( ) ( ) ( ) ,0,0,0,0,0,0 000000 ====== εεε sgshsgshsgsh xyyyyyyyyyxx kkk  

( ) ( ) ( ) .0,0,0 000 ===ε shsgsh xyxyxy kk  

By Taylor expansion, we know 

( ) [ ] [ ] ,,,, 22 yMPIxNyNxLJHyxg ε+++++ε++ε kkk   

( ) [ ] ( ) [ ] ,,,, 22 yNyNxLJHxMPIyxh ++ε+++−ε++ε kkk   
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where 

,8
1,cos,sin,cos 0000 ττττ −=−==−= NnbaLnnbJnbaH  

.sin,cos,sin 00 nbMnnbnPnnbI −=−−=−−= ττ  

From what has been discussed above, we have 

Theorem 3.1. For system (1.1), near the Hopf bifurcation point ,0τ  

there exist periodic solutions of which the period is ( ) ,2
0 n

πε+τ  and the 

approximate analytic expression is 

( ) ( ) 63cos3sincossin
3

21
xnscnscnsynsxsx +++=  

( ) ( ) 23cos3sin23cos3sin
2

21
2

12
xynscnscyxnscnsc −−++−+  

( ) ,63cos3sin
3

12
ynscnsc −+  

where 

( ) ( ) ( ) ,,1
22

PLJM
yxPNIJPHttss

−
+−−

ε+== k
τ

 

( ) .
22

PLJM
yxMNMHLI

−
+−−k  
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