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Abstract 

In this paper, we present a beta function inequality on ( ] ( ],1,01,0 ×  which 

improves an inequality of the author. A new inequality for the Ψ′  function is 
also given, which improves an inequality of Gordon. Some elementary 
inequalities of one and two real variables are proved. 

1. Introduction 

For ,0>x  the classical gamma function Γ  and the Ψ  function or 
digamma function are defined as 

( ) ( ) ( )
( ) .and1

0
x
xxdtetx tx

Γ
Γ′=Ψ=Γ −−

∞

∫  

The derivatives …,,, Ψ ′′′Ψ ′′Ψ′  are known as polygamma functions. 
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Closely related to the gamma function is the beta function, which is 
the real function of two variables defined by 

( ) ( ) .0,0,1, 11
1

0

>>−= −−∫ yxdtttyxB yx  

A well-known equation connecting the beta and the gamma functions 

( ) ( ) ( )
( ) ., yx

yxyxB
+Γ
ΓΓ=  (1.1) 

For a proof of (1.1) see, for example, [9] where a good reference for these 
functions is also given. Inequalities for the beta function can be found in 
the following literature [4, 5, 10, 11, 13, 14, 15, 16, 17, 18] and the 
references therein. Among the various kinds of inequalities concerning 
the beta function, we will select a special one which will be considered in 
detail on ( ] ( ].1,01,0 ×  

Dragomir et al. [11, p. 114, Theorem 3] established the relation 

( ) .1,0for1, ≤<≤ yxxyyxB  

Recently, Alzer [5, p. 738, Theorem 3.1] has obtained the following 
improved results for all ( ]:1,0, ∈yx  

( ) ,1
1

1
111,1

1
1
111








+
−

+
−β−≤≤







+
−

+
−α− y

y
x
x

xyyxBy
y

x
x

xy  (1.2) 

with the best possible constants …57973.2432 2 =−π=α  and ,1=β  

respectively. In [14, 15], the author presented the following inequalities 
for all ( ] :1,0, ∈yx  

( ) ( ) ,1
1,1

xy
yx

xyyxBxyyxxy +
+≤≤−+  (1.3) 

where the right side of (1.3) improves the right side of (1.2) while the left 
side in (1.2) and the left side in (1.3) are not comparable to each other. 
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The aim of this paper is to show that even the left side of (1.3) can be 
strengthened. More precisely, we show that for all ( ],1,0, ∈yx  we have 

( ).,

2
11

2
1

1 yxB
xy

xyyx
xy ≤

+

−+
 (1.4) 

We also point out that the left side of (1.2) and the left side of (1.4) are 
not comparable to each other. 

In connection with convex functions, we need Jensen’s inequality for a 
real valued convex function [ ] R→baf ,:  which read as follows            

[18, p. 15]: 

( )( ) ( ) ( ) ( ) [ ],1,0,11 ∈λλ−+λ≤λ−+λ yfxfyxf�   (1.5) 

for ( ).,, bayx ∈  For a concave function the opposite inequality holds. We 

also recall the Hermite-Hadamard inequality for a real valued convex 
function f as follows [19, p. 50]. Let [ ] R→baf ,:  be a convex function. 

Then we have 

( ) ( ) ( ) ,2
1

2
bfafdttfab

baf
b

a

+≤
−

≤




 + ∫  (1.6) 

with .ba <  The numerical values given in the following sections have 
been calculated via Maple V. Release 10.0. 

2. Lemmas 

In order to establish the main theorem of this paper we need some 
lemmas, which we present in this section. The lemmas deal with some 
useful formulas and inequalities concerning the Ψ  function and its 
derivative  .Ψ′  In the first lemma, we collect some useful formulas which 
can be found in [1, Chapter 6]. 
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Lemma 2.1. For all x, we have 

( ) ( ).1 xxx Γ=+Γ  (2.1) 

For all ( ),,2,1, …=≠ iix  we have 

( ) ( ) ( ),,2,1,0,11

1
…−−≠

+
+−γ−=Ψ ∑

∞

=

xxxxx
kk

k
 (2.2) 

( ) ( ) ,1,2log221 γ−=Ψ−γ−=Ψ  (2.3) 

( )( ) ( )
( )

( ),,2,1,2,1,0,1!1 1
0

1 …… =−−≠
+

−=Ψ
+

∞

=

+ ∑ mx
x

mx m
mm

kk
 

(2.4) 

( )( ) ( )( ) ( ) ,0,!11 1 ≥−+Ψ=+Ψ
+

n
x

nxx n
nnn  (2.5) 

( ) ,
10

dt
e

tex t

xt

−

−∞

−
=Ψ′ ∫  (2.6) 

where ( ) …… 57721.0log1
3
1

2
11lim =−++++=γ

∞→
nnn

 is the Euler-

Mascheroni constant. 

In [12, p. 860, Theorem 4] – among other estimations – the following 
inequalities are given. 

Lemma 2.2. For all ,0>t  we have 

( ) ,
6
1

2
11

14
16

1
2
11

3232 tttt
ttt ++<Ψ′<






 +

++  (2.7) 

and 

( ) .

8
130

1
6
1

2
11

30
1

6
1

2
11

532532





 +

−++<Ψ′<−++

ttttt
tttt  (2.8) 
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Lemma 2.3. For all ,0>t  we have 

.1221
17201221

242 tt
e

tttt
t ++<

−
<−++

−
 (2.9) 

Proof. Writing the left side of (2.9) in an equivalent form as 
( ) ,00 <th  where 

( ) ,72012217201221:
4242

0 tettttttth t −







−++−−++= −  

we obtain after differentiation 

( ) ( ),720
1

00 tpeth t−−=′  

where ( ) ( ) ( ).3602406043601204: 2343
0 −−−−++−= ttttttetp t  Now 

we show that ( ) .00 >tp  Since 

( ) ( ) ( )240120124240120124 2323
0 −−−++−+=′ ttttttetp t  

( ) ,02024 2 >+> t  

this implies that 0p  is strictly increasing. Hence ( ) ( ) ,0000 => ptp  i.e., 

( ) ,00 <′ th  so we find ( ) ( ) .0000 =< hth  

On the other hand, we can write the right side of (2.9) also in an 
equivalent form as ( ) ,01 <th  where 

( ) .

1221

1221
log: 2

2

1 t
tt

tt
th −

+−

++
=  

Clearly, we have ( ) .001 =h  Since ( ) ( ) ,014412 244
1 <+−−=′ tttth  

therefore ( )th1  is strictly decreasing, i.e., ( ) ( ) .0011 =< hth   

The next lemma gives a somewhat better estimation for Ψ′  than 
given in (2.7). 
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Lemma 2.4. For all ,0>t  we have 

( )
( )

( )
.

16
101561

130
49175230135301

3

2

25

234

2 +

+++<Ψ′<
+

+++++
t

tt
t

t
t

tttt
t

 

(2.10) 

Proof. Inequaliy (2.10) is a consequence of (2.5), (2.6), and (2.9). In 
fact, we have for the left side of (2.10) 

( ) ( ) ( ) dueuuut
t

t ut 1
42

0
2 720122111 +−

∞









−++>+Ψ′=−Ψ′ ∫  

( )
.

130
4917523013530

5

234

+

++++=
t

tttt  

On the other hand, we obtain 

( ) ( ) ( )

( )
,

16
10156

122111
3

2
1

2

0
2 +

++=







++<+Ψ′=−Ψ′ +−

∞

∫ t
ttdueuut

t
t ut  

which completes the proof of the lemma.  

Lemma 2.5. For all ,210 ≤< t  we have 

( )
( ) ( )

.
24

241
22 +−

++<Ψ′
ttt

t
t

t  (2.11) 

Proof. We show that (2.11) is a consequence of (2.10). In fact, we 
have 

( ) ( ) ( )
( )

( ) ( ) ( )
,

214624
24

16
10156

23
1

23

2

++−
−=

+−

+−
+

++

tttt
tp

ttt
t

t
tt  

where ( ) .12208261496: 23456
1 +−++−−= tttttttp  We derive that 

( ) .01 >tp  Taking ( ) ( ),38217321: ttl −=  it is clear, that ( ) ,0>tl  for all 

.210 ≤≤ t  Next we show that ( ) ( )tltp >1  holds which proves (2.11). 

Now we find 



AN IMPROVEMENT OF A BETA FUNCTION … 41

( ) ( ) ( ) ( )1676614824481232
1 2342

1 ++−−−=− ttttttltp  

  ( ) ( ).1232
1 2 tt k−=  

Since ( ) 0296144576 2 <−−=′′ tttk  on ( ) =+=≤≤ 30532410 1tt  
,852.0 …  therefore ( )tk  is concave on this interval. On account of 

Jensen’s inequality (1.5), the reversed inequality holds for the concave 
function .k  In fact we have by [ ] [ ],21,0, =ba  

( )( ) ( ) ( ) ( ) [ ],1,0,11 ∈λλ−+λ≥λ−+λ baba kkk  

where ( ) 1670 =k  and ( ) .16321 =k  This clearly forces ( ) .0>tk   

Lemma 2.6. For all [ ],21,0, ∈yx  we have 

( ) 2433323334
2 4433:, yxyxyyxyxyxyxp −+−−+=  

yxyxyxyyxyx 34222223 824452 −−−++−  

.08888122 22 >+−−−++ xxyxyyx   (2.12) 

Proof. Building the derivative, we obtain 

( ) ( ) xyyxyyxyxx
yxpyxp 441094,:, 2232332

3 ++++=
∂

∂
=  

222333 644612 yxyxyxyy −−−−+  

.816248 23 −−−− xyxyx  

It is easy to check that 

( ) ( ) ( ) 223323
3 253224694, yxxxyxxxyxp ++−−+−−+=  

( ) ( )1283624 23 +−++−−+ xyxxx  

,081374 23 <−++−< yyy  

holds for all [ ].21,0, ∈yx  This means ( )yxp ,2  is strictly decreasing in 

x, i.e., ( ) ( ).,21, 22 ypyxp >  After some computations, we obtain 
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( ) ( ) ( ) .0321027116
1,21 2

2 >−+−= yyyyp   

The next result is due to Alzer [3, p. 382, Theorem 7]. 

Lemma 2.7. Let 0≥n  be an integer and let 0>x  and ( )1,0∈s  be 

real numbers. Then we have 

( ) ( ) ( ) ( ) ( ).11
111 1

0
sxxsixixsnsx

s n

i
+Ψ−+Ψ<

++++
−+

++
− ∑

−

=

 

Lemma 2.8. For all ,210 ≤<< yx  we have 

( ) ( ) ( ) ( )
( ) ( ) .0222

121:, <





+−+
++

+−
−
Ψ−Ψ

= xyxyyx
yx

xyxy
xyyxg  (2.13) 

Proof. Applying Lemma 2.7 with 2=n  and ,xys −=  as well as 

(2.5) we get 

( ) ( ) ( ) ( ) ( ) 













++
+

+
+

+
−+−

−
< 12

1
1

1
2

1111, yxyxyyxxxyyxg  

( )
( ) ( )





+−+
++

+− 222
121
xyxyyx

yx
xy  

( )
( ) ( ) ( ) ( ) ( ) ( ) ,2222121

,4
+−+++++

−= xyxyyxyyxx
yxp  

where 

( ) 232433323334
4 24433:, yxyxyxyyxyxyxyxp −−+−−+=  

yxyxyxyxyyx 2342222 282445 +−−−++  

.888812 2 +−−−+ xxyxy  

In view of Lemma 2.6, we have ( ) ,0,4 >yxp  which implies ( ) .0, <yxg  

 
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Lemma 2.9. For all [ ],21,0∈t  we have 

( ) 131415161718
5 4879846887119668042424: tttttttp +++++=  

89101112 9400265071265263722243589727275 ttttt ++++−  

4567 15482520291118922885490813772406 tttt −−−−  

.0740032286377636390241935112 23 >+++− ttt  

In order to check that ( )tp5  has no real roots in [ ]21,0  we used the 

built - in functions: sturmseq and sturm of Maple V. Release 10.0. Since 
( ) ,074003205 >=p  thus ( ) .05 >tp   

Lemma 2.10. Consider the following transcendental equation: 

( ) ( ) ( ) ( )
( ) ( )

.0
24

2212: 2

2
2 =

+−

−+
++Ψ−Ψ=

ttt
ttttth  (2.14) 

Then (2.14) has on ( )21,0  precisely one zero, namely, .207.01 …=t  

Moreover ( )th2  is a concave function on that interval. 

Proof. Building the first two derivatives, we obtain 

( ) ( ) ( ) ( )
( ) ( )

,
24

16834622122 2222

2345
2

ttt
tttttttth

+−

−+−++−
++Ψ′−Ψ′=′  

and 

( ) ( ) ( )1242 +Ψ ′′−Ψ ′′=′′ ttth  

( )
( ) ( )

,
24

1279621614832422238634
3233

2345678

ttt
tttttttt

+−

−+−+−+−−
+  

respectively. Next we establish ( ) 02 <′′ th  on .210 ≤< t  Applying (2.4) 

for ,2=m  we obtain 
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 ( ) ( )
( ) ( )30

3
0 2

8
1
2124

kk kk +
−

++
=+Ψ ′′−Ψ ′′ ∑∑

∞

=

∞

= tt
tt  

( )
( ) ( )

,
21

,2 33
0 kk

k

k +++
−= ∑

∞

= tt
tq  

where 

( ) ,041212312246124:, 23223 >++++++++−= kkkkkk ttttttq  

for all 0≥k  and .210 ≤≤ t  So we get 

( ) ( ) ( )
( ) ( )

,
21

,2124 33

2

0 kk

k

k +++
−<+Ψ ′′−Ψ ′′ ∑

= tt
tqtt  

and 

( ) ( )
( ) ( )33

2

0
2

21
,2

kk

k

k +++
−<′′ ∑

= tt
tqth  

( )
( ) ( )3233

2345678

24
1279621614832422238634

ttt
tttttttt

+−

−+−+−+−−
+  

( )
( ) ( ) ( ) ( ) ( ) ( )

,
2123214 3233333

6
+++++−

−=
tttttt

tp  

where 

( ) 131415161718
6 4879846887119668042424: tttttttp +++++=  

89101112 9400265071265263722243589727275 ttttt ++++−  

4567 15482520291118922885490813772406 tttt −−−−  

.740032286377636390241935112 23 +++− ttt  

From Lemma 2.9, we imply ( ) ,02 <′′ th  i.e., ( )th2  is a concave function on 

[ ].21,0  Moreover ( )th2′  is strictly decreasing and since ( ) 015.0522 =′h  
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0>…  so we conclude ( ) 02 >′ th  in [ ].52,0  Hence ( )th2  is strictly 

increasing there. After some computations, we obtain ( ) 043.01012 −=h  

0<…  and ( ) .0022.0522 >= …h  Since ( )th2  is continuous there exits 

a unique 52101 1 << t  for which ( ) .012 =th  A more precise 

calculation gives .207.01 …=t  In order to complete the proof, we must 

show that 2h  has no further roots in [ ].21,52  Since 2h  is concave 

there, Jensen’s inequality (1.5) with opposite sign gives with 
[ ] [ ] ( ) 0022.052,21,52, 2 >== …hdc  and ( ) ,0021.0212 >= …h  

( )[ ] ( ) ( ) ( ) .011 222 >λ−+λ≥λ−+λ dhchdch  

Thus the proof of the lemma is complete.  

Lemma 2.11. For all 121 ≤≤ x  and all ,10 ≤≤ y  we have 

( ) ( ) ( ) ( ) ( ) ( ) ,0:, 54
2

3
3

2
4

17 >++++= xayxayxayxayxayxp   (2.15) 

where 

( ) ( ) ,13: 2
1 xxa −=  

( ) ( ) ( ),1413: 2
2 +−= xxxa  

( ) ,914143012: 234
3 −++−= xxxxxa  

( ) ( ),112321224: 234
4 ++−−−= xxxxxa  

( ) ( ).322:5 += xxa  

Proof. It is easy to see, that ( ) ( ) 0,0 21 ≥≥ xaxa  and also ( ) .05 >xa  

It is also easy to verify that ( )xa3  has only one positive real root which is 

approximately …6613.00,3 =x  therefore on [ )0,3,21 x  we have 

( ) 03 <xa  and on ( ]1,0,3x  we have ( ) .03 >xa  Applying Descartes’ rule of 

signs implies that ( )xa4  has at most two positive real roots where the 

first one is approximately ,6418.00,4 …=x  whilst the second one is 
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greater than 1. We have within [ ) ( ) 0,21 40,4 <xax  whilst within 

( ]1,0,4x  we have ( ) .04 >xa  For ( ) 1,max 0,40,3 ≤≤ xxx  and ,10 ≤≤ y  

we infer ( ) .0,7 >yxp  Now, it remains to show that (2.15) holds also for 

( )0,40,3 ,max21 xxx ≤≤  and .10 ≤≤ y  Consider the following 

polynomial: 

( ) ( ) ( ) ( ).:, 54
2

38 xayxayxayxp ++=  

Building the following partial derivatives, we obtain: 

( ) ( ) ( ) 2238
9 14289048,:, yxxxx

yxpyxp ++−=
∂

∂
=  

( ) ,42643696 23 ++−−− yxxx  

( ) ( ) ( )yxxxyx
yxpyxp 142890482,:, 238

2
10 ++−=

∂∂
∂

=  

( ),2643696 23 +−−− xxx  

and 

( ) ( ) ( )142890482,:, 23
2

8
3

11 ++−=
∂∂

∂
= xxx

yx
yxpyxp  

( ) ( ),7212414 2 −−−= xxx  

respectively. Clearly, ( ) ,0,11 >yxp  thus ( )yxp ,10  is strictly increasing 

in y so we imply ( ) ( ) ( ) 026436960,, 23
1010 >+−−−=> xxxxpyxp  on 

[ ].1,21∈x  This yields that ( )yxp ,9  is strictly increasing in y. Hence 

( ) ( ) .040,, 99 >=> xpyxp  Moreover ( )yxp ,8  is strictly increasing in x 

which implies ( ) ( ) 08423,21, 2
88 >+−−=> yyypyxp  and the 

lemma follows.  
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Lemma 2.12. For all ,0>t  we have 

( ) .0156752961110316147121662940: 23456
12 >++−+++= tttttttp  

Proof. It is sufficient to show that ( )tp12  is strictly increasing. 

Differentiation gives 

( ) 67559223309645886083017640 2345
12 +−+++=′ ttttttp  

( ).:6755922330964588 13
23 tpttt =+−+>  

Since ( ) 059226618193764 2
13 =−+=′ tttp  has two real zeros, which are 

0192.01 <−= …t  and ,0158.02 >= …t  respectively, we have 

( ) .0213 >′′ tp  This clearly forces that ( )tp13  has a unique minimum at 

2tt =  and we obtain ( ) ( ) .067.7621313 >= …tptp    

3. Main Result 

Now we give the main result of this paper. 

Theorem. For all real numbers ( ],1,0, ∈yx  we have 

( ),,

2
11

2
1

1 yxB
xy

xyyx
xy ≤

+

−+
 (3.1) 

with equality if and only if 1=x  and 10 ≤< y  or y = 1 and .10 ≤< x  

Proof. Consider the function G defined by 

( ) ( ) ( )
( ) .11log211

21log:, yx
yx

xy
xyyxyxG

+Γ
+Γ+Γ−

+
−+

=  

After applying partial differentiation, we get 

( ) ( ) ( ) ( )
( ) ( ) ,222

221, 2

xyxyyx
yyxyxx

yxG
++−−

−+
++Ψ−+Ψ=

∂
∂  (3.2) 
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( ) ( ) ( ) ( )
( ) ( ) ,222

221, 2

xyxyyx
xxyyxy

yxG
++−−

−+
++Ψ−+Ψ=

∂
∂  (3.3) 

( ) ( ) ( ) ( )( )
( ) ( )

.
222

22241,
22

222

2

2

xyxyyx
yxyyxyyyxyx

x
yxG

++−−

+−++−−+
++ψ′−+ψ′=

∂

∂  

 (3.4) 

and 

( ) ( ) ( )
( ) ( )

,
222

844164432,
22

2222222

xyxyyx
yxxyyxxyyxyxyx

yxG
++−−

++++−−
−+Ψ′=

∂∂
∂  

(3.5) 

respectively. The proof will be divided into three steps. 

Case 1. 121 <≤ x  and .10 << y  

We show that ( ) .0, >∂∂ xyxG  Since ( )tΨ′  is convex [cf. (2.4)] and 

applying the Hermite-Hadamard inequality (1.6), we obtain 

( ) ( ) .2
11

1
dttyxy

x

yx
Ψ′≤





 ++Ψ′− ∫

+

+
 (3.6) 

In view of (3.2), (3.6) and using the right side of (2.7), we claim 

( ) ( ) ( )
( )[ ] ( )222

22
2

11, 2

+−−
−+

+




 ++Ψ′−−≥

∂
∂

xyyyx
yyyxyx

yxG  

( )
( ) ( ) 














+
+

+
+

+
−−>

+++ 3
2

12
2

1
2

1 6
1

2
111 yyy xxx

y  

( )
( )[ ] ( )222

22 2

+−−
−+

+ xyyyx
yy  

( )
( ) ( ) ( )

( ),,
222123

12
3 yxP

xyxyyxxy
y

+−+++

−=  
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where 

( ) 3332334442 362112363:, yxyyxyxyxyyxyxP ++−++−=  

yxyxyxyyxyxyx 3422222324 1224914143012 +−−++−+  

6411232 2 ++−−+ xyxyyx  

( ) ( ) ( ) 3242 141313 yxxyx +−+−=  

( ) 2234 914143012 yxxxx −++−+  

( ) ( ).322112321224 234 ++++−−− xyxxxx  

Utilizing Lemma 2.11, we infer ( ) ,0, >yxP  i.e., ( ) 0, >∂∂ xyxG  

therefore ( )yxG ,  is strictly increasing in x thus ( ) ( ) << yxGyG ,,21  

( ) ,0,1 =yG  as was stated in (3.1). 

Case 2. 10 << x  and .121 <≤ y  

According to the symmetry of (3.1) in x and y changing x to y we get by a 
similar argument that ( ) 0, >∂∂ yyxG  which implies that ( )yxG ,  is 

strictly increasing in y. Hence we obtain ( ) ( ) ( ) ,01,,21, =<< xGyxGxG  

and (3.1) follows. 

Case 3. 210 ≤≤ x  and .210 ≤≤ y  

It is easy to see that on the boundary of the given square we          
have ( ) ( ) ( ) ,021,,0,21,00, <<= xGyGxG  and ( ) .021, <xG  Since 

( )yxG ,  is continuous on the closed square it takes its maximum and also 

its minimum value. Denote by ( ),, 00 yxP  the point within the square 

where the function takes its maximum value and suppose that there we 
have ( ) ,0, 00 >yxG  then a necessary condition for that maximum value 

leads to the following system of equations: 
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( ) ( ) ( ) ( )
( )[ ] ( ) ,0222

221, 2
=

+−−
−+

++Ψ−+Ψ=
∂

∂
xyyyx

yyxyxx
yxG  (3.7) 

and 

( ) ( ) ( ) ( )
( )[ ] ( ) ,0222

221, 2
=

+−−
−+

++Ψ−+Ψ=
∂

∂
xyyyx

xxyyxy
yxG  (3.8) 

respectively. Subtracting (3.8) from (3.7) gives – after some computations – 

( ) ( ) ( ) ( ) ( )
( ) ( ) ,0222

121:, =





+−+
++−−

−
Ψ−Ψ−= xyxyyx

yx
xyxy

xyxyyxF  

( ).yx ≠   (3.9) 

Now, we determine all the ( )yx,  values with [ ]21,0, ∈yx  for which 

the equation ( ) ( ) ( ) 0,, 1 =−= yxFxyyxF  holds. We consider two cases. 

Case a. yx ≠  and .210 ≤<< yx  

Applying Lemma 2.8, it is clear that ( ) 0, ≠yxF  holds. 

Case b. If x tends to y the second factor in ( )yxF ,  implies 

( ) ( )
( ) ( )

( ).:
24

241,lim 221 yf
yyy

y
y

yyxF
yx

=
+−

+−−Ψ′=
→

 

Lemma 2.5 shows ( ) 0≠yf  for all .210 ≤< y  Hence ( ) 0, =yxF  holds 

if and only if .yx =  The task is now to find the solution of the equation 

( ) ( ) ( )
( ) ( )

,0
24

2212 2

2
=

+−

−+
++Ψ−Ψ

xxx
xxxx  (3.10) 

on ( ].21,0  From Lemma 2.10, we get the only zero .207.01 …=x  The 

sufficient condition for the extreme value leads now to the following 
function: 

( ) .:,
22

2

2

2

2









∂∂

∂−
∂

∂

∂

∂=∆ yx
G

y
G

x
Gyx  
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We have to discuss the sign of ( )yx,∆  with respect to the special solution 

of (3.10). If ,207.011 …== yx  then we get ( ) …132.0, 11 =∆ yx  .0>  On 

the other hand, we find 

( ) ,0384.0,

11,
2

2
>=









∂

∂

==

…
yyxxx

yxG  

so we claim that at …207.011 == yx  the function G attains its 

minimum value which is ( ) .0019.0, 11 <−= …yxG  Therefore, there is 

no ( ),, 00 yxP  where G has a maximum value with ( ) .0, 00 >yxG  This 

completes the proof of the theorem. 

4. Concluding Remarks 

Now we show that the left side of (3.1) improves the left side of (1.3). 

Corollary 4.1. For all real numbers [ ],1,0, ∈yx  we have 

.211
21

xy
xyyxxyyx

+
−+

≤−+  (4.1) 

The proof is trivial, we omit details. 

Finally, we show, that (2.9) improves (2.7) and the left side of (2.9) 
improves the lower bound given in (2.8), i.e., the inequalities of Gordon. 

Corollary 4.2. For the lower bounds in (2.7) and (2.8), we have for all 
,0>t  

( ) ( )
,

130
49175230135301

6
1

2
11

5

234

23
14
12 +

+++++<
+

++
t

tttt
tttt  (4.2) 

and 

( )
,

130
49175230135301

30
1

6
1

2
11

5

234

2532 +

+++++<−++
t

tttt
ttttt  (4.3) 
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respectively. For the upper bound in (2.7), we have similarly 

( )
.

6
1

2
11

16
101561

323

2

2 tttt
tt

t
++<

+

+++  (4.4) 

Proof. First we consider (4.2). Building the following difference, we 
get: 

( )
( ) ( ) 











+

+++++−
+

++=∆ 5

234

23
14
12 130

49175230135301
6

1
2
11:

t
tttt

ttttt  

( )
( ) ( )

,
114130 352

0
++

−=
ttt

tP  

where ( ) .156752961110316147121662940: 23456
0 ++−+++= tttttttP  

Utilizing Lemma 2.12 gives ( ) .0<∆ t  

Next, to prove (4.3), we have 

( ) 










+

+++++−−++ 5

234

2532 130
49175230135301

30
1

6
1

2
11

t
tttt

ttttt  

( )
,0

130
1555

55

27
<

+

+++−=
tt

ttt  

which we had to show. 

In order to verify (4.4) a short computation reveals 

( ) ( )
,0

16
1

6
1

2
11

16
101561

33323

2

2 <
+

−=





 ++−

+

+++
tttttt

tt
t

 

and the corollary follows.  

It is worth pointing out that the lower bounds in (2.7) and (2.8) are 
not comparable to each other on the whole ( )∞,0  interval. Moreover, the 

right side of (2.8) and the right side of (2.9) are also not comparable to 
each other on the whole ( )∞,0  interval. 
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