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Abstract

In this paper, we present a beta function inequality on (0, 1]x (0, 1], which
improves an inequality of the author. A new inequality for the ¥’ function is
also given, which improves an inequality of Gordon. Some elementary

inequalities of one and two real variables are proved.

1. Introduction

For x > 0, the classical gamma function I' and the ¥ function or

digamma function are defined as

o0
- I'(x)
Ix) = | * e lde d W)= .
(x) J e an (x) (o)
0
The derivatives ¥', ¥", ¥", ... are known as polygamma functions.
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Closely related to the gamma function is the beta function, which is
the real function of two variables defined by

1
B(x, y) = J t*71a —t)y_ldt, x>0,y >0.
0

A well-known equation connecting the beta and the gamma functions

C(x)C(y)
B(x, = L 1.1
O .
For a proof of (1.1) see, for example, [9] where a good reference for these
functions is also given. Inequalities for the beta function can be found in
the following literature [4, 5, 10, 11, 13, 14, 15, 16, 17, 18] and the
references therein. Among the various kinds of inequalities concerning

the beta function, we will select a special one which will be considered in
detail on (0, 1] x (0, 1].

Dragomir et al. [11, p. 114, Theorem 3] established the relation
B(xy)sL for O0<ux, y<1.
’ xy ’

Recently, Alzer [5, p. 738, Theorem 3.1] has obtained the following
improved results for all x, y € (0, 1]:

1 l-x1-y l-x1-y
—|1- < <— - .
xy( OL1+xl+y) Bx, y) ( B1+x1+y) (1.2)

with the best possible constants o = 2/37:2 -4 =257973... and B =1,

respectively. In [14, 15], the author presented the following inequalities
for all x, y € (0, 1] :

1 x+y

xy 1+xy’ (1.3)

—(x+y—xy)<B(x y) <

where the right side of (1.3) improves the right side of (1.2) while the left
side in (1.2) and the left side in (1.3) are not comparable to each other.
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The aim of this paper is to show that even the left side of (1.3) can be

strengthened. More precisely, we show that for all x, y € (0, 1], we have

1
1 X+ y—gxy
————% < B(x, y). 1.49)
xy 1
1 +§xy

We also point out that the left side of (1.2) and the left side of (1.4) are

not comparable to each other.
In connection with convex functions, we need Jensen’s inequality for a
real valued convex function f :[a, ] - R which read as follows

[18, p. 15]:
f(}"x'i'(l_?\')y) < kf(x)+(1—k)f(y), Le [0’ 1]’ (1-5)

for x, y € (a, b). For a concave function the opposite inequality holds. We

also recall the Hermite-Hadamard inequality for a real valued convex

function f as follows [19, p. 50]. Let f : [a, 5] = R be a convex function.

Then we have

b
a+b 1 f(a) + f(b)
f( 3 ]sb_a_[f(t)dts 2 , (1.6)

with a < b. The numerical values given in the following sections have

been calculated via Maple V. Release 10.0.
2. Lemmas

In order to establish the main theorem of this paper we need some
lemmas, which we present in this section. The lemmas deal with some
useful formulas and inequalities concerning the ¥ function and its
derivative W¥'. In the first lemma, we collect some useful formulas which

can be found in [1, Chapter 6].



38 PETER IVADY
Lemma 2.1. For all x, we have
C(x +1) = x['(x). (2.1)

Forall x #1, (i =1, 2, ...), we have

1. X 1
‘I’(x)——y—;-i-x; m, (xiO,—l,—2,...), (22)
Y(1/2)=-7y-2log2, ¥(1)=-1, (2.3)
S 1
@)= )"y ——— (x#0,-1,-2,... m=12..),
; (x +k)m+1
(2.4)
(n) (n) n_nl
YW (x +1) = ¥ (x)+ (- 1) , n=>=0, (2.5)
xn+1
< —xt
W(x) = j te 4, 2.6)
0 1-e?
. 1 1 1 .
where v =lim(1+=+=+...+=-logn)=0.57721... is the Euler-
n—o 2 3 n

Mascheroni constant.

In [12, p. 860, Theorem 4] — among other estimations — the following

inequalities are given.

Lemma 2.2. For all t > 0, we have

LR ERS R S S O @)
L 9 6(t+i) L 2% 6t
14
and
1+L2+L3_;5<‘P'(t)<l+i+i—;. (28)
too* 6t 30t t 2
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Lemma 2.3. For all t > 0, we have

2 4 2

t t t t t t
INRCANECHRN 1+l 2.9
T2 720 Tt T2 12 29)

Proof. Writing the left side of (2.9) in an equivalent form as
ho(t) < 0, where

2 4 2 4
i1 ¢ t ) -
hO(t)::1+§+E—m—(1+ +———Jet—t,

we obtain after differentiation
B (6) = - =2 ¢ oo ()
720 ’
where py(t) = e’ (4t — 120t + 360) + (¢t* — 4¢3 — 60¢% — 240t — 360). Now
we show that py(¢) > 0. Since
ph(t) = et (462 + 1262 — 120t + 240) + (4¢3 — 1262 — 120¢ — 240)
> 24(% +20) > 0,

this implies that p, is strictly increasing. Hence py(t) > py(0) = 0, i.e.,
ho(t) < 0, so we find hg(¢) < hy(0) = 0.

On the other hand, we can write the right side of (2.9) also in an

equivalent form as A, (¢) < 0, where

£2
l+—+—
hi(t) == log 122 -t
t
124+
12

Clearly, we have hy(0)=0. Since h{(t)=—-t*/(* -12t> +144) <0,
therefore hy(¢) is strictly decreasing, i.e., hy(t) < h;(0) = 0. O

The next lemma gives a somewhat better estimation for W' than

given in (2.7).
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Lemma 2.4. For all t > 0, we have
1, 306" +1356% + 23067 +175¢ + 49

2
3 _ <\P’(t)<L2+6t +15t§10.
t 30(t +1) t 6(¢ +1)

(2.10)

Proof. Inequaliy (2.10) is a consequence of (2.5), (2.6), and (2.9). In
fact, we have for the left side of (2.10)

NI [
‘P(t)—t—zz‘{’(t+1)>.([

2 4
u  u U | —(t+1)u
(1+ 9 + 15 720} du

_ 30¢* +135¢% + 23067 + 175¢ + 49
30(t +1)°

On the other hand, we obtain

< 2 2
w(t) - 1 _ Yi+1)< |1+ U i | ug, - 6t~ +15t +10
2 2 12 3
¢ ) 6(¢ +1)

which completes the proof of the lemma.

Lemma 2.5. For all 0 <t <1/ 2, we have

1 4t + 2
Y < -+ —— 2.11
()<t2+t(4—t)(t2+2) @1

Proof. We show that (2.11) is a consequence of (2.10). In fact, we
have

6t% + 15t + 10 4t + 2

pi(t)
6(t +1)°

CHa-02+2)  Ba-nt+1P (R +2)

where p;(t) = 6t5 — 9% —14:* + 26¢% + 82 — 20¢ + 12. We derive that
p1(t) > 0. Taking I(t) := 1/32(217 - 38t), it is clear, that I(¢) > 0, for all

0 <t <1/2. Next we show that p;(¢) > I(¢) holds which proves (2.11).
Now we find
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pi(t) = 1) = 31—2(2t —1)%(48t* — 24t — 1482 + 66t + 167)

1
= 55 (2 - 1% k().

Since k"(t) = 576t% —144¢t —296 <0 on 0 <t <t =1/24(3++/305) =
0.852..., therefore k(t) is concave on this interval. On account of

Jensen’s inequality (1.5), the reversed inequality holds for the concave
function k. In fact we have by [a, b] = [0, 1/ 2],

k(ha + (1 = 1)b) = Ak(a) + (1 — L)k(bB), A €0, 1],
where k(0) = 167 and k(1/2) = 163. This clearly forces k(t) > 0. O

Lemma 2.6. For all x, y € [0, 1/ 2], we have

polx, ¥) = xty? +3x3y% — 35293 — dxy® + 4y® — x*)2

- 2x3y2 + 5x2y2 + 4xy2 - 4y2 - 2x4y - 8x3y
+2x2y +12xy — 8y — 8x2 —8x + 8 > 0. (2.12)
Proof. Building the derivative, we obtain

p3lx, y) = —8p2(gi’ ) _ 4x3y3 + 9x%y +10xy? + 4y% + 4xy

+12y — 6xy> — 4y® — 4x3y? — 6x2y?
—8x3y — 24x%y —16x - 8.
It is easy to check that
ps(x, ¥) = (4x3 + 9x2 — 6x — 4)y3 + 2( - 23 — 3x? + bx + 2)y?
+4(-2x% — 622 + x +3)y — 8(2x +1)
< —4y3 +7y2 +13y -8 <0,

holds for all x, y € [0, 1/2]. This means py(x, y) is strictly decreasing in

x, 1.e., po(x, ¥) > po(l/2, y). After some computations, we obtain
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1
pa(1/ 2. y) = 15 (v ~1)(27y* + 10y - 32) > 0. m

The next result is due to Alzer [3, p. 382, Theorem 7].

Lemma 2.7. Let n > 0 be an integer and let x > 0 and s € (0, 1) be

real numbers. Then we have

n-1
1-s 1

—+ (1 - E 4 1)-Y% .
x+s+n+( S)iio(x+i+1)(x+i+s)< (e +1) = ¥(x +5)

Lemma 2.8. Forall 0 < x < y <1/ 2, we have

2(x, y):=w—[1 + 2c+y+1) }<0. (2.13)

y—x xy (2% + 2y — xy) (xy + 2)

Proof. Applying Lemma 2.7 with n =2 and s = y —x, as well as

(2.5) we get
1 1 1 1 1
8lx, ¥) < y—x{;_(1+x_y)|:y+2 Ty (x+2)(y+1)}}
RES 2x +y+1)
[xy T x 2y —xy) (ay + 2)}
_ _ p4(x7 y)
(x+D)(x+2)(y+1)(y+2)(2x + 2y —xy) (xy + 2)°
where

p4(x, y) = x4y3 + 3x3y3 - 3x2y3 - 4xy3 + 4y3 - x4y2 - 2x3y2
+ 5x2y2 + 4xy2 - 4y2 - 2x4y - 8x3y + 2x2y
+12xy—8y—8x2 - 8x + 8.
In view of Lemma 2.6, we have py(x, y) > 0, which implies g(x, y) < 0.

O
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Lemma 2.9. For all t € [0, 1/ 2], we have
ps(t) = 24818 + 24117 1 804¢'6 +11966¢° + 46887114 + 48798¢13

— 27275t + 4358971 + 263722210 + 5071265¢° + 940026¢°
—~13772406¢7 — 28854908t% — 29111892¢° — 15482520¢*
~1935112¢% + 3639024¢2 + 2863776t + 740032 > 0.

In order to check that ps(t) has no real roots in [0, 1 /2] we used the

built - in functions: sturmseq and sturm of Maple V. Release 10.0. Since
p5(0) = 740032 > 0, thus pj(t) > 0. O

Lemma 2.10. Consider the following transcendental equation:

22 +1-2)

hz(t) = ‘P(2t) - \P(]. + t) + m =

(2.14)

Then (2.14) has on (0,1/2) precisely one zero, namely, t; = 0.207....

Moreover hy(t) is a concave function on that interval.
Proof. Building the first two derivatives, we obtain

2(— 265 +t* + 6% — 342 + 8t - 16)

Ry(t) = 2W'(2t) — P'(1 + t) + (- 1222+ £2)2

’

and

hy(t) = 49"(2t) - P"(t + 1)

) 4(3t8 — 617 — 385 + 222t° — 3241* + 148¢3 — 2162 + 96t — 127)
(t—4)°t3(2 + £2)° ’

respectively. Next we establish A5(¢) < 0 on 0 < ¢ <1/2. Applying (2.4)

for m = 2, we obtain
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0 0

AP"(2) - Pt +1) = Z# > 8

=+1+k)> S@+k)?

0

2y q(k, t)

1 +kP@ k)

where
qlk, t) = — 4t% +12t% + 6k%t + 24kt + 12t + 3k +12k% + 12k + 4 > 0,
forall k>0 and 0 <t <1/2. Sowe get
2

AP(20) - Wt +1) < — 2 q(ké ) -
k=0 (t+1+k’) (2t+l€)

and

2

B(o) < - 2y —— k)

1+ k)Pt +k)>

. 4(3t® — 617 — 385 + 222:° — 3241* + 1483 — 216t + 96t — 127)
t-4)P2t3(2+2)°

_ pe(t)
-2 +13+ 270+ 37 @ +1°02% + 27

where

pe(t) = 24¢*8 1+ 24417 + 804416 + 1196615 + 46887¢1* + 4879812
— 27275¢2 + 435897 + 2637222¢'° + 5071265¢7 + 9400268
— 13772406t — 288549085 — 29111892¢% — 15482520¢*

~1935112¢> + 3639024¢% + 2863776t + 740032.

From Lemma 2.9, we imply h3(t) < 0, i.e., hy(f) is a concave function on

[0, 1/2]. Moreover hj(t) is strictly decreasing and since h4(2/5) = 0.015
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..> 0 so we conclude h4(t) >0 in [0, 2/5]. Hence hy(t) is strictly
increasing there. After some computations, we obtain hg(1/10) = —0.043
... <0 and h9(2/5) = 0.022... > 0. Since hy(t) is continuous there exits
a unique 1/10<# <2/5 for which hg(4)=0. A more precise
calculation gives t; = 0.207.... In order to complete the proof, we must
show that hg has no further roots in [2/5,1/2]. Since hy is concave

there, Jensen’s inequality (1.5) with opposite sign gives with
[c, d]=1[2/5,1/2], hy(2/5) =0.022... > 0 and hy(1/2) = 0.021... > 0,

ho[re + (1 = 1)d] = Lhg(c) + (1 = A)hy(d) > O.
Thus the proof of the lemma is complete. O

Lemma 2.11. Forall 1 /2 < x <1 and all 0 < y <1, we have

pr(x, y) = ap(x)y? + ag(x)y® + as(x)y? + ay(x)y + as(x) > 0,  (2.15)

where

ap(x) = 3(1 - x)?,

as(x) = 301 - x)?(4x +1),
ag(x) = 12x* - 30x3 + 14x2 + 14x - 9,
ay(x) = —(24x* —12x% - 32x2 + 2x +11),

2(2x + 3).

as(x) :

Proof. It is easy to see, that a;(x) > 0, ag(x) > 0 and also as(x) > 0.

It is also easy to verify that as(x) has only one positive real root which is
approximately x3 = 0.6613... therefore on [1/2, x37) we have
as(x) < 0 andon (x50, 1] we have ag(x) > 0. Applying Descartes’ rule of
signs implies that a4(x) has at most two positive real roots where the

first one is approximately x40 = 0.6418..., whilst the second one is
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greater than 1. We have within [1/2, x40)ay (x) <0 whilst within
(x40, 1] we have a4(x) > 0. For max(x3, x40)<x <1l and 0<y<]1,
we infer p;(x, y) > 0. Now, it remains to show that (2.15) holds also for
1/2 < x < max(xgg, ¥49) and 0<y<1. Consider the following

polynomial:

ps(x, ¥) = agx)y® + ay(x)y + as(x).

Building the following partial derivatives, we obtain:

Dpolx, y) = w = (48x% - 90x2 + 28x + 14)y?
—(96x> — 36x2 — 64x + 2)y + 4,
Dpio(x, y) = M = 2(48x> — 90x? + 28x +14)y
1035 ) 0x0y
—(96x3 - 36x2 — 64x + 2),
and
0°ps(x, y) 3 2
pi1lx, ¥) = — = 2(48x° — 90x“ + 28x +14)
ox0oy

= 4(x - 1)(24x% - 21x - 7),
respectively. Clearly, p;;(x, y) > 0, thus p;o(x, y) is strictly increasing
in y so we imply p1o(x, ¥) > pro(x, 0) = — (96x3 — 36x% — 64x + 2) > 0 on
x €[1/2,1]. This yields that pg(x, y) is strictly increasing in y. Hence
pol(x, ¥) > pg(x, 0) = 4 > 0. Moreover pg(x, y) is strictly increasing in x

which implies pg(x, y) > pg(1/2, ¥) = —-3/2y?> ~4y+8 >0 and the

lemma follows. O
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Lemma 2.12. For all t > 0, we have
p12(t) = 294065 +12166¢° + 16147:* + 11036 - 2961¢2 + 675¢ + 15 > 0.

Proof. It is sufficient to show that p;5(t) is strictly increasing.

Differentiation gives
Plo(t) = 17640t° + 60830¢* + 64588t + 3309t2 — 5922¢ + 675
> 64588t + 3309t% — 5922t + 675 = pi3(t).

Since pj5(t) = 193764t + 6618t — 5922 = 0 has two real zeros, which are
tp =—-0.192...<0 and ¢ =0.158... >0, vrespectively, we have
pis(ty) > 0. This clearly forces that p;3(¢) has a unique minimum at

t =ty and we obtain p;3(¢) > p;3(ty) = 76.67... > 0. O

3. Main Result

Now we give the main result of this paper.

Theorem. For all real numbers x, y < (0, 1], we have

1 X+ y—lxy
————2 < B, ), (3.1)
xy 1

1 +§xy

with equality if and only if x =1 and 0 < y <1l ory=1and 0 < x <1.
Proof. Consider the function G defined by

e Xx+y-1/2xy o Tx+1(y+1)
G, y) = log 1+1/2xy log T'(x + ) ’

After applying partial differentiation, we get

0G(x, y) _ _ 20y* +y-2)
T—‘P(x+y) ‘F(x+1)+(—2x—2y+xy)(2+xy)’ (3.2)
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9G(x, y) 2(x? +x-2)
o =¥Yx+y)-VPY(y+1)+ Co-2y )@ )’ (3.3)
%G Ay“+y-2 +y°+2 +2
(éy) V(x4 y)—yix +1)+ (0 +y-2)(~2y® +y* + 20y -y +2)
ox (- 2x - 2y + xy)2 (2 + xy)
(3.4)
and
2 2.2
0°G(x, y) Wi+ y) - 2(3x%y? — 4xy? — 4x%y + lgixy + 49c2 +4y? + 8)
0xQy (= 2x =2y + xy)7(2 + xy)

(3.5)
respectively. The proof will be divided into three steps.

Casel.1/2<x<land 0<y<1.

We show that 0G(x, y)/dx > 0. Since ¥'(t) is convex [cf. (2.4)] and

applying the Hermite-Hadamard inequality (1.6), we obtain

(1 -y (x +12Y j Jx+1‘P'(t)dt. (3.6)

x+y

In view of (3.2), (3.6) and using the right side of (2.7), we claim

WGl y) , _y)lp'(x+1+y)+[ 25% +y-2)

ox 2 x(y —2) - 2y](xy + 2)
1 1 1
>—(1-y) + +
[x +1+Ty 2(3c+1+7y)2 6(x + =5 Lty )3
2(y* +y-2)

TR -2)- 23]y + 2)

_ 2(1 - y) .
3(y + 2x +1)%(2x + 2y — xy) (xy + 2) Pl )
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where
P(x, y) = 3x2y* — 6yt +8y* + 12623 - 21x2y3 + 6xy® + 3y°
+ 12x4y2 - 309533/2 + 143c2y2 + 14xy2 - 9y2 - 24x4y + 12x3y
+ 32x2y —2xy-1ly+4x +6
= 3(x —1)%y* + 3(x —1)%(4x +1)y°
+(12x* = 3023 + 1422 + 14x — 9)y?
—(24x* —12x% - 32x% + 2x +11)y + 2(2x + 3).

Utilizing Lemma 2.11, we infer P(x, y) >0, ie., 0G(x, y)/dx >0
therefore G(x, y) is strictly increasing in x thus G(1/2, y) < G(x, y) <
G(1, y) = 0, as was stated in (3.1).

Case2. 0<x<landl/2<y<1.

According to the symmetry of (3.1) in x and y changing x to y we get by a
similar argument that 0G(x, y)/dy > 0 which implies that G(x, y) is

strictly increasing in y. Hence we obtain G(x, 1/2) < G(x, y) < G(x, 1) = 0,
and (3.1) follows.

Case3.0<x<1/2and0<y<1/2.

It is easy to see that on the boundary of the given square we
have G(x, 0) =0, G(1/2, y) < 0, G(x,1/2) < 0, and G(x, 1/2) < 0. Since

G(x, y) is continuous on the closed square it takes its maximum and also
its minimum value. Denote by P(x(, y9), the point within the square

where the function takes its maximum value and suppose that there we

have G(xq, ¥o9) > 0, then a necessary condition for that maximum value

leads to the following system of equations:
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oG(x, 2(y* -2

—(6x ) _ Y(x+y)-¥Plx+1)+ o0 _(;) _+23;](xy)+ %)~ 0, 3.7
and

0G(x, y) 2( 2 -2)

—63; Y) _ P(x+y)-P(y+1)+ [x(y_;c)j;;](xijZ) =0, (3.8

respectively. Subtracting (3.8) from (3.7) gives — after some computations —

3 Y()-Y(x) 1 2(x 1) =
F(x, y)=(y - x)[ny Txy (2x+2y igy;(xy + 2)} o

(x # y). (3.9)

Now, we determine all the (x, y) values with x, y € [0, 1/2] for which
the equation F(x, y) = (y — x)Fj(x, y) = 0 holds. We consider two cases.

Casea. x # yand 0 <x <y <1/2.
Applying Lemma 2.8, it is clear that F(x, y) # 0 holds.
Case b. If x tends to y the second factor in F(x, y) implies

. . 1 4y + 2
lim Fy(x, y) = ¥'(y) - — - 2T
x>y yo o oy -4)(y" +2)

Lemma 2.5 shows f(y) # 0 forall 0 < y <1/2. Hence F(x, y) = 0 holds

= f(y).

if and only if x = y. The task is now to find the solution of the equation

2
W) - W+ 1)+ 23 FX=2) (3.10)

x(x —4) (2% + 2)

on (0,1/2]. From Lemma 2.10, we get the only zero x; = 0.207.... The

sufficient condition for the extreme value leads now to the following

function:

2
A, ) = 0*G *°G (%G
,y) = o o \awy)
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We have to discuss the sign of A(x, y) with respect to the special solution
of (8.10). If x; = y; = 0.207..., then we get A(x;, y;) = 0.132... > 0. On
the other hand, we find

2
[&o;y)} = 0.384...> 0,
Ox X=X1,Y=)1

so we claim that at x; = y; = 0.207... the function G attains its
minimum value which is G(x;, y;) = — 0.019... < 0. Therefore, there is
no P(xg, ¥9), where G has a maximum value with G(x, yo) > 0. This

completes the proof of the theorem.
4. Concluding Remarks

Now we show that the left side of (3.1) improves the left side of (1.3).

Corollary 4.1. For all real numbers x, y € [0, 1], we have

x+y-1/2xy

+y—xy <
rrymw 1+1/2xy

(4.1)

The proof is trivial, we omit details.

Finally, we show, that (2.9) improves (2.7) and the left side of (2.9)

improves the lower bound given in (2.8), i.e., the inequalities of Gordon.

Corollary 4.2. For the lower bounds in (2.7) and (2.8), we have for all
t >0,

11 1 1 30t* +135¢% + 2302 + 175t + 49
Tt gt T3 <3+ 5 ,  (4.2)
Eoa® e(t+d) ¢ 30(¢ +1)

and
11 1 1 1 30t +135¢3 + 230¢2 + 175¢ + 49
?+—+——— -+ , (4.3

2t 65 30t 2 30(t +1)°
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respectively. For the upper bound in (2.7), we have similarly

2
Lz+6t +156410 1, 1 1 4.4)

t 6(t +1)° t 22 et

Proof. First we consider (4.2). Building the following difference, we

get:

+—_
2 1 \3
267 6(t+17)

1 1 1 1 30t* +135¢% + 230¢2 + 175t + 49
Alt) ==+ — 5+ =
t t 30(¢ + 1)

B Py(t)
3062(t +1)°(14¢ + 1)

where Py(t) := 2940t% +12166¢° +16147¢% +1103t> — 2961:2 + 675¢ + 15.
Utilizing Lemma 2.12 gives A(t) < 0.

Next, to prove (4.3), we have

1 1 1 1 30t* +135¢% + 230¢2 + 175t + 49
0r2 3 5 7 T 5
2t 6t° 30t ¢ 30(t +1)

5t7 +5t2 + 5t +1
= - <0,

306%(¢ +1)°

which we had to show.

In order to verify (4.4) a short computation reveals

L+6t2+15t+10_(1 1 L):_ 1
t2 6(t +1)° t %% 6t? 6t +1)°
and the corollary follows. O

It is worth pointing out that the lower bounds in (2.7) and (2.8) are
not comparable to each other on the whole (0, ») interval. Moreover, the
right side of (2.8) and the right side of (2.9) are also not comparable to

each other on the whole (0, ) interval.
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