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Abstract 

Euclidean geometry is one of the oldest branches of mathematics – the 
properties of different shapes have been investigated for thousands of years. For 
this reason, many tend to believe that today it is almost impossible to discover 
new properties and new directions for research in Euclidean geometry. 

In the present paper, we define the concepts of “Pascal points”, “a circle that 
forms Pascal points”, and “a circle coordinated with the Pascal points formed by 
it”, and we shall prove nine theorems that describe the properties of “Pascal 
points” on the sides of a convex quadrilateral. 

These properties concern the following subjects: 

● The ratios of the distances between the Pascal points formed on a pair of 
opposite sides by different circles. 
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● The ratios of the distances between the centers of the circles “that form 
Pascal points on the sides of the quadrilateral”, and the ratios of the distances 
between the Pascal points formed using these circles. 

● Special types of circles “that form Pascal points on the sides of a 
quadrilateral”. 

● The properties of Pascal points and the centers of the special circles 
defined. 

Introduction: Definitions and Fundamental Theorem 

Let us consider the convex quadrilateral ABCD in which the 
diagonals intersect at point E, and the continuations of sides BC and AD 
intersect at point F. We shall assume that there exists a circle ,ω  which 
satisfies the following two requirements: 

(I) It passes through points E and F. 

(II) It intersects sides BC and AD at their internal points M and N, 
respectively (see Figure 1). 

 

Figure 1. 
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Note. There exists convex quadrilaterals for which no circle satisfies both 
these requirements together (see Figures 2(a) and 2(b)): 

 

Figure 2(a).                                  Figure 2(b). 

We shall call a circle that satisfies both requirements (I) and (II) (for 
example, the circle in Figure 1) in the following manner: 

A circle that passes through sides BC and AD and through points 
E and F. 

We denote by K and L the points of intersection of circle ω  with the 
continuations of diagonals BD and AC, respectively. We draw four 
straight lines through points K and L to points M and N (the points of 
intersection of circle ω  with the sides of the quadrilateral, as shown in 
Figure 3). We denote by P the point of intersection of straight lines KN 
and LM, and by Q the point of intersection of lines KM and LN. 
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Figure 3. 

It can be seen that points P and Q  belong to sides AB and CD, 

respectively. 

The property we observe is the fundamental property of the theory 
of a convex quadrilateral that is not a parallelogram, and the circle that 
is associated with it (see [2]). 

Theorem 1 (The fundamental theorem). Let there be: a convex 
quadrilateral; a circle that intersects a pair of opposite sides of the 
quadrilateral, that passes through the point of intersection of the 
continuations of these sides, and that passes through the point of 
intersection of the diagonals. In addition, let there be four straight lines, 
each of which passes both through the point of intersection of the circle 
with a side of the quadrilateral and through the point of intersection of 
the circle with the continuation of a diagonal. Then there holds: the 
straight lines intersect at two points that are located on the other pair of 
opposite sides in the quadrilateral. 
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Or, by notation: 

Given is: convex quadrilateral ABCD, in which ,E AC BD= ∩  

.F BC AD= ∩  Circle ω  that satisfies [ ] [ ];;;, ADNBCMFE ∩∩ ω=ω=ω∈  

.; ACLBDK ∩∩ ω=ω=  

Prove that: [ ] [ ].; CDLNKMABPLMKN ∈=∈= Q∩∩  

Proof. Note that we have defined six points in total on circle ,: Eω  

,,,, LFKM  and N, and that the theorem requires us to prove the 

collinearity of two triplet of points: the first triplet is A, P, B, and the 
second triplet is .,, CD Q  These considerations provide a reason to use 

the following theorem, due to Pascal, in the proof: Opposite sides of a 
hexagon inscribed in a circle intersect at three points that are located on 
the same straight line. We note that Pascal’s theorem also holds for a 
general hexagon, in other words a hexagon that is a closed broken line of 
six parts (segments) whose ends are located on a single circle. 

Let us prove that points A, P, and B are located on the same straight 
line. 

We consider the closed broken line EKNFML (see Figure 4(a)). Its 
opposite sides satisfy the following: 

EL and NF intersect at point A, ML and KN intersect at point P, and 
FM and EK intersect at point B. 

In addition, hexagon EKNFML is inscribed in a circle. Therefore, in 
accordance with the general Pascal’s theorem, points A, P, and B are 
located on the same straight line. We have thus proven that there holds 

.ABP ∈  
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Figure 4(a).                                    Figure 4(b). 

Let us now prove that points ,, QC  and D are located on the same 

straight line. 

We consider the closed broken line (general hexagon) EKMFNL 
described in Figure 4(b). The continuations of the opposite sides of the 
hexagon satisfy: rays LE and FM intersect at point C, rays KM and LN – 
at point ,Q  and rays KE and FN – at point D. From the general Pascal 

theorem and from the fact that hexagon EKMFNL is inscribed in the 
circle, it follows that points Q,,C  and D are located on the same straight 

line. 

It remains to be proven that points P and Q  belong to segments AB 

and CD, respectively. 

We note that points A, B, and P, are the points of intersection of 
certain chords in the circle (see Figure 4(a)). In addition, point L and 
chord KN are located in the same part of the circle that is bounded by 

chord EK and arc n.EFK  On the other hand, point K and chord LM are 

located in the same part of the circle bounded by chord EL and arc n.EFL  
Therefore P, as the point of intersection of chords KN and LM, belongs to 
the part of the circle that is the intersection of these parts and that, is 
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also the inner part of the inscribed angle KEL. Since points A and B are 
located on the sides of angle KEL (on its limits), the intersection of 
straight line AB with the part of the circle bounded by chords KE, EL and 

arc nKFL  is segment AB. Therefore, P is an interior point of the 
segments. 

In the same manner, we prove that point Q  is an inner point of 
segment CD. In fact, all the points of rays FD and QM  (aside for F and M), 
are located in the same half-plane with respect to straight line FM – this 
is the half-plane that does not contain the point K (see Figure 4(b)). All 
the points of rays FC and QN  (aside for F and N) are located on the same 
half-plane with respect to straight line FN – this is the half-plane that 
does not contain the point L. Point ,Q  being the point of intersection of 

the two rays QM  and QN  that belong to two different half-planes, 
belongs to the intersection of these half-planes, i.e., plane angle MFN. 
Points C and D are located on the sides of the angle (on rays FM and FN, 
respectively), therefore the intersection of straight line CD with plane 
angle MFN is segment CD, and Q  is an inner point of the segment. 

... DEQ  

Definitions. Because we have used Pascal’s theorem to prove the 
property of the points of intersection P and :Q  

(I) We shall call our defined points “Pascal points” on sides AB and 
CD of the quadrilateral. 

(II) We shall call a circle that passes through the points of intersection 
E and F, and through two opposite sides “a circle that forms Pascal points 
on the sides of the quadrilateral”. 

Properties that Result from the Fundamental Theorem 

Let ABCD be a convex quadrilateral; E – the point of intersection of 
the diagonals; F – the point of intersection of the continuations of the 
sides BC and AD; and let 321 ,, ωωω  be three circles, each of which is a 
circle that “passes through sides BC and AD and through points of 
intersection E and F” (see Figure 5). 



DAVID FRAIVERT 8

For each of the circles, all the required constructions were performed 
to obtain “Pascal points” on sides AB and CD: using circle ,1ω  we form 

“Pascal points” 1P  and ;1Q  using circle ,2ω  we form “Pascal points” 2P  

and ;2Q  using circle ,3ω  we form “Pascal points” 3P  and .3Q  

 

Figure 5. 

The following theorem holds for these points: 

Theorem 2. Let ,, 21 ωω  and 3ω  be three circles that pass through 

sides BC and AD of the quadrilateral, through the point of intersection, F, 
of their continuation, and through the point of intersection, E, of the 
diagonals. 
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Then, “Pascal points” 1P  and 21, PQ  and 32, PQ  and ,3Q  which are 

formed respectively using these circles, assign proportional segments on 

the sides AB and .:
32
21

32
21

QQ
QQ

=PP
PPCD  

Proof. We use the following lemma (on the intersecting lines of the 
circles that pass through the points of their intersection): 

If circles 1ω  and 2ω  intersect at points E and F; a straight line e 

passes through point E, which intersects circle 1ω  at point A and circle 

2ω  at point C; a straight line f passes through point F, which intersects 

circle 1ω  at point B and circle 2ω  at point D. Then straight lines AB and 

CD are parallel. 

In proving the lemma, we distinguish between three possible cases of 
the reciprocal state of points A, B, C, and D with respect to straight line 
EF: 

(I) Points A and B; C and D are located on different sides of straight 
line EF (see Figure 6(a)). 

(II) All four points are on the same side relative to straight line EF 
(see Figure 6(b)). 

(III) Points A and C; B and D are located on different sides of straight 
line EF (see Figure 6(c)). 
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Figure 6(a). 

 

Figure 6(b). 

 

Figure 6(c). 
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The truthfulness of the lemma (in all three cases) is obtained from 
the equality of the two angles α  and β  (which results from the fact that 
each of these angles is equal to angle γ ). 

In proving Theorem 2, we shall use cases (II) and (III) of the lemma. 
First we prove that straight lines ,, 2211 NLNL  and 33NL  (see Figure 5) 
are parallel. 

Circles 1ω  and 2ω  intersect at points E and F, and straight lines AC 

and AD pass through these points and intersect circle 1ω  at points 1L  

and ,1N  respectively, and circle 2ω  at points 2L  and ,2N  respectively. 
Therefore, in accordance with the specified lemma (case II, in which all 
four points ,,, 211 LNL  and 2N  are on the same side relative to straight 
line EF), there holds .2211 NLNL  

In a similar manner, using circles 2ω  and 3ω  which intersect at 
points E and F, one proves that .3322 NLNL  We thus obtain that the 
sides of angle ADC are intersected by three parallel straight lines. 
Therefore, from Thales’ theorem, proportional segments are formed on 

the sides of the angle, satisfying: ( ).
32
21

32
21 ∗=

QQ
QQ

NN
NN  

We shall now prove that the straight lines ,, 2211 NKNK  and 33NK  
are also parallel to each other. 

We return to circles 1ω  and .2ω  Straight line BD passes through 

point E and intersects 1ω  at point ,1K  and 2ω  at point .2K  Straight line 

AD passes through point F and intersects 1ω  at point ,1N  and 2ω  at 

point .2N  

From the above lemma (case III, in which points 1N  and 12, KN  and 

2K  are on different sides relative to the straight line EF), there holds 

.2211 NKNK  Similarly, we prove that .3322 NKNK  

We obtained that the sides of angle DAB are bisected by the three 
parallel lines ,, 2211 NKNK  and .33NK  



DAVID FRAIVERT 12

Therefore proportional segments are formed on the sides of the angle, 

which satisfy ( ).
32
21

32
21 ∗∗= PP

PP
NN
NN  

Following from equalities ( )∗  and ( )∗∗  is the required equality 

.
32
21

32
21

QQ
QQ

=PP
PP  

... DEQ  

Notes. (1) Since the centers of all the circles that pass through points 
E and F are located on the midperpendicular to segment EF, we shall call 
this straight line the center-line of the circles that form “Pascal points” on 
sides BC and AD, or – the center-line determined by intersection points E 
and F of quadrilateral ABCD. 

(2) The equality of the ratios of the distances between the formed 
Pascal points (on the same pair of opposite sides in the quadrilateral) 
using three arbitrary circles ,, 21 ωω  and ,3ω  which is the subject of 

Theorem 2 also holds for the distances between the centers of the circles 
,, 21 OO  and ,3O  respectively (see Figure 5). In the other words, there 

holds .
32
21

32
21

PP
PP

OO
OO

=  (We shall discuss this equality in Theorem 5.) 

We shall now consider the extreme states of a “circle that passes 
through sides BC and AD and through points E and F” of the 
quadrilateral ABCD. 

In the first extreme state, the circle passes through points A, E, and F 
(we denote the circle by Aω  and its center by AO ). 

In the second extreme state, the circle passes through points B, E, 
and F (we denote the circle by Bω  and its center by BO ). 

It is clear that the center, O, of each circle ω  that “passes through 
sides BC and AD and through points E and F” lies between points AO  

and BO  (i.e., it belongs to the segment ,BAOO  see Figure 7). 
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Figure 7. 

In the circle ,Aω  point A is both the point of intersection of the circle 
with side AD, and the point of intersection of the circle with diagonal AC. 
In the other words, AA NLA ==  (see Figure 8(a)). Therefore, for the 
“Pascal point” ,AP  there holds:  

,AAMAKMLNKP AAAAAAA === ∩∩  

and the straight line AANL  is actually a tangent to circle Aω  at point A. 

 

Figure 8(a).                                         Figure 8(b). 
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Let us check if the point of intersection of this straight line and 
straight line AA MK  (denoted by AQ ) belongs to the side CD. 

One method to prove the relation CDA ∈Q  is based on the known 

fact that Pascal’s theorem also holds in degenerated cases: 

In cases when one pair or more of the vertices of a hexagon coincide, 
one can consider the pentagon inscribed in the circle as a hexagon in 
which a pair of adjacent vertices coincide, and therefore one side of the 
hexagon transforms into a tangent to the circle. Similarly, one can 
consider a quadrilateral inscribed in a circle as a hexagon in which two 
pairs of adjacent vertices coincide, and therefore two sides of the hexagon 
become two tangents to the circle. 

Similar results are also obtained for the circle Bω  (see Figure 8(b)). 

In this case: points BK  and BM  coincide with point B, in the other 

words, .BPB =  The tangent to circle Bω  at point B, and its intersecting 

line BBNL  intersect at point ,BQ  which belongs to side CD. Therefore, 

the following theorem holds: 

Theorem 3. Let ABCD be a convex quadrilateral. 

(1) The “Pascal points” on sides AB and CD, formed using circle Aω  

that passes through points A, E and F, with ,, ADBCFBDACE ∩∩ ==   

are the vertex A and the point ,AQ  which is the point of intersection of the 

tangent to Aω  at the point A, with the straight line .AA MK  

(2) The “Pascal points” on sides AB and CD, formed using circle Bω  

that passes through points B, E and F, are the vertex B and the point ,BQ  

which is the point of intersection of the tangent to Bω  at the point B, with 

the straight line .BBNL  
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Conclusions from Theorems 2 and 3 

If for a quadrilateral ABCD there exists a circle ω  that intersects 
sides BC and AD, and passes through the point of intersection of their 
continuation F and the point of intersection of the diagonals E, then: 

(a) The center O of any circle ω  “that passes through sides BC and 
AD and through points E and F” is located on segment ,BAOO  where 

points AO  and BO  are the centers of the circles Aω  and .Bω  

(b) Pascal points P and Q  that are formed using circle ω  divide segments 

AB and BAQQ  by an equal ratio, i.e., 
B

A
PB
AP

QQ
QQ

=  (see Figure 9). 

 

Figure 9. 

Theorem 4. Let ABCD be a quadrilateral whose diagonals intersect 
at point E, and the continuations of sides BC and AD intersect at the point 
F; and let ω  be a circle “that passes through the sides BC and AD and 
through the points E and aF −ωA”,  circle that passes through points A, 

E, and aF B −ω;  circle that passes through points B, E, and F. 
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Then the center of circle ω  (point O) divides the segment that connects 
the centers of circles Aω  and ( )BAB OOω  by a ratio that is equal to the 

ratio by which “Pascal points” P and Q  formed by circle ω  divide 

segments AB and ,BAQQ  respectively. 

Proof. In view of conclusion (b), above, it is sufficient to prove that 

there holds .
B

A
OO

OO
PB
AP =  

We shall use the method of complex numbers in plane geometry (the 
principles of the method and the formulas we use in the proofs appear, 
for example, in source [4], pages 154-181). 

We shall select a Cartesian system of coordinates in the following 
manner: the origin shall coincide with the point O and its length unit 
shall be equal to the radius of circle .ω  In this system, circle ω  is the unit 
circle whose equation is ,1=zz  where z and z  are the complex 

coordinate and its conjugate for an arbitrary point on the circle. 

All the points that appear in Figure 9 are assigned their coordinates 
in this system. We shall denote the complex coordinates of the points E, 
M, K, F, L, and N by ,,,,, lfme k  and n, respectively. We shall make use 

of the following formulas: 

Let S be the point of intersection of the straight lines that pass 
through chords AB and CD in the unit circle (see Figure 10). 

For the complex coordinate of S and its complex conjugate, there 
holds: 

(I) ,cdab
dcbas

−
−−+=  and 

(II) .abcd
abcabdacdbcds

−
−−+=  
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Figure 10. 

From these formulas, the points of intersection of chords FN and EL, 
FM and EK, KN and ML, denoted by A, B, and P, respectively, shall have 
the following complex coordinates: 

;and elfn
lenfafnel

efnfnleflenla
−

−−+=
−

−−+=  

;and
k
k

k
kkk

efm
emfbfme

efmfmefemb
−

−−+=
−

−−+=  

.and mln
lmnpnml

lnmnlmmnlp
−

−−+=
−

−−+=
k
k

k
kkk  

We denote by 1λ  the ratio of the lengths of the segments .PB
AP  This ratio 

can be expressed by the complex coordinates in the following manner: 

,1 pb
ap

−
−=λ  where 11 λ=λ  is a real number. Hence 

mln
lmn

efm
emf

elfn
lenf

mln
lmn

pb
ap

−
−−+−

−
−−+

−
−−+−

−
−−+

=
−
−=λ=λ

k
k

k
k

k
k

11  

( ) ( ) ( ) ( )[ ] ( )
( ) ( ) ( ) ( )[ ] ( )elfnefmlmnmlnemf

efmmlnlenfelfnlmn
−−−−+−−−−+
−−−−+−−−−+

=
kkkk

kkk  

( ) ( ) ( )
( ) ( ) ( )

( ) ( )
( ) ( ) .elfnm

efmln
elfnmelmlenfnfm
efmlnelmlenfnfm

−−
−−

=
−−+−−+−
−−+−−+−

=
k

k
kkk

kkk  

We obtained that ( ) ( )
( ) ( ) .1 elfnm

efmln
−−
−−

=λ
k

k  
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We denote by 2λ  the ratio 
B

A
OO

OO  between the lengths of the 

segments that connect the centers of circles ω  and ωω ,A  and .Bω  

Through complex coordinates, this ratio is expressed as  

0
0

2 −
−

=λ
B

A
o

o  ,
B
A

o
o

−=  

where .22 λ=λ  We express the complex coordinates of the centers AO  

and BO  by the coordinates of the points that are located on the unit 

circle .ω  

Point AO  is the intersection of the mid-perpendicular to segment EA 

and the mid-perpendicular to segment EF (the midline). 

We use the equation of the mid-perpendicular to the segment (given 
in complex numbers): ( ) ( ) ( ) ( ) ,0=−−+−− czabczab  where TZ is the 

mid-perpendicular to segment AB (see Figure 11): T is the middle of 
segment AB, and Z is an arbitrary point on the perpendicular. 

 

Figure 11. 

This equation can be transformed into the following form: 

(III)   ( ) ( ) .ab
tabtabzab

baz
−

−+−
+

−
−=  

Therefore for segment EF whose middle is at point O, the equation of the 

mid-perpendicular is ( ) ( ) .fe
ofeofezfe

efz
−

−+−
+

−
−=  In our case, point 
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O is the origin and the center of the unit circle, EF is the diameter of the 
unit circle. Therefore, for the complex coordinates of points O, E, and F, 

there holds: ,1,0 eeoo ===  and ,1
ff =  and the equation of the mid-

perpendicular to the segment EF shall become 

( ).1 ∗= zefz  

For the segment EA, whose middle is at point T, the coordinate of T is 
expressed using the coordinates of the ends of segment EA as follows: 

( ).2
1 eat +=  

We substitute the expression for t in equation (III), and we substitute 
e instead of b, and obtain 

( ) ( ) ( ) ( )
,2

1
2
1

ae
eaaeeaae

zae
eaz

−

+−++−
+

−
−=  

which can be presented in the following manner: 

( ) ( ) .2
1







−
−⋅++++

−
−−= ea

eaeaeazea
eaz  

We substitute (one by one) expressions for the letters ae ,  and a  in this 

equation, and obtain 

( ) ;21 2

elfne
fneleenef

eelfn
lenfea

−
+−−+=+

−
−−+=+  

;2 2

fnel
leefnfnleflenlefnel

efnfnleflenlea
−

+−−+=+
−

−−+=+  

( ) ( )
( ) .1

1

2

2

2

2

elefnefenel
fneenef

fnel
lefnleflenl

elfne
fneenef

efnel
efnfnleflenl

eelfn
lenf

ea
ea −=

−−+

−−+−
=

−
−−+

−
−−+

=
−

−
−−+

−
−

−−+

=
−
−  

Therefore, the equation of the mid-perpendicular to the segment EA shall 
become 
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( ) ,122
2
11 22









⋅

−
+−−+−

−
+−−++= elfnel

leefnfnleflenl
elfne

fneleenefzelz  

or, after simplification 

( ) ( )
( ) ( ).1 ∗∗

−
−−

+= elfnl
lfnlzelz  

By solving the system of equations ( )∗  and ( ),∗∗  we will obtain the 

complex coordinates of ( ) ( )
( ) ,11: elfnl

lfnlzelzefOA −
−−

+=  and hence 

( ) ( )
( ) ( ) .11 elfn

efln

elef

elfnl
lfnl

oz A −
−

=
−

−
−−

==  

In a similar manner, for the point BO  (the point of intersection of the 
midline and the mid-perpendicular to the segment EB), we obtain 

( ) .
k

k
efm
efmoB −

−
=  

Now we calculate the ratio :2λ  

( )

( )
( ) ( )
( ) ( ) .2 elfnm

efmln

efm
efm

elfn
efln

o
o

B
A

−−
−−

=

−
−
−
−

−=−=λ
k

k

k
k

 

Therefore, we obtain that ,21 λ=λ  and thus we have proven that 

.
B

A
OO

OO
PB
AP =  

... DEQ  

Conclusion from Theorems 2-4. 

Let ω  be a circle that forms “Pascal points” P and Q  on sides BC and 

AD, respectively; and let points AO  and BO  be the centers of circles Aω  

and Bω  which pass through the points A, E, F and B, E, F, respectively; 

and let the center, O, of circle ω  be the middle of the center-line .BAOO  
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Then, points P and Q  are the middles of segments AB and ,BAQQ  

respectively (where the points AQ  and BQ  are the Pascal points on side 

CD, formed using circles Aω  and ,Bω  respectively). 

Note. This conclusion applies to a quadrilateral with a very general 
shape, for example, for a quadrilateral that is not circumscribable. For 
such a quadrilateral, if “Pascal point” Q  is the middle of segment ,BAQQ  

then it is not the middle of side CD. Therefore, for a general 
quadrilateral, there is no existing circle “that passes through sides BC 
and ”,…AD  which forms “Pascal points” that are the middles of sides AB 
and CD simultaneously. 

Theorem 5. Let ABCD be a quadrilateral whose diagonals intersect 
at point E, and whose continuations of sides AD and BC intersect at point 

321 ,,; ωωωF  are three circles that “pass through sides AD and BC and 

through points E and F”. 

Points ,, 2O1O  and 3O  are the centers of these circles, respectively; 1P  

and 21, PQ  and 32, PQ  and 3Q  are Pascal points that are formed using 

these circles. Then the following proportion holds: 

.
32
21

32
21

32
21

OO
OO

PP
PP

==
QQ
QQ  

Proof. In view of Theorem 2, it is sufficient to prove that there holds: 

.
32
21

32
21

OO
OO

PP
PP

=  

On the midline ( ),line 21OO  we add points AO  and ,BO  which are 

the centers of the circles that pass through the points A, E, F and B, E, F, 
respectively (see Figure 12). 
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Figure 12. 

From Theorem 4, the following proportions hold: 

.and,,
3

3
3

3
2

2
2

2
1

1
1

1
B

A
B

A
B

A
OO
OO

BP
AP

OO
OO

BP
AP

OO
OO

BP
AP

===  

We add to Figure 12 the following auxiliary constructions: 

We draw an arbitrary ray AZ, on which we mark four points, 
,,, 321 XXX  and Y, so that there holds: ,, 2211 OOAXOOAX AA ==  

,33 OOAX A=  and .BAOOAY =  

Therefore, the following proportions will also hold: ,
1

1
1

1
YX

AX
BP

AP
=  

,
2

2
2

2
YX

AX
BP

AP
=  and .

3
3

3
3

YX
AX

BP
AP

=  We draw four straight lines through 

points 1P  and 21, PX  and 32, PX  and BX ,3  and Y. 
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From the inverse of Thales’ theorem, it follows that the last 
proportion suggests that each of the straight lines 2211 , XPXP  and 33XP  

is parallel to the line BY. Therefore, there holds: .332211 XPXPXP   

Therefore, from Thales’ theorem, it follows that .
32
21

32
21

XX
XX

PP
PP

=  

From the last proportion and the fact that 2121 OOXX =  and 

=32XX ,32OO  we obtain that .
32
21

32
21

OO
OO

PP
PP

=  

... DEQ  

Now let us consider the special circle ω  that is a “circle that passes 
through two opposite sides of the quadrilaterial…”, and that also satisfies 
the following additional property: a straight line that passes through the 
“Pascal points” P and Q  formed using circle ,ω  also passes through the 

center of circle O. 

Definition. A circle, whose center is collinear with the “Pascal 
points” formed by it shall be called: 

The circle coordinated with the Pascal points formed by it. 

For example, in Figure 13 shown are the “Pascal points” P and Q  

that were formed by circle ,ω  and the straight line QP  that passes 

through the center of the circle O. Therefore, circle ω  is the circle 
coordinated with the “Pascal points” formed by it on sides AB and CD. 

Theorem 6. Let ABCD be a convex quadrilateral, and let ω  be a 
circle coordinated with the “Pascal points” P and Q  formed by it, where ω  

intersects a pair of opposite sides of the quadrilateral at points M and N, 
and also intersects the continuations of the diagonals at points K and L 
(see Figure 13). 
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Figure 13. 

Then there holds: 

(a) ;MNKL  

(b) in a system in which circle ω  is the unit circle, the complex 
coordinates of the points K, L, M, and N satisfy the equality .lmn k=  

Proof. (a) Let us consider quadrilateral KLNM that is inscribed in 
circle .ω  The diagonals of this quadrilateral intersect at point P, and the 
continuations of the sides KM and LN intersect at point .Q  

Let us assume that the continuations of sides KL and MN also 
intersect at point S (see Figure 13). 

Then, straight line QP  is a polar of point S relative to circle ω  (see 

[3], Section 211). 

In addition, line QP  passes through point O, which is the center of 

circle .ω  Therefore, pole S of straight line QP  is an infinity point, and 

therefore lines KL and MN are parallel. 
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(b) From (a), it follows that vectors KL  and MN  are parallel, and 
that the complex coordinates of points K, L, M and N satisfy the following 
equality: 

( ) ( ) ( ) ( ) ( ).∗−−=−− mnlmnl kk  

We choose a system of coordinates such that circle ω  is the unit circle 
(O is the origin and the radius is OE = 1). Since points K, L, M, and N 

belong to the unit circle (whose equation is 1=zz ), there holds ,1
k

k =  

,1,1
mmll ==  and .1

nn =  We substitute these expressions into formula 

( )∗  and obtain ( ) ( ).1111 mnlmnl −




 −=





 −−

k
k  After simplification, we 

obtain: .lmn k=  

... DEQ  

Theorem 7. Let ABCD be a convex quadrilateral, and let ω  be circle 
coordinated with “Pascal points” P and Q  formed by it. Then, points P 

and Q  transform one into the other by inversion relative to circle .ω  In 

other words there holds the equality ,2rOOP =⋅ Q  where r and O are the 

radius and the center of ,ω  respectively. 

Proof. We select a system of coordinates so that circle ω  is the unit 
circle (O is the origin and the radius is r = OE = 1). Therefore, one must 
prove that ( ).1 ∗=⋅ QOOP  

For the complex coordinate of point P (and its conjugate), there holds 
(see the proof of Theorem 4): 

.and
k

kkk
k
k

nml
mnlnmnllmpmln

lmnp
−

−−+=
−

−−+=  

Or (since lmn k= ) we can obtain a simpler expression for :p  

( ) .
k

k
nml

nlmmnp
−

−−+=  
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Similarly, for the complex coordinates of point Q  (and its conjugate), we 

obtain 

( ) .and
k

k
k
k

mnl
mlnmnqnlm

lnmq
−

−−+=
−

−−+=  

We use the formula for the distances between two points ( )aA  and ( )bB  

( ) ( ).2 ababAB −−=  

For distance OP, we obtain 

( ) ( ) ( )





 −

−
−−+







 −

−
−−+=−−= 00 mln

lmn
nml

nlmmnopopOP
k
k

k
k  

( )
( )

,2

2

k
k

nml
nlmmn

−

−−+=  

and similarly, for distance Q,O  we obtain ( ) ( ) =−−= oqoqOQ  

( )
( )

.2

2

k
k

mnl
mlnmn

−

−−+  Therefore, 

( )
( )

( )
( )2

2

2

2

k
k

k
k

mnl
mlnmn

nml
nlmmnOOP

−

−−+⋅
−

−−+=⋅ Q  

 ( ) ( )
( ) ( )kk

kk
mnlnml

mlnnlmmn
−−

−−+−−+
=  

 ( ) ( )[ ] ( ) ( )[ ]
2222 kkk

kk
mnlnlmmnl

nmlnmlmn
+−−

−−−⋅−+−=  

 ( )
( )2222

2222 22
k

kk
+−−

−+−+−
=

nmlmn
nmnmllmn  

 ( )
( ) .12222

2222
=

+−−

−−+
=

k
k

nmlmn
nmlmn  
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We have obtained that points P and Q  satisfy equality ( )∗  relative to 

circle ( )., rO=ω  Therefore, points P and Q  transform one into the other 

by inversion relative to circle .ω  

... DEQ  

Theorem 8. Let ABCD be a convex quadrilateral in which E is the 
point of intersection of the diagonals, and F is the point of intersection of 
the continuations of sides BC and AD; and let ω  be a circle that intersect 
sides BC and AD at points M and N, respectively, and also intersects the 
continuations of diagonals BD and AC at points K and L, respectively. In 
addition, ω  is coordinated with “Pascal points” P and Q  formed by it; 

and let QP  be a straight line that intersects ω  at points I and J             

(see Figure 14(a)). 

 

Figure 14(a). 
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Then there holds: 

(a) quadrilateral NPMQ  is a kite; 

(b) point I is the center of the circle inscribed in quadrilateral ,NPMQ  

and point J is the center of the circle that is tangent to the continuations of 
the sides of the quadrilateral .NPMQ  

Proof. (a) From section (a) of Theorem ( ),6 MNKL  quadrilateral 

KMNL is a trapezoid (see Figure 14(b)). Since KMNL is inscribed in a 
circle, it follows that it is an isosceles trapezoid in which LNKM =  
(equal sides), and LMKN =  (equal diagonals). Now, it is easy to see 
that PNPM =  and ,NM QQ =  in the other words, quadrilateral 

NPMQ  is a kite. 

(b) The main diagonal of the kite (segment QP ) bisects the two 

angles MPN and .NMQ  Given is the fact that ω  is a circle whose center, 

O, is collinear with “Pascal points” P and Q  formed by it. Therefore, in 

accordance with Theorem 7, points P and Q  transform one into the other 

by inversion relative to circle .ω  Hence, these points together with the 
points of intersection I and J form a harmonic quadruplet (see [3], 
Section 204). Therefore, points I and J divide segment QP  by a harmonic 

division: I – by internal division, J – by external division, and therefore 
circle ω  is a circle of Appolonius for the segment .QP  
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Figure 14(b). 

Regarding point M, as a point that belongs to the circle of Appolonius 
,ω  there holds that segment MI bisects angle QPM  in triangle Q.PM  

Therefore point I, as the point of intersection of three angle bisectors 
in the quadrilateral, lies at equal distances from all four sides of the 
quadrilateral .NPMQ  It follows that point I is the center of the circle 

inscribed in a quadrilateral .NPMQ   

We now consider segment KJ. Since point K belongs to circle of 
Appolonius ω  (whose diameter is IJ), it follows that segment KJ bisects 
the exterior angle of triangle QPK  ( ).angle 1QPK  Similarly, we prove 

that LJ bisects angle .2QPL  In addition, ray PJ bisects angle KPL (since 

QP  bisects angle MPN which is vertically opposite KPL). It follows that 

point J is located at equal distances from four rays: Q,PL,PK, K  and 

,2QL  all of which are continuations of the sides of kite .NPMQ  
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Therefore, J is the center of the circle that is tangent to the continuations 
of the sides of quadrilateral NPMQ  (see Figure 14(a)). 

... DEQ  

Theorem 9. Let ABCD be a convex quadrilateral in which E is the 
point of intersection of the diagonals, and F is the point of intersection of 
the continuations of sides BC and ω;AD  is a circle coordinated with the 

“Pascal points” P and Q  formed by it; AO  and BO  are the centers of the 

circles Aω  and Bω  that pass through the points A, E, F and B, E, F, 

respectively. Then: 

(a) The polar of point AO  relative to circle ω  and the polar of point O 

relative to circle Bω  coincide (see Figure 15). 

(b) The polar of point BO  relative to circle ω  and the polar of point O 

relative to circle Aω  coincide. 

 

Figure 15. 
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Proof. We choose a system of coordinates, so that circle ω  is the unit 
circle (O is the origin and the radius is OE = 1). We use the formulas that 
relate the complex coordinates of centers AO  and BO  with the complex 

coordinates of the six points on the circle ω  (see the proof of Theorem 4): 

( ) ( ) .and
k

k
efm
efmoelfn

eflno BA −
−

=
−
−

=  

The formulas of the conjugates shall be elfn
lnoA −

−=  and .
k
k
efm

moB −
−=   

We denote by η  the polar of point AO  relative to circle ,ω  and by X 

the point of intersection of η  with center-line .BAOO  From the definition 

of a pole and its polar relative to a given circle (see [1], Chapter 6, 
Paragraph 1), points AO  and X transform into one another by inversion 

relative to circle .ω  

Therefore the following relation holds between the complex coordinates 

of points AO  and X (see [5], Paragraph 13): 
Ao

x 1=  and .1
Aox =  

We substitute the expressions for Ao  and Ao  into these equations, 

and obtain ln
elfnx

−
−=  and also ( ) .efln

elfnx
−
−=  

By equating expressions for x and Aox ,  and BA oo ,  and ,Bo  it is 

easy to see that ef
ooef

xx A
A == ,  and .ef

oo B
B =   

Therefore, ,
2

ef
xxx =  ,

2

ef
ooo A

AA =  and ( )∗= ef
ooo B

BB
2

 (we use these 

relations later in the proof). 

We now prove that points O and X transform one into the other by 
inversion relative to circle .Bω  To this end, we verify that the equality 

2
B

rXOOO BB ω=⋅  holds (see [3], Section 204). We select ,FOr BB =ω  
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and check whether the relation ( ) ( )∗∗=⋅ 2FOXOOO BBB  holds. In 

complex coordinates, equation ( )∗∗  is written as follows: 

( ) ( )( ) ( ) ( )( ) ( ) ( ),00 fofoxoxooo BBBBBB −−=−−−−  

and after opening the parentheses, we have 

( ) .1+−−=+−− fofoooxxxoxooooo BBBBBBBBBB  

We use formulas ( ),∗  and obtain 

,112222
+−−=










+−− fef

o
foef

o
ef
xxef

o
ef
xoef

o
ef

o B
B

BB
B

BB  

and finally ( ) ( ).1
222

∗∗∗++−=







−⋅







 feef
o

ef
o

ef
x

ef
o

ef
o BBBB  

Equation ( )∗∗∗  is satisfied if at least one of the following equalities is 

satisfied: 

(a)   ( ) ,1
2

++−=







−⋅ feef

o
ef

o
ef
x

ef
o

ef
o BBBB  

or 

(b)   ( ) .1
2

++−=







−⋅ feef

o
ef

o
ef

o
ef
x

ef
o BBBB  

Let us check the correctness of equality (a): 

We simplify equality (a) to the following form:  

( ) ++−− fexoB2  .0=
Bo

ef  

We substitute the expressions for Bo  and x, and obtain 

( ) ( ) ( )
( ) .02 =

−
−

++−
−
−−

−
−

efm
efmeffeln

elfn
efm
efm

k
k

k
k  
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Hence, after algebraic simplification and division of the two sides by 
lmn k=  (which follows from the data that circle ω  is coordinated with 

the “Pascal points” formed by it), we obtain 

( ) ( ) ( ) ,0224 22 =−−−−− kkk memfmfe  

and hence, since ,k≠m  we obtain the following impossible condition: 

( ) .02 =− ef  

Let us check the correctness of equality (b): 

The equality can be transformed into .0=+−−
Bo

effex  

We substitute the expressions for Bo  and x, and obtain 

.0=
−
−+−−

−
−

k
k

m
efmfeln

elfn  

After adding fractions and collecting similar terms, we obtain 

( ) ( ) ,0=
−−
+−−
k

kk
mln

fmnemnlfle  and finally ( ) ( ) .0=−− mnlfe k  

 

Since the factor mnl −k  in the last equality equal to zero (see Section 
b, Theorem 6), we conclude that this equality is a true statement, and 
therefore equality ( )∗∗∗  is satisfied, which suggests that equality ( )∗∗  is 

also true. 

Hence it follows that points O and X are transformed into one 
another relative to circle .Bω  From the definition of a pole and its polar, 

straight line η  (a line that passes through X and is perpendicular to the 

center-line) is a polar of pole O relative to circle .Bω  We have obtained 

that straight line η  is both a polar of the point AO  relative to circle ,ω  

and a polar of point O relative to circle .Bω  
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The second part (part b) of Theorem 9 is proved in a similar manner. 

... DEQ  
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