Journal of Pure and Applied Mathematics: Advances and Applications
Volume 15, Number 1, 2016, Pages 1-21

Available at http://scientificadvances.co.in

DOI: http://dx.doi.org/10.18642/jpamaa_7100121582

THE QUANTUM BINARY AND TRIPLET
DISTRIBUTION FUNCTIONS FOR
TWO-COMPONENT PLASMA

D. A. EISA

Department of Mathematics
Faculty of Education

Assuit University

New Valley

Egypt
e-mail: dalia_ah@yahoo.com

Abstract

The aim of this paper is to calculate the analytical form of the quantum binary
and triplet distribution functions of charged particles that interact through the
effective potential for two component plasma. We consider only the thermal

2
1ib 1 th f 3, <<1, wh Aab = A— th
equilibrium plasma in the case of ni , where Ay KT is the

thermal De Broglie wave-length; our calculations are based on the Bogoliubov-
Born-Green-Kirkwood-Yvon (BBGKY) hierarchy. Two forms of the quantum
triplet distribution function are calculated; one of them is based on the
Kirkwood superposition approximation (KSA) which is consisting of the
assumption that the potential in a set of three particles is the sum of the three
pair potentials, and the other form is calculated by integration the triplet
distribution function.
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1. Introduction

The calculation of the equilibrium properties of many-particle
systems for a given type of microscopic interaction is one of the most
fundamental problems in statistical physics. Strongly coupled plasmas
are of great interest for the physics of matter under extreme conditions.
Astrophysical problems such as the description of stellar and planetary
interiors have stimulated this interdisciplinary field from the beginning.
Strongly coupled plasmas are intensively studied in material sciences,
physical chemistry, condensed matter and high-pressure physics, and as
a special topic in plasma physics. In addition, fundamental problems of
many-particle physics are closely related to this field. Charged particles
as the elementary constituents of plasmas, e.g., electrons and ions or
electrons and holes in semiconductors, interact via the long-range
Coulomb potential so that many-particle effects such as dynamical
screening and self-energy, Pauli blocking and degeneracy, dynamical
local-field effects and structure factor have to be treated. Therefore, the
precise diagnostics of strongly coupled plasmas gives us a tool to test
several concepts of theoretical physics and in particular quantum
statistics. Today the physics of strongly coupled plasmas is of outstanding
relevance for major projects in inertial confinement fusion research using
high-power lasers or intense heavy ion beams. Plasmas in unusual
situations as in traps or in dimensionally reduced semiconductor
structures gain in importance. Many fundamental but also demanding
technical problems are closely related to the physics of dense plasmas.
The high temperature plasmas are considered to dealt with the classical
statistical mechanics, if their density is so low and their temperature is
so high that they may be considered as fully ionized. However, the
presence of the infinite attraction between positive and negative charges
introduces difficulties when investigated by the classical statistical
mechanics because the classical Boltzmann factor is infinite for the state
where positive charge coalesces to a negative charge, leading to the

divergence of the partition function. This divergence can be avoided by
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means of the quantum mechanical treatment. The quantum-statistical
treatment of a system of charged particles has been given by several
authors. The quantum correction identical to the classical distribution
functions can be expressed by Slater sum with regard to the electron-
electron and electron-ion interaction. Modern statistical mechanics have
put the theoretical analysis of correlations on a firm ground. The binary
and triplet distribution functions are one of the most important functions
of statistical mechanics. The importance of the radial distribution
function in statistical mechanics is due to the fact that all the
thermodynamic quantities such as the pressure, the internal energy, and
the free energies, etc. can be calculated from it. There are several closure
approximations, which express the triplet distribution function in terms
of the pair distribution function; such as Kirkwood superposition
approximation (KSA) [1]. Many authors have studied the binary and
triplet distribution functions [2-8]. The model under consideration is the
two component plasma (TCP), i.e., neutral system of point like particles
of positive and negative charges. For the numerical calculation, we
restrict ourselves to the case of two component plasma which anti-

symmetric with respect to the charges e, = —¢; = —e and therefore
symmetrical with respect to the densities n; = n, = n further, the

theoretical investigations are carried out for arbitrary electron ion mass
ratios. To simplify the numeric investigations, we simulated so far only
mass symmetrical (no relativistic) electron-positron plasma with

m, = m; = m. We study this so far unrealistic case of mass-symmetrical

plasmas in order to save computer time in particle simulations. The
mass-symmetrical model is well suited to check the quality of various

analytical approximations.

This paper is organized as follows. In Section 2, we obtain the binary
distribution function. The quantum binary distribution function for two
component plasma is given in Section 3. The quantum triplet distribution
function is given in Section 4. The quantum triplet distribution function

for two component plasma is given in Section 5.
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2. The Quantum Binary Distribution Function (BDF)

The quantum binary distribution function in the cluster expansion is
given by [9] which we can rewrite it by using Mayer function in the

following form:

Fgét(rab) = Sap exp(gap + BVab)[l + chj[facfbc - gacgbc]drc
¢

+ %Zzncndjj[facfbcfadfbdfcd + facfbcfadfbd + 4facfbcfcdfbd
c d

+ 2facfcdfbd + 2gotcgbdgcd + 8ac8bc8ad8bd ~ 4facgbdgcd
- 4fbdgacgcd]drddr1 +... ], (1)

. . [
where f,; = Syp exp(g4p + BVyp ) —1 is the Mayer function, g, = aTb

exp(—yr) is the Debye potential, Vi, = lg—f, lap = %, T is the
absolute temperature, K is the Boltzmann’s constant, e, is the charge of

particle a, D is the dielectric constant, y2 %Znaeg is the square of
a

the Debye length.

We know that

fab exp(ik.r)ﬁ' (¢)dt, 2)

g

then we have

j drfacloe
i ﬁj I J.dt1dt2drc[ﬁ (t1)F(t5) explity 1o + ity 1he )]
T

_ 1
(2n)®

j J j dtydtydr, explilty + to)r, ) F(t ) F(ty) exp (— i(ty.1, + t91))



THE QUANTUM BINARY AND TRIPLET DISTRIBUTION ... 5

dtyd(t, + to)F(ty)F(ty) exp (~ ity .1, + ty.my))

F(t)F(- 1) 7ab = 12 _[dtl i sin(firap) F()F(-t).
2n 9 Tab

3

The quantum binary distribution function up to O(e®) in the following

form:

Fgg(rab) = Sab exp(gab + BVab)

X {1 o e S FORC 0 - g0 ol
+§Zchnd[zaczbdlcd [ ) 32 0001 - oheladha
c d a

U‘d tsm(t tsin(trgp ) F03(- t)j } } (4)

where

4my?l
gab(t)"'BVab() 2 L ab ; (5)
2% + o)
1 12 ¢? 1 3
Sab(t) = 20)*80) - 4n egep 5o £ AR(L, 35 1h?)
t2
P)
abz_ 1)~ V3 x3 et
e e 1 1 3 3 1
{1-5;‘;5 2Fo(5. 5505 Zx%ﬂ)}+.... (6)
ab
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After performing the integration, we get the quantum binary distribution
function in the form

ab

qu 1 rab . lab b
Fy (rap) = 1—§5ab exp(—kQ—)+T 1—eXp(—K2—)
ab

- 2( b 2
lap Ve kb 1 3 _ Tab
1- < F -4 Aablap®
+ xab (T[ 1 1(2’2’ }\’%b ) +7 abtab®ab

2 16n T(2) 2
T, 47 3 T,
x exp(~ b ){(7; Jo + —— 2 F(- 1, 3f2, 122

7\'otb ab ab xab
l
x exp(aTb (1 + exp (- xrgp )) {1+Z ng

2
2 exp (- ab
nlgy VL CD® a Zac”%c) 3.3
—4—cosh(xrab,= 5 ; S 3 X7 Naedacdpe
X 2s+1)” (A2, +23,)2

1 ZZ {ﬂ lacleZlebd cosh(x7)

_Td“féﬂ(cosh(xrab) Xsmh(xrab))} } i
1

We can get another form of the quantum binary distribution function in
the following form:

F% = Sy exp (BVyp )FS, (8)

where

Fel _ 14 exp(— xr) L2 exp(— 2yr) LB exp(— 3xr) 4 exp(— 4yr)
ab ab r ab 2r? ab 3! 3 417t

exp\—yr
- Tc(l + lab M )Z nc(laclgc + lbclgc)
c
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exp(—yr) exp(—yr) (o exp(yr) (= 3yr
- e 1) L) (o VL) (- 3

exp(— 2yr
4 chl2 lz p(xr‘);C ) 3 ch(lacll?c + lbclgc)
c

exp(= x7) exp(=x7) g gy, EXPUT) oy
{—Tln@)— CL) By (- 2y + P (- gy )}

2n® 1
= Zzncndlaclbdlczd{e)(p(_ ) (1+ -7 ) In(3)
X c d

+ By yr)expl(- 1) (1 + Xi )+ By (= 3r) exp(xr) (1 - Xi )

4 .
g expl 2r) - expl 1) ©
E(z)=-E;(-2) = IM dt is the exponential integral function.
Fab g
— eq. 8.

R Ebeling et al. 4_

Bontiz et al. J_

ab

-----------------"-\ haaew ab T
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Figure 1. The comparison between the classical BDF, quantum BDF of
Ebeling et al. [4], quantum BDF of Bontiz et al. [7] and our quantum
BDF equation (8).
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Figure 2. The comparison between the quantum BDF from Equation (7)
and Equation (8).

3. The Quantum Binary Distribution Function for

Two Component Plasma

The model under consideration is the two component plasma (TCP),
l.e., neutral system of point like particles of positive and negative
charges. For the numerical calculation, we restrict ourselves to the case

of two component plasma which anti-symmetric with respect to the

charges e, = —e¢; = —e and therefore symmetrical with respect to the

densities n; = n, = n. The binary distribution function for two
component plasma is given by

qu lee 1 re2e lee re2e
FI' = exp| <4 (1 + exp( — %7 ) 1——exp(—T)+— l—exp(—T)
r 2 22, r

ee

2 167 I'( 5 ) 2
T, 47 3 T,
+n7‘eelee exp(— ge ){(7)2 +—321F1(_1, 3/2%)
}"ee }"ee 9

ee
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(1) 25 el = )

ee }\‘6
ee
(2s + 1) 33,

nl?
1+ Zne[ - Tj:cosh(xree )+

e

Ty (Z e )2l: COShZ(Xree ) - ee { COSh(Xree ) -X Sinh(xree )}:|’
16X
(10)

pau _ i (1 1-Lexp(- i Li ( i
J = exp 7( + exp(— xr;;) — 5 exp _XT oyl exp _XT

i

o( i 2
Llam ) (Mi)lpl(l 3 _ i
i Jr 272’

16n T 2
+ il exp( —rL—L {( 2 )§ %1171( -1,3/2, ;” )H
ll

ll 1 12

2 (- 1)43 2\/% exp( ~ P )
D S 18 .. i 6
1+ an 1 cosh(yr;) + 5 3 p

3
cosh2(x l)— i {cosh(x l)—xsinh(xrii)}}ﬁ..];
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(11

Tei

lei loiVm ( ) 1 3 r2
qu _ el _ _ ez el Aei L9 Ta
& o {1 X )} Nei Vr 1F1(2’2’ 2)

el

X exp(leTi (1+ exp( —yry; ))j {1 - %Z n, cosh(yr,; )+ %ZZnine
i e

e

21272 ) ;12
x 4= cosh™(yry; ) — 55 (cosh(y7,;) — sinh(xr;)) | (12)
16y 16y
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1%, and FJ“ are the quantum binary distribution

functions for the indicated species.
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Figure 3. The comparison between FI¥, FI*
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Figure 4. The comparison between the classical BDF and the quantum
BDF for two component plasma.

4. The Quantum Triplet Distribution Function (TDF)

The quantum TDF is given by [9], which can be rewritten in the
following form:
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nguc = SabSachc eXp(gab + 8ac t 8bc t B(Vab + Vac + Vbc))

[1+ anj[fadfbdfcd + 3fadfvd — 38ad8baldra
2

+ %Zzndnljjdrddrl[fadfbdfcdfalfblfclfdl + 8faafpafedtarfoila
71

+ 18faifpafeifar + 6fcafeifaifoifar — 6fadfoalatfvifeifar — 6fadfodtvife
+ Yadlealatlvifar—181adlatfoi =9 adfai —12fca8 ai8a1—18fudfci8al8ai
= 6faifvoi8ad8ci8di + 6fatfealdr + 68v18ca8d1 — 188ad8cdfuifpi

~ 68ca8adlaifvifel + 98ad8ba8al8pr] + - ] (13)

The quantum triplet distribution function up to O(n) is given by

nguc(r’ r 7‘") = Sab(r)Sac(r')Sbc(r") exp[gab(r) + gac(r') + gbc(r") + B{Vab(r)

' n -3(-1 23a N
+ Vac (7‘ ) + Vbc (7‘ )}] 1+ an ﬁ 753 k?zlbgab - 2nlab7\'2ab
d a

2s
3 _ 2 2 -1)™ - 2
+ § T nlabxab - 6nlabxab8ab —(;Sa)+ 1) - 3n n(ln Z)Zab}\'absab
— 2
2s, 4s 2Vn exp( ) - 2 )
(_ 1) “ Q (_ 1) kac-”‘bc 3 43
- 23 A Baedpe b e | (14)

(3] 9 3
Patl (2,417 (02 40300

Owing to Kirkwood superposition approximation (KSA), we can get the
quantum triplet distribution function in the following form:

F9% = R () FZ (" FL (). (15)

abe

Expansion (15) is equivalent to assuming that the triplet distribution
functions as a product of three radial distribution functions, substituting
Equation (7) into expansion (15), we can get the triplet distribution

function until O(e®) in the following form:
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FI8 = exp[ 8 (1 4 exp(c 1) + 92 (1 + exp( xrae) + 2 (1 + exp( xpe)
abe Tab T, The
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2 2
x {1 - % 8qp exp( — rgb + la—b{l X rgb }
Nab r Nab

2('60_17) 9 9

lapvm kb 1 3 _Taw Tab
1-—2—1F(5. 5.5 Aablapd -2

xab p 1 1(2’ 2’ )+T|: ablab®ab exp(
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3 6n (2 2
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2
24/ exp( — Zr"bz )

L 1)% et

2 3
(25 +1) (02, +33.)2

3 43
kbcxacaacsbc

2
2/ exp( — 24— )

(_ 1)43 x%zb_””%c

2 3
(25 +1) (W2 +33.)2

3 43
A‘bc}\‘absabsbc

24 exp( — ‘b )

4s 2 2

-1 Nge + X 3 .3 9

M) . 2 acBacBap | + 52,2 nam
(25 +1) (02, +23.)2 a

2
9 T lallbllgdlbd COShz (Xrab) _ % (COSh(Xrab) - sinh(xrab )) + ..
16y 16y

(16)

— according to eq. J_
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Figure 5. The comparison between TDF equation (15) and TDF owing to
KSA (according to Equation (8) and Equation (7)).
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5. The Quantum Triplet Distribution Function

for Two Component Plasma

From Equation (16), we can obtain the quantum TDF for two

component plasma in the following form:

2 2
Fge = (1 - %exp(— reTe) + le—e{l - - r;‘f }
7\’66 r 7\’66
9( Jee 2
+Zee‘/; 1-— (xee )1F1(l § _l”e_e
b b 2
Aee Jr 22 Nee
s 16n7(3) 2 )
+ Tﬁ‘eelee exp( - ee ( 2 2 + —321F1( ’ ’ ;e
}‘ee 7\’66 97\‘66 7\‘66

x exp( 3rlee (1 + exp(— 17 )j

ee

ni2 3(-1)% re 3
x |1+ ne{—?)icosh(xreeﬂ— exp( - —2— )3,
{ 2 @5 +1) e

4

o <Z e>2{ 2 cosh? ()2 (coshi e>—xsinh<xree>>}+...}

16y

17

Fi [ - Lexp(- ;” )+ ll{l—exm U }

122 ll

2( i 2
N iV 1- (i )lpl(l 3 Ty
7\’ii \/; 272 7»211

+ mhili; exp (- ) ( —3 1A(-1,3/2, 4
22 913 22

i i
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X exp (?;l” (1 + exp (- xry )j

TIZLZL ( 1)45 2
{HZ ‘{_ E T s +1)2‘f Salry )73‘}
3
_(Z 1)2{ COShZ(XTu)— 6
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(cosh(xrii )—ysinh(yr; ))} +.. } ;
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Fi%= lexp(—i) + bee 1- exp( Te )+ LoV 1- 2(;672 R (l 3 —i)
eel P) 7“%@ r 7\%@ }”ee \/_ 141 979" 2
2 3 16n (2 2
+ Mheelee €XP (_ reTe ){( 4_271: 2 + #IFI(_ 1, 3/2, reTe }:l
xee }“ei 9kei }"ee
l 2 ), L |, CA) 13 a2 i
. 7\1 . r .
x|1+-241—-exp(- re‘ ) el a F(=,=,--&
{ Tei { Aei N 171hg g ?ugei )
X exp (re—e (1 + exp (= yrpe) + 2 Z’% (1 + exp (= x7y; ))
ee
Tl',l2 2
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nl l
5 ZZ n{ 2 cosh® (7, ) - W@osh(xree) x sinh (7, ))H
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+ mhily; eXp(— iy i 5 )2+ =2 R (-1,3/2 )
2% | a2 3. 23
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|1 4 tie lie (_ rze ) lze\/_ Aie lFl(l’é’_rzl)
Tie Le \/; 2°2 7\'2ie

x eXp(%(lJreXP(— Xrii)+2%(1+eXp( X e)j
Xl:1+zne{— e)}
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l

(20)
where Fglg, F1', FIY, g

and FI% are the quantum triplet distribution
functions for the indicated species
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Figure 6. The comparison between F1¥ FI* FI¥
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1, and Fi?é‘ for TCP.



THE QUANTUM BINARY AND TRIPLET DISTRIBUTION ...

Fabe

7000 |\
6000\
5000 \

4000 \
N

3000 N

2000 \\\\
1000 RS

I'—ab
For one component plasma

Fabe

35000

300%0

25000
\

20000 \

\
15000 -
10000

5000 Re=

=i N riab
10 15 20 25 30

For two component plasma
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Figure 8. The triplet distribution function (Equation (16)) at r = r'= r".
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6. Conclusion

In the previous paper [9], we investigated the density expansions of
the reduced distribution functions of a multi-component plasma of
charged particles that interact through the effective potential and
obtained the binary and triplet distribution functions from the BBGKY
hierarchy in the classical form. In this paper, we used the previous
results to calculate the analytical forms of the quantum binary and
triplet distribution functions for two component plasma; we obtained two
forms of the quantum triplet distribution function one of them is based on
the Kirkwood superposition approximation (KSA); which is consisting of
the assumption that the potential in a set of three particles is the sum of
the three pair potentials, this is equivalent to assuming that the triplet
distribution function is the product of the three radial distribution
functions, and the other form is calculated by integration of the triplet

distribution function.

We plot the triplet distribution function for equilateral configurations
F . (r, r, r) and for certain isosceles configurations Fy.(r, r, r') for a
number of values of r,r', which are chosen to make possible a
comparison. The triplet distribution function in 3D for one and two
component plasma is given in Figure 8. The model under consideration is
the two component plasma (TCP), i.e., neutral system of point like
particles of positive and negative charges. For the numerical calculation,
we restrict ourselves to the case of a two component plasma which is

anti-symmetric with respect to the charges (e, = —¢; = —e) and

symmetrical with respect to densities n; = n, = n.
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Appendix A
J Fadfoafoadry = W J J' j' Jdtldt2dt3drd explilty +to + t5)7]
exp(i(ty.r, + to.1, + t3.7.)F (1, )F(ty)F(t3)
= (2n)%/2 J I J dt;dtydtsd(t, +to + t3)
exp (i(ty.ry + to.1y + t3.0)F () F(t)F(t3)

= (2m)1? [ [ dnydty exp (it 7oe +ta.1e DF ()P (t2)F (=11 ~12)

_ 167 J’ J‘ t1t2Sin(tlrac)Sin(t2rbc)l7‘(t1)17’ (t2)F(~ty ~to )ty dty
(275)% 50 rac’bc

(A1)
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(ZR)A
exp(—=i(t;.r, +tg.1))
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(ZR)A
exp(—itl.ra - Lt21’b )6(t2 + t3 )8(—t1 + t3)
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