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Abstract 

The aim of this paper is to calculate the analytical form of the quantum binary 
and triplet distribution functions of charged particles that interact through the 
effective potential for two component plasma. We consider only the thermal 

equilibrium plasma in the case of ,13 <<λabn  where KTmab
ab

2==λ  is the 

thermal De Broglie wave-length; our calculations are based on the Bogoliubov-
Born-Green-Kirkwood-Yvon (BBGKY) hierarchy. Two forms of the quantum 
triplet distribution function are calculated; one of them is based on the 
Kirkwood superposition approximation (KSA) which is consisting of the 
assumption that the potential in a set of three particles is the sum of the three 
pair potentials, and the other form is calculated by integration the triplet 
distribution function. 
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1. Introduction 

The calculation of the equilibrium properties of many-particle 
systems for a given type of microscopic interaction is one of the most 
fundamental problems in statistical physics. Strongly coupled plasmas 
are of great interest for the physics of matter under extreme conditions. 
Astrophysical problems such as the description of stellar and planetary 
interiors have stimulated this interdisciplinary field from the beginning. 
Strongly coupled plasmas are intensively studied in material sciences, 
physical chemistry, condensed matter and high-pressure physics, and as 
a special topic in plasma physics. In addition, fundamental problems of 
many-particle physics are closely related to this field. Charged particles 
as the elementary constituents of plasmas, e.g., electrons and ions or 
electrons and holes in semiconductors, interact via the long-range 
Coulomb potential so that many-particle effects such as dynamical 
screening and self-energy, Pauli blocking and degeneracy, dynamical 
local-field effects and structure factor have to be treated. Therefore, the 
precise diagnostics of strongly coupled plasmas gives us a tool to test 
several concepts of theoretical physics and in particular quantum 
statistics. Today the physics of strongly coupled plasmas is of outstanding 
relevance for major projects in inertial confinement fusion research using 
high-power lasers or intense heavy ion beams. Plasmas in unusual 
situations as in traps or in dimensionally reduced semiconductor 
structures gain in importance. Many fundamental but also demanding 
technical problems are closely related to the physics of dense plasmas. 
The high temperature plasmas are considered to dealt with the classical 
statistical mechanics, if their density is so low and their temperature is 
so high that they may be considered as fully ionized. However, the 
presence of the infinite attraction between positive and negative charges 
introduces difficulties when investigated by the classical statistical 
mechanics because the classical Boltzmann factor is infinite for the state 
where positive charge coalesces to a negative charge, leading to the 
divergence of the partition function. This divergence can be avoided by 
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means of the quantum mechanical treatment. The quantum-statistical 
treatment of a system of charged particles has been given by several 
authors. The quantum correction identical to the classical distribution 
functions can be expressed by Slater sum with regard to the electron-
electron and electron-ion interaction. Modern statistical mechanics have 
put the theoretical analysis of correlations on a firm ground. The binary 
and triplet distribution functions are one of the most important functions 
of statistical mechanics. The importance of the radial distribution 
function in statistical mechanics is due to the fact that all the 
thermodynamic quantities such as the pressure, the internal energy, and 
the free energies, etc. can be calculated from it. There are several closure 
approximations, which express the triplet distribution function in terms 
of the pair distribution function; such as Kirkwood superposition 
approximation (KSA) [1]. Many authors have studied the binary and 
triplet distribution functions [2-8]. The model under consideration is the 
two component plasma (TCP), i.e., neutral system of point like particles 
of positive and negative charges. For the numerical calculation, we 
restrict ourselves to the case of two component plasma which anti-
symmetric with respect to the charges eee ie −=−=  and therefore 

symmetrical with respect to the densities nnn ei ==  further, the 

theoretical investigations are carried out for arbitrary electron ion mass 
ratios. To simplify the numeric investigations, we simulated so far only 
mass symmetrical (no relativistic) electron-positron plasma with 

.mmm ie ==  We study this so far unrealistic case of mass-symmetrical 

plasmas in order to save computer time in particle simulations. The 
mass-symmetrical model is well suited to check the quality of various 
analytical approximations. 

This paper is organized as follows. In Section 2, we obtain the binary 
distribution function. The quantum binary distribution function for two 
component plasma is given in Section 3. The quantum triplet distribution 
function is given in Section 4. The quantum triplet distribution function 
for two component plasma is given in Section 5. 
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2. The Quantum Binary Distribution Function (BDF) 

The quantum binary distribution function in the cluster expansion is 
given by [9] which we can rewrite it by using Mayer function in the 
following form: 

( ) ( ) [ [ ] cbcacbcacc
c

abababab
qu
ab drggffnVgSrF −+β+= ∫∑1exp  

[ bdcdbcacbdadbcaccdbdadbcacdc
dc

fffffffffffffnn 42
1 +++ ∫∫∑∑  

cdbdacbdadbcaccdbdacbdcdac ggfgggggggfff 422 −+++  

] ],4 1 …+− drdrggf dcdacbd  (1) 

where ( ) 1exp −β+= abababab VgSf  is the Mayer function, r
lg ab

ab =  

( )rχ−exp  is the Debye potential, TDKT
eelr

lV ba
ab

ab
ab ,, =

β
=  is the 

absolute temperature, K is the Boltzmann’s constant, ae  is the charge of 

particle a, D is the dielectric constant, 22 4
aa

a
enDKT ∑

πχ  is the square of 

the Debye length.  

We know that 

( ) ( ) ,~.exp
2
1

3 dttFrifab k∫π
=  (2) 

then we have 

bcacc ffdr∫  

( )
[ ( ) ( ) ( )]bcacc ritrittFtFdrdtdt ..exp~~

2
1

2121213 +
π

= ∫∫∫  

( )
( )( ) ( ) ( ) ( )( )bacc rtrtitFtFrttidrdtdt ..exp~~.exp

2
1

212121213 +−+
π

= ∫∫∫  
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( )
( ) ( ) ( ) ( )( )ba rtrtitFtFttdtdt ..exp~~

2
1

212121213 +−+δ
π

= ∫   

( )
( ) ( ) ( ) ( ) ( ).~~sin

2
1~~

2
1

11
11

1
0

2
.

1113
1 tFtFr

rttdtetFtFdt
ab

abrit ab −
π

=−
π

= ∫∫
∞

 

(3) 

The quantum binary distribution function up to ( )6eO  in the following 

form: 

( ) ( )abababab
qu
ab VgSrF β+= exp  

( )
( ) ( ) ( ) ( ) ( ){ }






−−−

π
+× ∫∑ dttgtgtFtFr

trtnc
ab

ab

c

~~~~sin
2
11 3  

( ) ( ) ( )





−−+ ∫∑∑ bdadbcac

ab
ab

cdbdacdc
dc

lllldttgtgr
trtlllnn ~~sin

2
1 2  

( ) ( ) ( ) ,~~sin 2






+












 −× ∫ …tgtgr

trtdt
ab

ab   (4) 

where 

( ) ( )
( )

;4~~
222

2

χ+

πχ
=β+

tt
ltVtg ab

abab  (5) 

( ) ( ) ( ) ( )22
112

3
4
1;2

3,2
1142~ 22

4
1

tFe
t

eettS b
t

baab
ab λβπ−δπ=

λ−
 

( ) 22
4
1

33
2

12
1 t

ab

s
ab

abes
λ−

λπ
+

−δ+  

{ ( )} .4
1;2

3,2
3,2

1,2
11 22

22 …+λ
λπ

β
−× tFee

b
ab

ba   (6) 
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After performing the integration, we get the quantum binary distribution 
function in the form 

( ) ( ) ( )


















λ
−−+

λ
−δ−= 2

2

2

2
exp1exp2

11
ab

abab

ab

ab
abab

qu
ab

r
r

lrrF  

( )
( ) ababab

ab

ab
r

ab
ab lrFl ab

ab

δπλ+














λ
−

π
−

λ
π

+
λ

2

2
11 ,2

3,2
12

1  

( ) ( )
( )

( )


















λ
−

λ

Γπ
+

λ

π

λ
−× 2

2
113

2
5

22

2
,23,1

9

164exp 2
3

ab

ab

ababab

ab rFr  

( ( )





+






 χ−+× ∑ d

d
ab

ab nrr
l 1exp1exp  

( ) ( )
( )

( )

( )




















δδλλ
λ+λ

−π

+

−+χ
χ

π
−×

λ+λ
bcacacbc

bcac

r
s

ab
ab bcac

ab

s
rl 33

222

42

2
3

22

2
exp2

12
1cosh4  

( )






χ
χ

π
+ ∑∑ rllllnn bdadbcac

dc
dc

2
2

2
cosh

162
1  

( ( ) ( )) .sinhcosh
16 3 




+





χχ−χ
χ

π
− …abab

cdbdac rrlll  (7) 

We can get another form of the quantum binary distribution function in 
the following form: 

( ) ,exp cl
ababab

qu
ab FVSF β=  (8) 

where 

( ) ( ) ( ) ( )
4

4
3

3
2

2
!4

4exp
!3

3exp
2

2expexp1
r

rl
r

rl
r

rlr
rlF abababab

cl
ab

χ−
+

χ−
+

χ−
+

χ−
+=  

( ( ) ) ( )2exp1 acbc
c
bcacc

c
ab llllnr

rl +
χ−

+π− ∑  
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( ) ( ) ( ) ( ) ( ) ( )






 χ−

χ
χ+χ−

χ
χ−

−
χ

χ−
− rEr

rrEr
r

r
r

ii 3expexp3lnexp  

( )
( )

( )33
3

22
34

2exp
4
1

acbcbcacc
c

acbcc
c

lllln
r

rlln +π−
χ

χ−
+ ∑∑  

( ) ( ) ( ) ( ) ( ) ( )






 χ−

χ
χ+χ−

χ
χ−

−
χ

χ−
− rEr

rrEr
r

r
r

ii 4exp2exp2lnexp  

( ) ( ) ( )




χ
+χ−

χ

π+ ∑∑ 3ln11exp2 2
2

2

rrlllnn cdbdacdc
dc

 

( ) ( ) ( ) ( ) ( ) ( )rrrErrrE ii χ
−χχ−+

χ
+χ−χ−+ 11exp311exp  

( ) ( )( ) ;exp2exp3
4



χ−−χ−

χ
+ rrr  (9) 

( ) ( ) ( ) dtt
tzEzE

z
ii

−=−−= ∫
∞ exp  is the exponential integral function. 

 

Figure 1. The comparison between the classical BDF, quantum BDF of 
Ebeling et al. [4], quantum BDF of Bontiz et al. [7] and our quantum 
BDF equation (8). 
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Figure 2. The comparison between the quantum BDF from Equation (7) 
and Equation (8). 

3. The Quantum Binary Distribution Function for 
Two Component Plasma 

The model under consideration is the two component plasma (TCP), 
i.e., neutral system of point like particles of positive and negative 
charges. For the numerical calculation, we restrict ourselves to the case 
of two component plasma which anti-symmetric with respect to the 
charges eee ie −=−=  and therefore symmetrical with respect to the 

densities .nnn ei ==  The binary distribution function for two 
component plasma is given by 

( ( ) ( ) ( )


















λ
−−+

λ
−−






 χ−+= 2

2

2

2
exp1exp2

11exp1exp
ee

eeee

ee

ee
ee

eequ
ee

r
r

lrrr
lF  

( )
( )















λ
−

π
−

λ
π

+ λ
2

2
11 ,2

3,2
12

1
ee

ee
r

ee
ee rFl ee

ee

 

( ) ( )
( )

( )


















λ
−

π

Γπ
+

λ

π

λ
−πλ+ 2

2
113

2
5

22

2
,23,1

9

164exp 2
3

ee

ee

eeeeee

ee
eeee

rFrl  
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[ ( ) ( )
( )

( )



















λ
λ

−

+

−+χ
χ

π
−+ λ

π

∑ 6
3

22
2

42 2

2
exp2

12
1cosh41 ee

ee

r
s

ee
ee

e
e

ee

ee

s
rln  

( ) ( ) { ( ) ( )} ;sinhcosh
16

cosh
162

1
3

3
2

2

42
2












χχ−χ

χ

π
−χ

χ

π
+ ∑ eeee

ee
ee

ee
e

e
rrlrln  

(10) 

( ( ) ( ) ( )


















λ
−−+

λ
−−






 χ−+= 2

2

2

2
exp1exp2

11exp1exp
ii

iiii

ii

ii
ii

iiqu
ii

r
r
lrrr

lF  

( )
( )















λ
−

π
−

λ
π

+ λ
2

2
11 ,2

3,2
12

1
ii

ii
r

ii
ii rFl ii

ii

 

( ) ( )
( )

( )


















λ
−

λ

Γπ
+

λ

π

λ
−πλ+ 2

2
113

2
5

22

2
,23,1

9

164exp 2
3

ii

ii

iiiiii

ii
iiii

rFrl  

( ) ( )
( )

( )





















λ
λ

−

+

−+χ
χ

π
−






+

λ
π

∑ 6
3

22

2

42 2

2
exp2

12
1cosh41 ii

ii

r
s

ii
ii

i
i

ii

ii

s
rln  

( ) ( ) { ( ) ( )} ;sinhcosh
16

cosh
162

1
3

3
2

2

42
2






+












χχ−χ

χ

π
−χ

χ

π
+ ∑ …iiii

ii
ii

ii
i

e
rr

l
rln  

(11) 

( )
( )

( )






























λ
−

π
−

λ
π

+












λ
−−+= λ

2

2
112

2
,2

3,2
12

1exp11
ei

ei
r

ei
ei

ei

eieiqu
ei

rFlr
r

lF ei
ei

 

( )( ) ( )





+χ

χ
π

−





 χ−+× ∑∑∑ ei

ei
eie

e

eeie
ei

ei nnrnllrr
l

2
1cosh41exp1exp  

( ) ( ) ( )( ) ,sinhcosh
16

cosh
16 3

2
2

2

222



















χ−χ
χ

π
−χ

χ

π
× eiei

eeie
ei

eeie rrllrll  (12) 
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where ,, qu
ei

qu
ee FF  and qu

iiF  are the quantum binary distribution 

functions for the indicated species. 

 

Figure 3. The comparison between ,, qu
ei

qu
ee FF  and qu

iiF  for TCP. 

 

Figure 4. The comparison between the classical BDF and the quantum 
BDF for two component plasma. 

4. The Quantum Triplet Distribution Function (TDF) 

The quantum TDF is given by [9], which can be rewritten in the 
following form: 
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( ( ))bcacabbcacabbcacab
qu
abc VVVgggSSSF ++β+++= exp  

[ [ ] dbdadbdadcdbdadd
d

drggfffffn 331 −++ ∫∑  

[ dlblalcdbdaddlclblalcdbdadldld
ld

fffffffffffffdrdrnn 62
1 ++ ∫∫∑∑  

clblbdaddlclblalbdaddlblalclcddlclbdal fffffffffffffffffff 66618 −−++  

dlalcladdlalcdaladblaladdlblalcdad ggffggfffffffffff 18129189 −−−−+  

blalcdaddlcdbldlcdaldlcladblal ffgggggfffgggff 18666 −++−  

] ].96 …++− blalbdadclblaladcd ggggfffgg  (13) 

The quantum triplet distribution function up to ( )nO  is given by 

( ) ( ) ( ) ( ) [ ( ) ( ) ( ) { ( )rVrgrgrgrSrSrSrrrF abbcacabbcacab
qu
abc β+++= "'exp"'"',  

( ) ( )}] ( )



















λπ−δλπ
+

−−+++ ∑ 233
2

212
131"' ababababa

s
d

d
bcac lSnrVrV

a
 

( )
( ) ( ) ababab

a

s
ababababab lSll

a
δλππ−

+
−

δλπ−λππ+ 2
2

22 2ln312
162

3  

( ) ( )
( )

( )

( )
.

exp2

12
1312

1 33
222

42

2
3

22
2










+










δδλλ
λ+λ

−π

+

−−
+

− λ+λ
…bcacacbc

bcac

r

a

s

a

s
bcaca

sS   (14) 

Owing to Kirkwood superposition approximation (KSA), we can get the 
quantum triplet distribution function in the following form: 

( ) ( ) ( ).'" rFrFrFF qu
ac

qu
bc

qu
ab

qu
abc =  (15) 

Expansion (15) is equivalent to assuming that the triplet distribution 
functions as a product of three radial distribution functions, substituting 
Equation (7) into expansion (15), we can get the triplet distribution 
function until ( )8eO  in the following form: 
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Figure 5. The comparison between TDF equation (15) and TDF owing to 
KSA (according to Equation (8) and Equation (7)). 
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5. The Quantum Triplet Distribution Function  
for Two Component Plasma 

From Equation (16), we can obtain the quantum TDF for two 
component plasma in the following form: 

( ) ( )












λ
−−





+

λ
−−= 2

2

2

2
exp1exp2

11
ee

eeee

ee

eequ
eee

r
r

lrF  

( )
( )















λ
−

π
−

λ
π

+ λ
2

2
11 ,2

3,2
12

1
ee

ee
r

ee
ee rFl ee

ee

 

( ) ( )
( )

( )
3

2

2
113

2
5

22

2
,23,1

9

164exp 2
3




















λ
−

λ

Γπ
+

λ

π

λ
−πλ+

ee

ee

eeeeee

ee
eeee

rFrl  

( ( )





 χ−+× ee

ee
ee rr

l exp13exp  

( ) ( )
( )

( )


















λ
λ

−π

+

−+χ
χ

π
−+× ∑ 3

2

2

2

42

2
exp212

13cosh431 ee
ee

ee
s

ee
ee

e
e

r
s

rln  

( ) ( ) ( ) ( )( ) ;sinhcosh
16

cosh
162

1
3

3
2

2

42
2






+













χχ−χ
χ

π
−χ

χ

π
+ ∑ …eeee

ee
ee

ee
e

e
rrlrln  

(17) 

( ) ( )












λ
−−





+

λ
−−= 2

2

2

2
exp1exp2

11
ii

iiii

ii

iiqu
iii

r
r
lrF  

( )
( )















λ
−

π
−

λ
π

+
λ

2

2
11 ,2

3,2
12

1
ii

ii
r

ii
ii rFl ii

ii

 

( ) ( )
( )

( )
3

2

2
113

2
5

22

2
,23,1

9

164exp 2
3




















λ
−

λ

Γπ
+

λ

π

λ
−πλ+

ii

ii

iiiiii

ii
iiii

rFrl  



THE QUANTUM BINARY AND TRIPLET DISTRIBUTION … 15

( ( )





 χ−+× ii

ii
ii rr

l exp13exp  

( ) ( )
( )

( )


















λ
λ

−π

+

−
+χ

χ
π

−+× ∑ 3
2

2

2

42

2
exp212

13cosh431 ii
ii

ii
s

ii
ii

i
i

r
s

rln  

( ) ( ) ( ) ( )( ) ;sinhcosh
16

cosh
162

1
3

3
2

2

42
2






+













χχ−χ
χ

π
−χ

χ

π
+ ∑ …iiii

ii
ii

ii
i

i
rr

l
rln  

(18) 

( ) ( )
( )

( )














λ
−

π
−

λ
π

+












λ
−−






+

λ
−−= λ

2

2
112

2

2

2
,2

3,2
12

1exp1exp2
11

ee

ee
r

ee
ee

ee

eeee

ee

eequ
eei

rFlr
r

lrF ee
ee

 

( ) ( )
( )

( )


















λ
−

λ

Γπ
+

λ

π

λ
−πλ+ 2

2
113

2
5

22

2
,23,1

9

164exp 2
3

ee

ee

eieiee

ee
eeee

rFrl  

( )
( )

( )
2

2

2
112

2
,2

3,2
12

1exp11


























λ
−

π
−

λ
π

+












λ
−−+×

λ

ei

ei
r

ei
ei

ei

ei
ei
ei rFlr

r
l ei  

( ( ) ( ( )





 χ−++χ−+× ei

ei
ee

ee
ee rr

lrr
l exp12exp1exp  

( ) ( ) ( )


















χ
χ

π
−χ

χ
π

−χ
χ

π
−+× ∑ ei

ei
ei

ei
ee

ee
d

d
rlrlrln cosh4cosh4cosh41

222
 

( ) ( ) ( )( ) ;sinhcosh
16

cosh
162

1
3

2
2

22



















χχ−χ
χ

π
−χ

χ

π
+ ∑∑ eeee

cdbdal
ee

ee
ee

ee
rrlllrlnn  

(19) 

( ) ( )
( )

( )






















λ
−

π
−

λ
π

+












λ
−−+

λ
−−= λ

2

2
112

2

2

2
,2

3,2
12

1exp1exp2
11

ii

ii
r

ii
ii

ii

iiii

ii

iiqu
iie

rFlr
r
lrF ii

ii

 

( ) ( )
( )

( )


















λ
−

λ

Γπ
+

λ

π

λ
−πλ+ 2

2
113

2
5

22

2
,23,1

9

164exp 2
3

ii

ii

iiiiii

ii
iiii

rFrl  



D. A. EISA 16

( )
( )

( )

2

2

2
112

2
,2

3,2
12

1exp11






























λ
−

π
−

λ
π

+












λ
−−+× λ

ie

ie
r

ie
ie

ie

ie
ie
ie rFlr

r
l ie

ie

 

( ( ) ( ( )





 χ−++χ−+× ie

ie
ii

ii rr
lrr

l exp12exp1exp  

( ) ( )


















χ
χ

π
−χ

χ
π

−+× ∑ ie
ie

ii
ii

e
e

rlrln cosh2cosh41
22

 

( ) ( ) ( ) ( )( ) ,sinhcosh
16

cosh
162

1
3

2
2

2

42
2



















χχ−χ
χ

π
−χ

χ

π
+ ∑ iiii

eeie
ii

ie
e

e
rrllrln  

(20) 

where ,,, qu
eei

qu
iii

qu
eee FFF  and qu

iieF  are the quantum triplet distribution 

functions for the indicated species. 

 

Figure 6. The comparison between ,,, qu
eii

qu
iii

qu
eee FFF  and qu

iieF  for TCP. 
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For one component plasma 

 

For two component plasma 

Figure 7. The triplet distribution function (Equation (16)) at ".' rrr ==  
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For one component plasma 

 

For two component plasma 

Figure 8. The triplet distribution function (Equation (16)) at ".' rrr ≠=  
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6. Conclusion 

In the previous paper [9], we investigated the density expansions of 
the reduced distribution functions of a multi-component plasma of 
charged particles that interact through the effective potential and 
obtained the binary and triplet distribution functions from the BBGKY 
hierarchy in the classical form. In this paper, we used the previous 
results to calculate the analytical forms of the quantum binary and 
triplet distribution functions for two component plasma; we obtained two 
forms of the quantum triplet distribution function one of them is based on 
the Kirkwood superposition approximation (KSA); which is consisting of 
the assumption that the potential in a set of three particles is the sum of 
the three pair potentials, this is equivalent to assuming that the triplet 
distribution function is the product of the three radial distribution 
functions, and the other form is calculated by integration of the triplet 
distribution function. 

We plot the triplet distribution function for equilateral configurations 
( )rrrFabc ,,  and for certain isosceles configurations ( )',, rrrFabc  for a 

number of values of ,', rr  which are chosen to make possible a 

comparison. The triplet distribution function in 3D for one and two 
component plasma is given in Figure 8. The model under consideration is 
the two component plasma (TCP), i.e., neutral system of point like 
particles of positive and negative charges. For the numerical calculation, 
we restrict ourselves to the case of a two component plasma which is 
anti-symmetric with respect to the charges ( )eee ie −=−=  and 

symmetrical with respect to densities .nnn ei ==  
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