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Abstract 

For observations recorded regularly on a perfect circle or sphere, we present a new 
class of stationary models that clothe naturally the spatial second-order 
dependence. At first, the new model might be seen as the cyclical analogue of the 
standard auto-regressive model. Further and due to the spherical structure, a 
finite auto-regressive as well as finite moving-average dependence may be clothed 
simultaneously via the so-called CAL model. Some existing results from time 
series might be simplified and we may easily proceed with the estimation and 
statistical inference for the coefficients of best linear prediction, which are needed 
for kriging on the spherical surface. 

1. Introduction 

The analysis of stationary spatial processes has often become a 
generalization of the classical analysis of series on the time axis 

{ }.,1,0 K±=Z  Considering that a spatial process takes place in the 

plane 2Z  is in fact an approximation due to the actual spherical shape of 
surfaces. Some previous attempts to present new mechanisms that 
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express solely the spherical spatial dependence, such as those of Jones [7] 
or McLeod [10], are spectral-density oriented and they lack the 
meaningfulness and simplicity of the parameters involved, like these are 
secured by a model-based approach. 

Furthermore, these attempts have been hardly accompanied by 
definitions of relevant estimators and their asymptotic behavior; spatio-
temporal processes have been considered instead, as increasing the 
number of timings can provide the necessary structure for inference over 
the spatial dimensions. For example, Cressie and Huang [4], and Ma [9] 
have focused on constructing valid covariance functions for spatio-
temporal processes on flat surfaces, while Jun and Stein [8] have done 
the same on spheres. A general methodology regarding the estimation 
and statistical inference for the parameters expressing the spatial 
dependence using the temporal dynamics only, has been provided by 
Dimitriou-Fakalou [5]. 

For regularly spaced observations on a sphere, we have constructed 
meaningful stationary models, which allow for a methodology of 
identification, estimation, diagnostic checking, and kriging to be adopted; 
similarly to the stationary ARMA model for a time series, the CAL model 
may be seen as the main tool to proceed with the statistical analysis on a 
circle. A natural pattern has been followed that imitates Whittle [11] on 

Z , and then on ,2Z  such that first the simple case of the circle is 
addressed, and then a discussion on the sphere follows. 

The models we have built up respect the regular spacing of locations 
on a spherical surface, while they do not depend on the number of points 
observed. They use directly as parameters the coefficients needed for 
spatial prediction. For the new derivations, we most advantageously 
reproduce the methods of Besag [2]. A theorem establishes the asymptotic 
normality of the observed coefficients under a finite fourth moment 
condition; the result is distribution-free and copies the classical time 
series Bartlett’s formulas in the variance matrix. How many ‘neighbors’ 
are needed for kriging? How can we estimate the relevant parameters 
and use them for prediction? Such questions will be answered next. 
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2. Notation 

For a given circle and a positive integer N, we consider Nss ,,1 K  to 

be N fixed and regularly spaced points on the circle, i.e., they form a 
polygon with N equal edges. Conventionally and starting from a first 
point ,1s  we may label 1+js  to be the ‘next’ point from ,,1, K=js j  

,1−N  and moving from left to right on the circle. We will then write 
{ ( ) }Njsj ,,1, K=ε  to be a set of uncorrelated random variables, each 

with zero mean and variance ,0 2 ∞<σ<  taking place on the N points. 

Next, we consider any positive integer p, such that we write =N  
( ) pMp 1+  and ,,2,1 K=pM  i.e., N is a multiple of ( ).1+p  The N 

original points on the circle might be now seen as pM  different sets of 

( )1+p  equally spaced points or pM  different polygons each one with 

( )1+p  equal edges. We will then define the conventional ‘right-shift’ 

operator pR  to be such that ( ) NjsR jp ,,1, K=ε  is the ε  on the ‘next’ 

point from left to right of the ( )-1+p rather than the N-polygon. 

As an example for the equally spaced 201 ,, ss K  points, we may 

consider 1=p  with 101 =M  diameters, 3=p  with 53 =M  squares, 

4=p  with 44 =M  pentagons and 9=p  with 29 =M  decagons; of 
course, the polygon with the most points we can make is just one and it is 
using all the 20 points. Then 1s  is on the same diameter as ,11s  on the 

same square as ,, 116 ss  and ,16s  on the same pentagon as ,,, 1395 sss  

and 17s  and, finally, on the same decagon as .9,,1,12 K=+ ks k  If we 

consider the random variables { ( ) },20,,1, K=ε js j  we may apply the 

different ‘right-shift’ operators on, say ( ),1sε  to derive 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ).,,, 3195146131111 ssRssRssRssR ε=εε=εε=εε=ε  

Similarly to the pR  operator, the ‘left-shift’ operator 1−≡ pp RL  may be 

defined to move to the ‘next’ point of the ( ) -1+p polygon from right to 

left. It is not difficult to verify that ( ) i
p

ikp
p RR =++1  for any ., Z∈ki  
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3. CAL Models on the Circle 

For given p, we will write ( )[ ].21+= pl  Based on { ( ) }Njsj ,,1, K=ε   

and some real numbers ,,,1 lθθ K  we define the random variables 

( ) ( ) ( ) .,,1,
1

NjsRssY j
i
pi

l

i
jj K=εθ+ε= ∑

=

 (1) 

Then for some real numbers ∞<< ν0  and lββ ,,1 K  with =≤β ii ,1  

,,,1 lK  we may write that 

( ( ) ( )) ( )






=−+=−β

=
≡

otherwise,,0
,,,1,1,if,

,if,
,Cov liipMiMkj

kj
sYsY ppikj Kν−

ν
 

(2) 

for .,,1, Nkj K=  According to (2), all the random variables Y have 

the same variance .ν  Further, two random variables ( )jsY  and ( )ksY  

have a nonzero correlation only, if the locations kj ss ,  are on the same 

( ) -1+p polygon and i of its ‘steps’ or edges away; this correlation iβ−  is a 

function of i and, in that sense, the N random variables have a (weakly) 
stationary dependence. The symmetry restrictions of the covariances 
imply that we do not use ( )1+p  but l parameters β  instead. 

The numbers lββ ,,1 K  and ν  might be directly derived from the 

numbers lθθ ,,1 K  and ,2σ  as (2) expresses the second-order properties 
of the random variables Y, while (1) models Y as linear functions of the .ε  
It should be highlighted though, that there are several ways to model 
linear functions of ε  and derive covariance properties (2). One may wish 
to replace the one-sided representation (1) that uses lθθ ,,1 K  by a two-
sided filter 

( ) ( ) ( ) NjsRssY j
i
pi

p

i
jj ,,1,

1
K=εθ+ε= ∗

=

∗ ∑  



THE CYCLICAL AUTO-LINEAR MODEL ON THE SPHERE 15

with ∗∗ θθ p,,1 K  instead, such that (2) applies for ;∗Y  Example 3.1 

explains this further. For the ARMA (p, q) model on ,Z  the same auto-

covariance function or spectral density can be achieved by qp+2  different 
equations based on the same uncorrelated random variables; one of these 
equations only defines a causal and invertible ARMA process and 
guarantees the identifiability of the auto-regressive and moving-average 
parameters from the auto-covariance function. The distinction between 
‘unilateral’ and ‘bilateral’ pure auto-regressive processes as well as when 
these share the same spectral density, was first described by Whittle [11]. 

For any ,,,1 Nj K=  we will write the variance matrix 

( ( ) ( ) ( )) .Var1 τ
ν j

p
pjpj sYRsYRsYB K=  

It is not difficult to verify that it is 

,

1

1
1

11321

23111

1221



















β−β−β−β−β−β−

β−β−β−β−β−β−
β−β−β−β−β−β−

≡

−

−

L

LL

ll

ll

ll

B

 

(3) 

if p is even, or 

,

1

1
1

121321

23111

12121



















β−β−β−β−β−β−

β−β−β−β−β−β−
β−β−β−β−β−β−

≡

−−

−

−

L

LL

ll

ll

ll

B

 

(4) 

if p is odd. 

Definition 1. The random variables { ( ) }NjsX j ,,1, K=  follow the 

Cyclical Auto-Linear model of order p and we write { ( )} ( ),~ pCALsX j  if 

for the zero mean random variables { ( ) }NjsY j ,,1, K=  with 
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covariances described by (2) and with positive-definite matrix B defined 
by (3) or (4), it holds for any Nj ,,1 K=  that 

( )
( ) ( ( ) ( ))

( ) ( ( ) ( )) ( )







β−+β−

+β−
=

∑
∑

−

=

=

odd.isif,

even,isif,
1

1

1

psXRsXLsXRsX

psXLsXRsX
sY

j
l
plj

i
pj

i
pi

l

ij

j
i
pj

i
pi

l

ij
j  

(5) 

The term ‘auto-linear’ stems directly from the definitions of Dimitriou-
Fakalou [6] on dZ  and for any positive integer d. The auto-linear model 
has clothed the same second-order properties as an auto-regressive 
equation, only that it is natural for spatial processes and, unlike an auto-
regression unless specified to be causal, it guarantees a one-to-one 
correspondence with the finite number of elements in the denominator of 
the spectral density. Furthermore, it is simultaneous, which distinguishes 
it from the conditional approaches of Besag [1]. For the sake of example, 
the process { }Z∈tXt ,  is a (weakly) stationary auto-regression of order 
p, i.e., it satisfies 

,11 tptptt XXX ε=ϕ−−ϕ− −− K  (6) 

where { }tε  are zero mean, uncorrelated random variables with a finite 
variance. Then the spectral density of { }tX  is 

( ) {( ) ( )} ,11 11
11

−−− ϕ−−ϕ−ϕ−−ϕ−ω p
p

p
pX zzzzg KK  

( ),,,1, ππ−∈ω−== ω iez i  (7) 

which can also be expressed as 

( ) { ( ) ( )} ( ),,,1,,1 11
1 ππ−∈ω−==+β−−+β−ω ω−−− iezzzzzg ipp

pX K

 

(8) 

and pββ ,,1 K  may be derived from pϕϕ ,,1 K  in an obvious way. 

Nevertheless, there are p2  different sets of ϕ  that can generate the 
same .β  The unique auto-linear representation relating to (8) is 
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( ) ,
1

tititi

p

i
t YXXX =+β− +−

=
∑  (9) 

and { }tY  is now a finite moving-average process with auto-correlations 
equal to iβ−  at lags pi ,,1 K=  and zero anywhere further. While a 

causal representation (6) is useful to express the dependence over time 
due to the unidirectional flow of the time axis, the auto-linear model (9) 
might be more appropriate to express the spatial dependence on the line 
transect (see Whittle [11]) or for smoothing in time series. Once the 

definitions are generalized on dZ  with any positive integer d, the auto-
linear model might be used for processes occuring on approximately flat 

surfaces 2Z  or the three-dimensional space .3Z  

Back to Definition 1 and following the same sequel as on ,Z  the 
Cyclical Auto-Linear equation of order p on the circle models 
simultaneously N random variables { ( ) }NjsX j ,,1, K=  as linear 

combinations of some other N random variables { ( ) }NjsY j ,,1, K=  

with a finite ‘moving-average’ dependence (2); this is in the sense that 
each ( ) NjsY j ,,1, K=  relates to only p nonzero correlations with other 

( ) .,,,1, jkNksY k ≠= K  The model is natural for the spatial 
dependence, as it does not imply any directional preference on the circle. 
The variables on all the locations of the ( )1+p -polygon have been taken 
into the equation but symmetry conditions on the coefficients β  are also 
present. Why the new random variables { ( ) }NjsX j ,,1, K=  have been 

most advantageously defined from { ( ) }NjsY j ,,1, K=  according to the 

CAL equation, follows in the next section. 

3.1. The example of a CAL(2) model 

For the three fixed points ,, 21 ss  and 3s  on the circle, which form an 
equilateral triangle, we may consider the uncorrelated random variables 
{ ( ) },3,2,1, =ε js j  as we described before. If we define the new random 

variables 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ),,, 133322211 sssYsssYsssY θε+ε=θε+ε=θε+ε=  
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it is not difficult to verify that the correlation between the random 
variables is 

( ( ) ( )) ( ( ) ( )) ( ( ) ( )) .
1

,Corr,Corr,Corr 2133221
θ+

θ=== sYsYsYsYsYsY  

On the other hand, we may also define the variables { ( ) }3,2,1, =∗ jsY j  

from ( ) ( ) ( ) ( ),322111 ssssY εθ+εθ+ε=∗  and ( ) ( ) ( )3122 sssY εθ+ε=∗  

( ) ( ) ( ) ( ) ( ),, 22113312 ssssYs εθ+εθ+ε=εθ+ ∗  and use two parameters 

21, θθ  to reduce again to one correlation only 

( ( ) ( )) ( ( ) ( ))3221 ,Corr,Corr sYsYsYsY ∗∗∗∗ =  

( ( ) ( )) .
1

,Corr 2
2

2
1

2121
13

θ+θ+

θθ+θ+θ
== ∗∗ sYsY  

There are many ways to define our Y variables as linear combinations of 
the three ,ε  which could use up to three parameters θ  and they would all 
result in one identical correlation, say ,β−  between all the possible pairs 
of different Y. Provided that the matrix 

















β−β−
β−β−
β−β−

=
1

1
1

B  

is positive-definite, we write { ( ) } ~3,2,1, =jsX j CAL(2) according to 

the equations 

( ) ( ( ) ( )) ( ) .3,2,1,22 ==+β− jsYsXLsXRsX jjjj  

Note that a positive-definite B secures, for example, that the three ∗Y  
cannot be the same random variable, as when ,121 =θ=θ  or .1=β  
Vice versa, the one-sided filter will not be able to ever produce a 
correlation higher than 0.5 in absolute value. 

For more general cases, when K,2,1,3 22 == MMN  and there are 
equally spaced points Nss ,,1 K  on the circle, assuming that  
uncorrelated random variables { ( ) }Njsj ,,1, K=ε  are taking place, we 
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may define { ( ) } ~,,1, NjsX j K= CAL(2) similarly, provided that B as 

above is positive-definite. 

4. Covariance Structures 

It holds that { ( ) } ~,,1, NjsX j K= CAL(p), and we define the 

random vectors 

( ) ( ) ( )( ) ,
τ

j
p
pjpjj sXRsXRsX K=X  and 

( ) ( ) ( )( ) .
τ

j
p
pjpjj sYRsYRsY K=Y  

The Cyclical Auto-Linear model implies that 

.,,1or ,
1 NjBB jjjj K=== − YXYX  (10) 

For any ,,,1 Nj K=  we may write ( )jX XVar≡∑  and ( )jY YVar≡∑  

and we know that it holds .νBY =∑  Straight from (10), we may also 

derive that 

.or 11111 BBBB XYX
−−−−− =∑=∑=∑ νν  (11) 

Further to the covariances in X∑  as in (11), it holds that 

( ( ) ( )) ,,,1,0,if,0,Cov piiMkjsXsX pkj K=≠−=  (12) 

when the two points js  and ks  correspond to Y on different ( )-1+p  

polygons, which are uncorrelated according to (2). 

Apart from the covariances of { ( )}jsX  and { ( )}jsY  studied 

separately, it would be interesting to understand the cross-covariance 
structure that relates these two sets of random variables. It holds that 

( ) ( ) ,,,1,,Cov,Cov 1
1 NjIBBBB pXjjjj K===∑== +
− ννXXYX  

 (13) 
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where we write rI  for the identity matrix with r rows. For the same 

reasons as in (12), it holds that 

( ) ( ) ( ) ,,,1,0,if,,Cov 11 piiMkjO pppkj K=≠−= +×+YX  (14) 

where we write crO ×  for the zero matrix with r rows, c columns. By 

combining Equations (13) and (14), we may conclude for ,,,1, Nkj K=  

that 

( ( ) ( ))




≠
=

=
.,0
,,

,Cov
kj
kj

sYsX kj
ν  (15) 

Let us now interpret what this means. Suppose that we are interested in 
finding the best linear predictor of any ( ) NjsX j ,,1, K=  based on the 

information provided from ( ) ( ).,, j
p
pjp sXRsXR K  We write the linear 

function ( ) ( )j
i
pi

p
ij sXRcsX ∑ == 1

ˆ  and this should be the best one, in the 

sense that the prediction variance ( ( ) ( ))2ˆ jj sXsXE −  is the minimum 

achieved by any such linear predictor. Then, the least squares property 
implies that these constants pcc ,,1 K  are the unique solutions of the 

linear system 

( ( ) ( ) ( )) .,,1,0,ˆCov pisXRsXsX j
i
pjj K==−  

Indeed, if we re-write the system above as 

( ( ) ( )) ( ( ) ( )) ,,,1,0,Cov,Cov
1

pisXRsXRcsXRsX j
i
pj

k
p

p

k
kj

i
pj K==− ∑

=

 

or in the vector form 

( )

( )

( ( ) ( ))

( ( ) ( )
,

,Cov

,Cov
Var

1
















=

































j
p
pj

jpj

pj
p
p

jp

sXRsX

sXRsX

c

c

sXR

sXR
MMM  

then the uniqueness of the coefficients pcc ,,1 K  is guaranteed from the 

fact that 1, −BB  are positive-definite and that it holds 
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( ( ) ( ( ) ( )) ) ( ) .Varand 1−== BsXRsXRsX jj
p
pjpjj ντ XX K  

As a result, (( ( ) ( )) )τ
j

p
pjp sXRsXR KVar  is positive-definite and the 

linear system has a unique solution. 

If we set the predictor 

( )
( ( ) ( ))

( ( ) ( )) ( )







β++β

+β
≡

∑
∑

−

=

=

odd,isif,

even,isif,ˆ
1

1

1

psXRsXLsXR

psXLsXR
sX

j
l
plj

k
pj

k
pk

l

k

j
k
pj

k
pk

l

k
j  (16) 

then the prediction error ( ) ( ) ( )jjj sXsXsY ˆ−≡  is uncorrelated with all 

( ) pisXR j
i
p ,,1, K=  indeed. In fact, as ( )jsY  is according to (15), 

uncorrelated with any ( ) ,,,,1, jkNksX k ≠= K  it holds that ( )jsX̂  in 

(16) is the best linear predictor of ( )jsX  based on all 

( ) ,,,1, pisXR j
i
p K=  plus any other information from X on the N 

points. The (minus) correlations lββ ,,1 K  for the Y now take the form of 

best linear prediction coefficients for the X. The variance of the best 
linear prediction error is 

( ( ) ( )) ( ( )) ν.=≡− jjj sYsXsX VarˆVar  

4.1. The circle versus the line transect 

For a causal auto-regression { }Z∈tXt ,  of order p defined by (6), it 

holds that the best linear predictor of tX  based on piX it ,,1, K=−  is 

.11 ptpt XX −− ϕ++ϕ K  Further, this is also the best linear predictor of 

tX  based on ,,,1, piX it K=−  plus any other information ,0, >− iX it  

i.e., from the ‘past’. On the other hand, using the auto-linear 
representation (9) of { },tX  Dimitriou-Fakalou [6] explained that the best 

linear predictor of tX  based on piXX itit ,,1,, K=+−  is 

( ) ( ).111 ptptptt XXXX +−+− +β+++β K  
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This is also the best linear predictor of tX  based on ,, itit XX +−  

,,,1 pi K=  plus any other information ,, Z∈− iX it  i.e., anywhere from 
the ‘past’ or ‘future’. Since for Gaussian random variables the best linear 
predictors are conditional expectations, the auto-normal processes of 
Besag [1] are a special case of the auto-linear processes of Dimitriou-
Fakalou [6]. 

Moving from the line transect to { ( ) } ~,,1, NjsX j K=  CAL(p) on 

the circle, the methods of Besag [2] might be used then; and (16) is the 
best linear predictor for ( )jsX  adding the extra element that it is also a 

conditional expectation when the random variables are Gaussian. Besag 
[2] provided the decomposition of an inverse variance matrix for Gaussian 
random variables, as a product of a square matrix with elements the 
coefficients of the conditional expectations and a diagonal matrix with the 
reciprocals of the relevant conditional variances. On the circle, Besag’s 

decomposition simplifies to ,11 BX
−− =∑ ν  using ν  to be the same 

variance, ( )1+p  times on the same polygon and the diagonal matrix 

reduces to BI p ;1
1

+
−ν  as in (3) or (4) is the square matrix with elements 

the best linear prediction coefficients .β  

Next to the similarities of the methods of Besag [1], [2], and the cross-
covariance structure of the X and Y, that is, essential for the derivation of 
the natural best linear predictors over space, there are also differences 
that need to be acknowledged. We write the auto-linear representation of 
the random variables { }Z∈tXt ,  as functions of the random variables 
{ }Z∈tYt ,  with auto-correlations generated by the spectral density 

( ) { ( ) ( )} ( ).,,1,,1 1
1 ππ−∈ω−==+β−−+β−ω ω−− iezzzzzg ipp

pY K

 

(17) 

While the process { }tX  achieves its best linear predictors to be functions 
of a finite number of ‘neighbors’, i.e., it has a finite auto-regressive or 
auto-linear behavior, the process { }tY  has the auto-correlation function 
cutting off to zero after a finite number of ‘lags’, i.e., it exhibits a finite 
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moving-average dependence. For stationary processes on ,Z  both a finite 
auto-regressive as well as finite moving-average second-order dependence 
cannot take place at the same time. 

Nevertheless, { ( ) } ~,,1, NjsX j K= CAL(p) on the circle combine 

both these finite auto-linear and finite moving-average properties; firstly, 
the best linear predictor of ( )jsX  based on all ( ) jksX k ≠,  is a function 

of p ‘neighbors’ only, no matter how large N might be. Secondly and 
according to (12), the covariances of ( )jsX  with ( ) jksX k ≠,  are 

nonzero for p locations ks  only. Consequently for some real numbers 

∞<µ<0  and lγγ ,,1 K  with ,,,1,1 lii K=≤γ  we will be able to 

write for any Nkj ,,1, K=  that 

( ( ) ( )) ( )






=−+=−µγ

=µ
≡

otherwise,0
.,,1,1,if,

if,
,Cov liipMiMkj

kj
sXsX ppikj K  

(18) 

In order to compute lii ,,1,, K=γµ  from ,,,1,, lii K=βν  we express 

,1−≡Γµ=∑ BX ν  

where Γ  is a matrix with elements unity in the main diagonal and ,iγ  

,,,1 li K=  in the same sense that B is a matrix with elements unity in 

the main diagonal and ,,,1, lii K=β−  in (3) or (4). Then according to 

Definition 1, { ( )} ~jsY  CAL(p) since it holds that 

( )
( ) ( ( ) ( ))

( ) ( ( ) ( )) ( )







γ++γ+

+γ+
=

∑
∑

−

=

=∗

odd,isif,

even,isif,
1

1

1

psYRsYLsYRsY

psYLsYRsY
sX

j
l
plj

i
pj

i
pi

l

ij

j
i
pj

i
pi

l

ij
j  

and { ( ) ( ) ( )}jj sXsX µ=∗ ν  has a finite moving-average correlation 

structure as in (18). The two properties are clearly dual. 

The CAL(p) model restricts all dependence to appear via the 
information from p ‘neighbors’ only, but these are evenly placed on the 
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circle. As a result, no matter how large N might be, the same coefficients 
lββ ,,1 K  are to be estimated, and used for spatial prediction on a given 

circle and asymptotic results for the unknown coefficients might be made 
available. With a proper selection of order, the CAL(p) model can adopt 
the (weakly) stationary dependence taking place between the N random 
variables. When prediction is based on the p nearest neighbors available, 
rather than the recordings of the ( ) -1+p polygon, this is still a special 
case of the CAL ( )1−N  equation. However, unlike the CAL(p) model that 
manages different cliques of Y or X uncorrelated random vectors, the 
CAL ( )1−N  model that uses the l nearest neighbors from right and left, 
corresponds to an ( )NN ×  matrix B and to ( )1−N  rather than p 
nonzero correlations; it puts all N random variables into one clique only. 

Since, the CAL(p) model combines a finite auto-linear and moving-
average dependence, it should be considered the cyclical analogue of the 
ARMA model expressing any (weakly) stationary dependence. Is the CAL 
model useful? Is it reasonable to consider stationary dependence on the 
circle? Exactly like the ARMA model, it might be used as the main tool to 
proceed with the statistical inference for a fixed number of parameters 
that are needed for spatial prediction. Thus, after properly extracting any 
non-stationary features from the recordings available, a methodology of 
identification, estimation, diagnostic checking and kriging on the circle, 
as we introduce it next, should be followed using the CAL model. 

5. Methodology Using the CAL Equation 

We consider the evenly spaced points Nss ,,1 K  on the given circle. 
We make the following assumptions: 

(C1) It holds that (i) the zero mean random variables { ( ) =ε js j ,  

}N,,1 K  are independent and identically distributed with variance 

,0 2 ∞<σ<  and (ii) ( ( ) ) .,,1,44 NjsE j K=∞<ησ=ε  

For fixed positive integer p and ( )[ ],21+= pl  such that ≡N  
( ) ,,2,1,1 K=+ pp MpM  and Nss ,,1 K  are equally spaced on the 

circle, we define the random variables { ( ) }NjsY j ,,1, K=  from (1) with 
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covariances (2); we will write the vector ( )τlββ= ,,10 Kβ  and the 
matrix B as in (3) or (4). Provided that B is positive-definite, it holds that 
{ ( )} ~jsY CAL(p). Next, we present Theorem 1, which will be needed for 

the new methodology we will propose. We will write ,∞→N  in the sense 
that ,∞→pM  i.e., that N is large in relation to the fixed order p. 

Theorem 1. We write 

( ) ( )

( )
li

sY

sYRsY
b

j
N

j

j
i
pj

N

j
i ,,1,

2
1

1
K=−=

∑
∑

=

=  

and ( ) .,,1
τ

lbb K=b  Under condition (C1)(i), it holds as ∞→N  that 

(i) ,0β → Pb  

(ii) ( ) ( )WNN D ,0
2/1 0b  →− β  under (C1)(ii), where we write 

[ ] ,1,,
l

mnmnwW ==  and the elements 

{ }niimmiinimnminimini

p

i
mnw +++−++

=

ρρρ−ρρρ−ρρρ+ρρ+ρρ= ∑ 222 2

0
,  

(19) 

are given from Bartlett’s formula, with 

.,,,,1,,1 110 Z∈ρ=ρ=ρ=ρ=β−=ρ=ρ ++−+− ili iipipiii K  

5.1. Identification 

Suppose we have the recordings { ( ) }Njsx j ,,1, K=  on the circle 

and a (weakly) stationary pattern { ( )} ~jsX  CAL(p) is taking place. 

First, we will need to identify the correct order p, where N must be a 
multiple of ( ).1+p  

The ‘saturated’ CAL model allows for a number of [ ]2N  different 
auto-correlations. For this model, we may construct the cyclical analogue 
of a time series sample auto-correlogram, by first computing 



CHRYSOULA DIMITRIOU-FAKALOU 26

( ) ( )

( )
[ ],2,,1,~

2
1

11 Ni
sX

sXRsX

j
N

j

j
i
Nj

N

j
i K==γ

∑
∑

=

−=  (20) 

and then plotting iγ~  versus the lag i. 

If γ~  is very large in absolute value, then we have reasons to believe 
that the true auto-correlation on the relevant lag is not equal to zero. 
Similarly to time series and using Theorem 1, we may consider the formal 
bounds ,96.1 N±  such that, if the true auto correlations are zero, they 
include each sample auto-correlation with probability 95%; otherwise, 
Bartlett’s formula (19) has to be used with the variances =iNw ii ,~

,  

[ ]2,,1 NK  using the sample plug-ins γ~  instead of the true but 
unknown correlations. 

Evidence in favor of a specific order p should be that all the relevant 
γ~  on the ( ) -1+p polygon are significant. However, we would not expect 
all the remaining auto-correlations, especially those on the nearest lags 

1,,2,1 −= pMi K  of the N-polygon, to easily give up any sign of 

existing dependence and be close to zero. Thus, more formal selection 
criteria should be used and further investigation is required to assess 
them. As an example, we refer to the Akaike Information Criterion 
(Brockwell and Davis [3]), which will properly combine the Gaussian 
likelihood of { ( ) },,,1, NjsX j K=  assuming that they follow the CAL(p) 

equations, together with the number of parameters ( ).1+l  How to 
compute the Gaussian likelihood of { ( )} ~jsX  CAL(p) follows next. The 

AIC will take into account that the more the edges of the polygon 
preferred the more the variability likely to be explained and, in order to 
serve the principle of parsimony, it will penalize each candidate model 
accordingly, such that the order p relating to the minimum number is 
preferred. 

5.2. Estimation 

From the observations { ( ) } ~,,1, NjsX j K=  CAL(p) with fixed 

order p, we now aim at proceeding with the statistical inference for the 
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true best linear prediction coefficients ( ) .,, 0,0,10
τ

lββ= Kβ  We write the 

following condition: 

(C2) The parameter space B  is such that, for any ( ) ,,,1
τ

lββ= Kβ  it 
holds that the matrix B, as defined by (3) or (4), is positive-definite. 
Further, it holds that .0 B∈β  

Using Njj ,,1, K=X  as defined previously the observations may 

be written as pM  vectors, i.e., ;,,1, pj Mj K=X  which are independent 

under condition (C1). Further, the Gaussian likelihood will fully describe 
the second-order properties of interest, which are parameterized by ν  
and by the matrix B, with elements that change according to .B∈β  The 
Gaussian likelihood of the N observations will take the form 

( ) { } .0,,2exp,
1

2/2/ ∞<<∈− ∑
=

− νννν τ Bββ jj

M

j

MN BBL
p

p XX (21) 

The random part jj
M

j
Bp XXτ∑ =1

 in (21) is linear with respect to the 

parameters .β  This leaves the deterministic part to have a maximal 
effect on the computation of the likelihood and, thus, the properties of the 
maximum likelihood estimators are difficult to establish. To approximate 
the estimates, a search over B  under (C2) is required. Similar limitations 
were discussed by Besag [1] for the parameters of auto-normal processes 

on .2Z  

However using Theorem 1, we may easily proceed with the statistical 
inference for the parameters β  by defining estimators, which may be 
computed speedily as solutions of equations. For the first step, some 
consistent estimators, say ,~β  will be needed. For this, the best linear 

prediction equations might be imitated to define ,~,,~
1 lββ K  such that 

( ) [ ( ) ( )] ,1,,1,0~

1
−==+∑

=

lksXLsXRsY j
k
pj

k
pj

N

j
K  
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and either 

( ) [ ( ) ( )] ,0~

1
=+∑

=
j

l
pj

l
pj

N

j
sXLsXRsY  

if p is even, or 

( ) ( ) ,0~

1
=∑

=
j

l
pj

N

j
sXRsY  

if p is odd, where { ( ) }NjsY j ,,1,~
K=  are computed according to (5) 

using the { ( ) }NjsX j ,,1, K=  and the .s-~β  The lββ ~,,~
1 K  are solutions 

of an ( )ll ×  linear system and might be derived speedily. Their 

consistency under (C1) (i) stems directly from the fact that they imitate 
the rules of best linear prediction. 

Finally, we may define our estimators 

( ) ( )

( )
,,,1,~

~~
ˆ

2
1

1 li
sY

sYRsY

j
N

j

j
i
pj

N

j
i K=−=β

∑
∑

=

=  (22) 

which follow the properties of Theorem 1, due to the consistency of the 

plug-ins .~,,~
1 lββ K  

5.3. Diagnostic checking 

After deriving the estimates ,β̂  we may use these and { ( ) =jsX j ,  

}N,,1 K  to compute { ( ) }NjsY j ,,1,ˆ K=  according to (5). The random 

variables { ( )}jsŶ  must expose similar behavior to { ( )} ~jsY CAL(p), i.e., 

nonzero auto-correlations on the relevant lags only. These might be 
verified either graphically by plotting the sample auto-correlogram of 

{ ( )},ˆ jsY  or with formal tests using Theorem 1. 
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5.4. Spatial prediction 

Once we have estimated the parameters β  rather than γ  from 
{ ( ) },,,1, NjsX j K=  we may use the estimated coefficients directly to 

proceed with spatial prediction. More specifically, for another fixed point 
of the circle, say s, such that 

{ ( ) ( ) } ( ),CAL~,,1,0,,,,1, ppisXRNjsX i
pj KK ==  

not only will we be able to predict the value of ( )sX  based on given 

information ( ) ,,,1, pisXRi
p K=  but we will also construct ‘prediction 

intervals’. 

Assuming that { ( ) }Njsj ,,1, K=ε  are independent from { ( ),sRi
pε  

},,,1,0 pi K=  the estimators ( )τlββ= ˆ,,ˆˆ 1 Kβ  are also independent 

from { ( ) }.,,1,0, pisXRi
p K=  For the predictor, say ( ),ˆ sX ∗  we may 

imitate ( )sX̂  in (16) by using the .s-β̂  For the variance of the prediction 

error, and since ( )sY  is uncorrelated with ( ) ,,,1, pisXRi
p K=  it holds 

that 

( ( ) ( )) ( ( ) ( ) ( )) ( ( ) ( )).ˆˆVarˆˆVarˆVar sXsXsXsXsYsXsX ∗∗∗ −+=−+=− ν  

(23) 

Due to the aforementioned independence, we can write that ( ( )sX̂Var  

( )) {( ) ( )},ˆˆˆ 00 ββββ −Γ−=− ∗∗ τEsX  where the ( )ll ×  matrix ∗Γ  is such 
that 

( ( ) ( ) ( ) ( ))
( ( ) ( ) ( ) ( ) ( ))





++

++
=Γ −−

∗

odd.isif,,,,Var
even,isif,,,Var

11 psXRsXLsXRsXLsXR
psXLsXRsXLsXR

l
p

l
p

l
ppp

l
p

l
ppp

τ

τ

K

K  

For our result above, we have used an identical argument like Brockwell 
and Davis [3] for the final prediction error, i.e., the independence 
between the estimators and the variables used for prediction, which is 
needed when taking a conditional expectation. We write the Cholesky 
decomposition CCτ≡Γ∗  and, thus, 
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{( ) ( )} {( ( )) ( ( ))}0000 ˆˆˆˆ ββββββββ −−=−Γ− ∗ CCEE ττ  

{ [( ( )) ( ( )) ]} [ {( ( )) ( ( )) }]ττ
0000 ˆˆtrˆˆtr ββββββββ −−=−−= CCECCE

 [ ( ( ))] [ ] ,trˆVartr 0 NCWCC τ=−= ββ  

where W is the matrix as given in Theorem 1 with elements from 
Bartlett’s formulas.  

If we combine all these results, we may approximate (23) by 

[ ] ,~~~tr ~ NCWC τν +  

where all the estimates will be computed from { ( ) }.,,1, Njsx j K=  The 

consistent plug-ins γ~  will be used to construct ,~~~ CCτ≡Γ∗  the matrix W~  

will use the s,-~β  and finally, we will compute 

( ) .~~ 2

1
NsY j

N

j
∑
=

=ν  

Note that a missing observation might be always filled in this way, if 
recordings from all its neighbors on the ( ) -1+p polygon are available. 

Table 1. Original point, applying the operator and moving to another 
point, for all the members of the CAL ( )33 ×  clique 

Point Operator 1R  Operator 2R  Operator 2L  Operator 1L  

‘H’ ‘E’ ‘N’ ‘W’ ‘S’ 

‘T’ ‘W’ ‘S’ ‘E’ ‘N’ 

‘W’ ‘N’ ‘H’ ‘S’ ‘T’ 

‘E’ ‘S’ ‘T’ ‘N’ ‘H’ 

‘N’ ‘T’ ‘E’ ‘H’ ‘W’ 

‘S’ ‘H’ ‘W’ ‘T’ ‘E’ 
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6. CAL Models on the Sphere 

First, we will present a basic model on the sphere, i.e., the CAL 
( )33 ×  equation. To construct a clique of neighbors for this model, we 
need to have a starting point, say ‘S’, the South Pole of the sphere. We 
next consider four equally spaced arcs on the sphere, all starting from ‘S’, 
and with length equal to 1/4th of a full circle going through the North and 
South Poles. The four new points of the clique lie on the end of each arc; 
conventionally, we label them in order as ‘H’, ‘W’, ‘T’, and ‘E’ (and then ‘H’ 
again), all equally placed on the equator of the sphere. 

Of course, for all the four new points considered in the clique and 
excluding the arc that returns them to ‘S’, another three arcs must be 
considered. Indeed, if we include a final sixth point ‘N’ to be the North 
Pole of the sphere, then for all the six points considered, four arcs 
originate from each one of them and they all terminate to another point 
already considered; the six points have been equally placed on the sphere 
and they will form a clique. 

For the given ,3=p  we consider the two different operators 1R  and 

2R  to move the random variable of interest from ‘S’ to two consecutive 
points, out of the four considered on the equator, say the points ‘H’ and 

‘W’, respectively. Then the operators 1
22
−≡ RL  and 1

11
−≡ RL  must move 

from ‘S’ to ‘T’ and ‘E’, respectively. After arranging the four paths for the 
first point ‘S’, we can construct Table 1 that demonstrates applying all 
the operators on any of the six points of the clique. By looking at Table 1, 
it is not difficult to verify that it holds 

.and, 1
2
21

3
1 RRiRR ii ≡∈≡+ Z  (24) 

We write s for any of the six points of interest, and we consider the zero 
mean random variables { ( )}sY  all with variance ,0 ∞<ν<  such that 

( ( ) ( ))

( ) ( )
( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )

,

1,1,if,
1,0,if,
0,1,if,
0,0,if,1

,Corr

1,1

1,0

0,1
21











±=β−
±=β−
±=β−

=

≡

ji
ji
ji
ji

YRRY ji ss  (25) 
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for some real numbers ( ) ( ) ( ) .1,, 1,11,00,1 ≤βββ  For the last branch of 

(25), note that it holds anyway that 

( ) ( ) ( ),1
2

1
12121 sss YRRYLLYRR −−≡=  

and both paths lead to the same random variable. Further to (25) and 
following the relevant paths according to Table 1, it can be verified for 
other correlations that 

( ( ) ( ))

( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( )










−±=β−
−±=β−

−±=β−
−±=

≡

.1,2,if,
,1,2,1,1,if,

,2,2,0,2,2,1,2,0,if,
,2,2,2,1,if,1

,Corr

1,1

1,0

0,1
21

ji
ji
ji
ji

YRRY ji ss  

Using those last equations as well as (24) and (25), all the correlations 

( ( ) ( )) Z∈jiYRRY ji ,,,Corr 21 ss  are functions of ( ) ( ) ,, 1,00,1 ββ  and ( )1,1β  

only. 

The order with which we apply the operators does not have any effect 
on the final point that the random variable is taking place, i.e., we have 
defined an ‘objective’ two-dimensional system. For example, all the 

permutations ,, 2
2
1121 RRRRR  and 2

12RR  applied to the random variable 
taking place on, say ‘H’, move the variable to ‘W’. In general, it can be 
checked that for all different permutations of i identical operators 1R  and 

j identical operators ,2R  the operator jiRR 21  might be used instead. This 

would not have been possible, if instead of the cyclical order of operators 
1

11
1

2221 ,,, −− ≡≡ RLRLRR  (and then 1R  again) as we used it on the 
four branches, we had preferred a ‘right-left’ and ‘up-down’ sense of order 

as it is on 2Z  expressed via the operators, say 11,,, −− ≡≡ UDRLUR  
and then R again; we would not be able to demonstrate Table 1 with all 
the paths properly completed then. However, thanks to our current 
definitions and given that we consider (weak) stationary such that 

( ( ) ( )) ( ( ) ( )) Z∈= jiYRRYYRRY jiji ,,,Corr,Corr 2121 ** ssss  for any two 

points of the clique ,, *ss  we can write that 
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( ) ( ( )) ,,,,,212121 Z∈= ∗∗−− ∗∗∗∗ jjiiYRRRRYRR jijjiiji ss  

and secure a standard result as for stationary processes on ,2Z  i.e., 

( ( ) ( )) ( ( ) ( ));,Corr,Corr 212121 ssss YRRYYRRYRR jjiijiji ∗∗∗∗ −−≡  

the symmetry condition 

( ( ) ( )) ( ( ) ( ))ssss YLLYYRRY jiji
2121 ,Corr,Corr =  

is a direct consequence. 

Provided that the matrix 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) 

























β−β−β−β−β−
β−β−β−β−β−
β−β−β−β−β−
β−β−β−β−β−
β−β−β−β−β−
β−β−β−β−β−

≡

1
1

1
1

1
1

1,00,10,11,01,1

1,01,01,10,10,1

0,11,00,11,11,0

0,11,10,11,01,0

1,00,11,11,00,1

1,10,11,01,00,1

B  

(26) 

is strictly positive-definite, we write { ( )} ~sX CAL ( )33 × , if it holds that 

( ) ( )( ( ) ( )) ( )( ( ) ( )) ( ) ( ) ( ),211,1221,0110,1 sssssss YXRRXLXRXLXRX =β−+β−+β−  

(27) 

for any of the six points s. In general, for ( ) K,2,133 =×M  and 

( )336 ××≡ MN  equally spaced points Nkk ,,1, K=s  on the sphere, if 

we consider the zero mean random variables { ( )}kY s  with correlations 
(25) within the same clique and zero otherwise, then we define 
{ ( )} ( )33CAL~ ×kX s  according to (27). As we explained for the one-

dimensional case, it will also hold that { ( )} ( ).33CAL~ ×kY s  We write 

( )
( ) ( )

( )
( )

( ) ( )

( )
,,

2
1

21
1,02

1

11
0,1

k
N

j

kk
N

k

k
N

k
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N

k

Y

YRY
b

Y

YRY
b

s

ss

s

ss

∑
∑

∑
∑

=

=

=

= −=−=  
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( )
( ) ( )

( )
,

2
1

211
1,1

k
N

j

kk
N

k

Y

YRRY
b

s

ss

∑
∑

=

=−=  

and the vectors 

( ( ) ( ) ( ) ) ( ( ) ( ) ( ) ) .,,and,, 1,11,00,101,11,00,1
ττ βββ== βbbbb  

The consistency of b to 0β  as well as the asymptotic normality may be 

established as in Theorem 1, provided that { ( )}kY s  are linear 

combinations of some { ( )},ksε  which must satisfy (C1). 

As for the variance matrix replacing W, after we track down the proof 
of Theorem 1 on the circle, we may easily imitate it by defining the 
random vectors 

( )

( )
( )
( )
( )

( ) ,,,1,

21

2

1 NkY

YRR
YR
YR
Y

k

k

k

k

k

k K=



















= s

s
s
s
s

sM  

as well as the set 

( ) ( ) ( ) ( ){ }.1,1,0,1,1,0,0,0 ±±=F  

We will write for any ( ) F∈ji,  the vectors 

( )

( )
( )
( )
( )

( ) ,,,1,21

1
2

1
1

1
21

2
1

1

21

21 NkYRR

YRR
YRR
YRR
YRR

RR k
ji

k
ji

k
ji

k
ji

k
ji

k
ji K=






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









≡
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+

+
s

s
s
s
s

sM  

and will need to compute all the elements of the matrix 

( )
( ( ) ( )).,Cov 21

,
k

ji
k

ji
RR sMsM∑

∈F

 

Using identical arguments like in the proof of Theorem 1, if we write 

( ) ( ) ( ),1,11,00,1 321 === iii  
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then the ( )mn, -th element of the matrix W relating to the covariance of 

nbi  with ,3,2,1, =mnb mi  might be computed from 

{ 2
, 2 iiiiiiiiiii

i
ρρρ+ρρ+ρρ= +−++

∈
∑ mnmnmnmnw
F

 

},22 nmmn iiiiiiii ++ ρρρ−ρρρ−  

where we write ( ( ) ( )) ( ) ;,,1,,,,Corr 21 NkjiYRRY k
ji

k K==≡ρ issi  as 

we explained already, all iρ  in the formulas above will reduce to 
F∈ρ ii ,  only. 

The model (27) reduces all covariance dependence to be expressed 
using three parameters only. Nevertheless, a further reduction of the 
parameters might be achieved by writing a natural ‘isotropic’ model, such 
that ( ) ( ).1,00,1 β=β  Similarly to the isotropic model on ,2Z  such a model 

on the sphere refuses to distinguish between the different operators 1R  
and ,2R  and it imposes meaningful equality conditions on the 
parameters expressing the covariance dependence. 

A vague description on how to construct a clique of neighbors for the 
CAL ( )pp ×  model follows next. Again, we consider a starting point of 
the clique, say the South Pole ‘S’. Next, ( )1+p  equally spaced arcs 
originate from ‘S’ and they must all cover a ( )-1+p th of a full circle going 
through the South and North Poles. On the ( )1+p  other ends of the arcs, 
there are the next points of the clique. Excluding the arc already drawn, 
another p arcs must be considered from each one of these new points and 
so on. Ideally, the sphere will be filled with points equally scattered and 
the number of neighbors to form a clique will be counted. 

We will write ( )[ ]21+= pl  and the operators we consider next are 
subject to p. The ( )1+p  points added into the clique following ‘S’ must be 
‘ordered’ conventionally and must be matched to the operators; if ( )1+p  
is even, we will consider the l operators in order ,,,1 lRR K  as well as 

11
11 , −− ≡≡ ll RLRL K  
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in the opposite order, i.e., 

11 LLRR ll KK  

altogether. If ( )1+p  is odd, on the other hand, we will consider the extra 

operator ,1
000
−≡= RLR  then the operators ,,,1 lRR K  and finally, ,1L  

lL,K  based on lRR ,,1 K  as before; these will take place in the cyclical 

order 

110 LLRRR ll KK  

on consecutive paths. 

When a clique of neighbors has been formed and a table similar to 
Table 1 has been constructed using the new operators, the CAL ( )pp ×  
equation will take the form 

( ) ( )( ( ) ( )) ( )( ( ) ( ))sssss XLXRXLXRX ll
l

l

i
l

i
li

i

ii
i

i
+β−−+β− ∑∑

>>
,0,,0

0
110,,0,

0

11
1

1
KK K  

( )( ( ) ( )) KK −+β− ∑
≠>

ss XLLXRR iiii
ii

ii

2121
21

21
21210,,0,,

0,0
    (28) 

( ) ( ( ) ( )) KK −+β− −−
−

−
−−

≠>
∑ ss XLLXRR llll

ll
ll

i
l

i
l

i
l

i
lii

ii

11
1

1
11,,0,,0

0,0
 

( ) ( ( ) ( )) ( ),2121
21

,,21
2121,,,

0,0
sss YXLLLXRRR ll

l
l

i
l

iii
l

ii
iii

iii
=+β− ∑

≠>

KKK

K

  

if ( )1+p  is even, and 

( ) ( ) ( ) ( ) ( ( ) ( )) KKK −+β−β− ∑∑
>>

ssss XLXRXRX ii
i

i

i
i

i

11
1

1

0
0

0
110,,0,,0

0
00,,0,

0
 

( ) ( ( ) ( ))ss XLXR ll
l

l

i
l

i
li

i
+β− ∑

>
,0,,0,0

0
K  

( ) ( ( ) ( )) KK −+β− ∑
>

ss XLRXRR iiii
ii

ii

1010
10

10
10100,,0,,

0,
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( ) ( ( ) ( ))ss XLRXRR ll
l

l

i
l

ii
l

i
ii

ii

00
0

0
00,0,,0,

0,
+β− ∑

>
K  

( ) ( ( ) ( )) KK −+β− ∑
≠>

ss XLLXRR iiii
ii

ii

2121
21

21
21210,,,,0

0,0
 

( ) ( ( ) ( )) KK −+β− −−
−

−
−−

≠>
∑ ss XLLXRR llll

ll
ll

i
l

i
l

i
l

i
lii

ii

11
1

1
11,,0,,0

0,0
 

( ) ( ( )sXRRRR l
l

l

i
l

iii
iiii

iiii
KK

K

210
210

210
210,,,

0,,,0,
β− ∑

≠>

 

( )) ( ),210
210 ss YXLLLR li

l
iii =+ K  (29) 

if ( )1+p  is odd, provided that the same neighbors of s have not been 
included more than once in either equation. Once the order of the model 
is known, all the restrictions on the auto-correlations ρ  or β−  must be 
studied with care, such that a minimal number of parameters is used in 
the CAL equation. 

Contrary to the two-dimensional stationary models in the plane or 
Equation (27) on the sphere, the Equations (28) and (29) use l or ( )1+l  
operators, respectively, though studying a process that takes place on a 
surface remains the target. This is a consequence of the fact that every 
point of interest, now connects directly to ( )1+p  rather than four other 

points. Nevertheless, for the case that ( )1+p  is an even number, the 

points of the clique will seem placed on ( ) 21+p  full circles and the 
problem could become two-dimensional by properly re-defining two 
operators only; one moving the variable between different circles and the 
other within the same circle. It would be worth deriving more specific 
results for these natural models that generalize Equation (27). 

Back to our definitions with ( )( )1or +ll  operators, a form of partial 

ordering in the indexes lii ,,1 K  of (28) or liii ,,, 10 K  of (29) (for example, 

0,,,0 21 ≠> liii K  and 0,,,0 21 ≠< liii K  instead of ,,,0 312 iii >  

0, ≠liK  and )0,,,,0 312 ≠< liiii K  is of no importance, as though it 
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separates the neighbors into two groups it takes both groups into account 
with equal parameters. As in the case of Equation (27), when all 
neighbors in the clique could be linked to the point of interest with either 
all R-positive steps, i.e., 21, RR  and ,21RR  or all R-negative steps, i.e., 

21, LL  and ,21LL  further investigation is also encouraged in (28) and 
(29) whether all the relevant summations may reduce to only positive and 
only negative indexes ;,,1 lii K  especially for (28), it seems that applying 

either lRR K1  or ,1 lLL K  will move the point of interest to the other 
end of the diagonal that goes through the center of the sphere. 

An hierarchy in the ‘dimensions’ or in the operators has taken place, 
when we choose which of the ( )1+p  branches will relate to which 
operator and we order the operators cyclically. Again, it might be more 
meaningful to consider isotropic solutions of the Equation (28) or (29), 
such that any partiality in the operators does not count at all. Whether a 
preference of an isotropic model on the sphere is just meaningful, or 
whether it is in fact necessary, remains a question of interest; either way, 
it is a special case of the CAL equation presented in this paper. Similarly 
to the case of the circle, the CAL model may become the main tool to 
proceed with identification of the order, estimation of the parameters, 
diagnostic checking of the preferred model and prediction over the 
sphere, given that a set of regular recordings has been made available. 

7. Note on the Asymptotic Results 

A stochastic process on the circle or sphere could be considered 
anywhere over the continuous space. In that sense, a random variable 

,, Yε  or X might be on any point of the spherical surface and the 
definitions over a continuous dimension of time should be imitated over 
space. 

Nevertheless, in order to avoid the problems attached to defining 
uncorrelated ε  random variables over the continuous space, such as not 
being able to assume that they have a finite variance, we have instead 
taken the route of the fixed and equally spaced points on the cyclical 
surface. We have established all our asymptotic results as these points 
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are more and more compared to a fixed order of the preferred model, but 
we have not specified any mechanism producing them. This differs from a 
time series on ,Z  when given the N points where the series was observed, 
we know where the next recording is taking place; similarly for spatial 

processes on .2Z  

In order to proceed with inference regarding the spatial parameters, 
we have presented asymptotic results that are valid without using the 
extra dimension of time; as a result, the asymptotic normality of the 
estimators for the natural parameters expressing pure spatial 
dependence on the circle or the sphere has been established. 

Appendix: Proof of Theorem 1. 

(i) Since, it holds ( ) ( ) ( ) ,,,1,1 NjsRssY j
k
pk

l
kjj K=εθ+ε= ∑ =

 we 

may combine for fixed li ,,1 K=  

( ) ( ) [ ( ) ( )][ ( ) ( )].
11

j
iw

pw

l

w
j

i
pj

k
pk

l

k
jj

i
pj sRsRsRssYRsY εθ+εεθ+ε= +

==
∑∑  (30) 

The random variable (30) is a linear combination of the i.i.d. random 

variables ( ( )) pksR j
k
p ,,1,0,2 K=ε  with expected value ,2σ  and the 

random variables ( ) ( ) pwpksRsR j
wk

pj
k
p ,,1,,,1,0, KK ==εε +  with 

zero expected value. We know that the expected value of (30) is 

{ ( ) ( )} .νij
i
pj sYRsYE β−=  

Following exactly the same thinking, we may consider the sum of all such 
random variables on the same ( )-1+p polygon, i.e., the random variable 

( ) ( ),
0

j
ki

pj
k
p

p

k
sYRsYR +

=
∑  

which is again a linear combination of the i.i.d. random variables 

( ( )) pksR j
k
p ,,1,0,2 K=ε  with expected value ,2σ  and the random 
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variables ( ) ( ) pwpksRsR j
wk

pj
k
p ,,1,,,1,0, KK ==εε +  with zero 

expected value. We know that its expected value is now 

( ) ( ) ( ).1
0

+β−=












+

=
∑ psYRsYRE ij

ki
pj

k
p

p

k
ν  (31) 

Now, there are pM  such random variables and we can write that 

( ) ( ) ( ) ( ),
011

j
ki

pj
k
p

p

k

M

j
j

i
pj

N

j
sYRsYRsYRsY

p
+

===
∑∑∑ =  

and we have a sum of pM  Independent and Identically Distributed 

random variables, each with mean (31). From the Weak Law of Large 
Numbers, we may write as ∞→pM  that 

( ) ( ) ( ) ( )

p

j
ki

pj
k
p

p

k

M

jj
i
pj

N

j
M

sYRsYR

pN

sYRsY p +
=== ∑∑∑

+
= 011

1
1  

( ) ( ) ν.i
ki

p
k
p

p

k

p sYRsYREp β−=












+
 → +

=
∑ 11

0
1

1  

Of course, in a similar way, it can be shown that 

( )
ν. →

∑ = pj
N

j
N

sY 2
1  

Thus, as ∞→pM  

( ) ( )

( )
.,,1,

2
1

1 li
NsY

NsYRsY
b i

p

j
N

j

j
i
pj

N

j
i K=β →−=

∑
∑

=

=  

  (ii) To prove the asymptotic normality and the form of the variance 
matrix, we will mimic Theorem 7.2.1 of Brockwell and Davis [3]. We will 
first write the random vectors 
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( ) [ ( ) ( ) ( )] ( ) .,,1, NjsYsYRsYRsYs jj
l
pjpjj KK == τM  

Suppose that we also introduce the notation 

( ) [ ( ) ( ) ( )] ( ) .,,,1,1 Z∈=≡ ++ iNjsYRsYRsYRsYRsR j
i
pj

li
pj

i
pj

i
pj

i
p KK τM  

Then, we write for Nj ,,1 K=  

( ( ) ( )) ,,,1,0,,Cov piVsRs ij
i
pj ±±=≡ KMM  (32) 

and further, it holds that 

( ( ) ( )) ( ( ) ( )) .,Cov,Cov ττ
ijj

i
pj

i
pji VssRsRsV === −−

− MMMM  

Also note that due to the cyclical structure, it holds that 

.1 ipi VV −+=τ  

The ( )mn, -th element of piVi ,,1,0, K=  is 

{ ( ) ( ) ( ) ( )} ,,,1,0,,2 lmnsYRsYRsYRsYE mnj
mi

pj
i
pj

n
pj K=ρρ−+ ν  

for any ,,,1 Nj K=  and { ( ) ( )) ( ( ) ( )}j
mi

pj
i
pj

n
pjmn sYRsYREsYRsYE +=ρρ2ν  

when we take into account the relationship between the s-ρ  and the s-β  

in Theorem 1. Next to (32), it also holds that 

( ( ) ( )) ( ) ( ) .,0,,,1,,if,,Cov 11 piNkjiMkjOss pllkj KK ==≠−= +×+MM  

(33) 

Using the same thinking as for the consistency, we may write for any 
1+∈ lRλ  the random variable 

( ) ( ) ( ).1
01

2/12/1

1

2/1
j

i
p

p

i

M

j
pj

N

j
sRMpsN

p

MM ∑∑∑
==

−−

=

− += ττ λλ  (34) 

Writing the vector of covariances ( ) ,1 00
ττν ββ =∗  it holds that 
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{ ( )} { ( )} ( ) ,,,1,1 0
00

NjpsREsRE j
i
p

p

i
j

i
p

p

i
K=+== ∗

==
∑∑ βMM  (35) 

and that 

{ ( ) ( )} ( ( ) ( ))j
k
pj

i
p

p

k

p

i
j

k
p

p

k
j

i
p

p

i
sRsRsRsR MMMM ,Cov,Var

0000
∑∑∑∑
====

=  

( ( ) ( )) ( ( ) ( ))j
ki

pj
i
p

ip

ik

p

i
j

iki
pj

i
p

p

k

p

i
sRsRsRsR MMMM +

−

−==

−+

==
∑∑∑∑ == ,Cov,Cov

000
 

( ) ( ) (
( )

) ( )k
pk

k
pk

k

p

k
k

p

k
k

ip

ik

p

i
VVVVV ∑∑∑∑∑∑

−=−−=

−

−==

−

−==

++++==
01

1

1

100
K  

( ) ( ) ( ) ( ) ( ) ,1
00

1

1

0

1

0
1

0
k

p

k
k

p

k
k

p

k
k

p

k
k

p

k
VpVVVVVV ∑∑∑∑∑

==

−

=

−

==

+=++++++= τττ K  

(36) 

thanks to restrictions of the cyclical nature that we explained before. We 

will write .0 i
p
i VV ∑ =

≡  

The random variables { ( ) }pj
i
p

p
i MjsR ,,1,0 K=∑ =

Mτλ  are 

Independent and Identically Distributed, as they take place on different 
( ) -1+p polygons. According to the Central Limit Theorem, and using (35) 

and (36), it holds as ∞→pM  that 

( ) (( ) ( ) ),1,1 0
01

2/1 λλλ VppNsRM D
j

i
p

p

i

M

j
p

p
τττ ++ → ∗

==

− ∑∑ βMλ  (37) 

which combined with (34) implies that it holds 

( ) ( ),,0
1

2/1 λλλλ VNsN D
j

N

j

τττ ∗

=

−  →∑ βM  (38) 
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as .∞→pM  Then from the Cramer-Wold device (see Brockwell and 

Davis [3]), it holds 

( ) ( ),,0
1

2/1 VNsN D
j

N

j

∗

=

−  →∑ βM  (39) 

as .∞→pM  

Regarding the variance matrix V, if we consider its ( ) th,-, mn  where 

,,,1,0, lmn K=  then this is equal to 

{ ( ( ) ( ) ( ) ( )) } ( ) ,1 22

0
mnmnj

mi
pj

i
pj

n
pj

p

i
pQsYRsYRsYRsYE ρρ+−≡ρρ−+

=
∑ νν   

(40) 

for any .,,1 Nj K=  Using identical arguments like in Proposition 7.3.1 

of Brockwell and Davis [3], we may derive 

( ) ( ) ( ) ( ( ) ( )) ( ( ) ( ))j
mi

pj
i
pj

n
pj

p

i
mn sYRsYREsYRsYEQ +

=
∑+ρρ−η=

0
3 νν  

( ( ) ( )) ( ( ) ( ))j
mi

pj
n
pj

i
pj

p

i
sYRsYREsYRsYE +

=
∑+

0
 

( ( ) ( )) ( ( ) ( ))j
i
pj

n
pj

mi
pj

p

i
sYRsYREsYRsYE +

=
∑+

0
 

 ( ) { }.3
0

22
nimimniimn

p

i
mn −++−

=

ρρ+ρρ+ρρ+ρρ−η= ∑νν  (41) 

If we combine (40) and (41), we come up with the ( ) th-, mn  element of V 

to be equal to ( ) { },3 0
22

nimimnii
p
imn −++−=

ρρ+ρρ+ρρ−η ∑νν  which 

resurrects Proposition 7.3.1 of Brockwell and Davis [3]. 
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Finally, for the coefficients defined in Theorem 1 as 

( ( )),
1

2/1
j

N

j
sNg ττ Mb ∑

=

−=  

where we use the function ( )⋅g  from 1+lR  into ,lR  such that 

( ) ( ) ,0, 000110 ≠−−= xxxxxxxxg ll KK  

Bartlett’s formula is derived with identical arguments like in Theorem 
7.2.1 of Brockwell and Davis [3]. 
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