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Abstract
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1. Introduction

After the landmark paper of Karmarkar [1], linear optimization (LO)
revitalized as an active area of research. The interior-point methods
(IPMs) is one of the most efficient methods for solving LLO problems. For a
survey, we refer to recent books on the subject [2-4]. It is generally
agreed that these IPMs are most efficient from a computational point of
view (see Andersen et al. [5]). This is especially true for so-called primal-
dual large-update methods, which are the most efficient methods in

practice [5].

Most of the classical primal-dual interior point methods (IPMs) for
LO are based on the use of the logarithmic barrier function [5]. If n

denotes the number of inequalities in the problem, then the theoretical
iteration bounds is, O(vnlogZ) and O(nlogZ), for the so-called
€ €

small-update methods and the so-called large-update methods, where ¢
represents the desired accuracy of the solution. However, in practice, the
so-called large-update methods are much more efficient than the so-
called small-update methods. The significant gap between the practical
behaviour and the theoretical performance results of the large- and
small-update methods, which has been referred to as the irony of IPMs

[6], is being an open difficult problem.

To narrow the gap, Peng et al. [7, 8] introduced self-regular barrier

functions for primal-dual IPMs for LLO and obtained so far the best
complexity result, O(\/; log n log n ), for large-update primal-dual TPMs

with some specific self-regular barrier functions. Then, Bai et al. [9-14]

proposed new primal-dual IPMs based on various kernel functions to

improve the iteration bounds for large-update methods from O(n log n )
€

to O(x/; logn logﬁ ). Especially, Bai et al. [10] proposed a new class of
€

barrier functions which are called eligible, neither logarithmic barrier
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nor self-regular, and they presented a unified computational framework
for the complexity analysis of the algorithm. And they greatly simplified
the analysis of IMPs. Recently, in order to resolve the open difficulty,
which is the gap between the practical behaviour and the theoretical
performance results of the large-and small-update methods, many works
have been done, and a large amount of results have been reported, see
[15-18].

Motivated by their works, we define a new kernel function which
yielding a new primal-dual interior point algorithm based on this kernel

function for LO. It shows that the iteration bounds for the new small-
update methods is O(sqrin logﬁ ), which is currently the best known
€

bounds. The iteration bounds for the new large-update methods is

2
O(n3 log n ), which significantly improve the classical iteration bounds.
€

The paper is organized as follows. In Section 2, we briefly review the
basic concepts on IPMs for L.O, such as the central path, the new search
directions. The generic polynomial interior-point algorithm for LO is also
presented. In Section 3, we define a new kernel function and give its
properties, which play a crucial role in the complexity analysis of
algorithm. The complexity analysis is also performed in Section 4.
Finally, Section 5 contains some concluding remarks and directions for

future research.

Some notation used throughout the paper is as follows. First, R", R,

and R, denote the set of vectors with n components, the set of

nonnegative vectors, and the set of positive vectors, respectively. The

2-norm and the infinity norm are denoted by |- | and |- |, respectively.

o0 )
If x, s € R", then xs denotes the componentwise (or Hadamard) product
of the vectors x and s. Furthermore, e denotes the all-one vector of length

n. If zeR? and f: R, - R,, then f(z) denotes the vector in RY
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whose i-th component is f(z;) with 1 < i < n. We write f(x) = O(g(x)) if
f(x) < cg(x) for some positive constant ¢ and f(x) = O(g(x)) if c;g(x) <

f(x) < c9g(x) for positive constants ¢; and cy.

2. Preliminaries

2.1. The central path
We consider the standard linear optimization
min{c’x : Ax = b, x > 0}, P)
where A € R™", rank(A) =m, b e R™, and c e R", and its dual
problem
max{bTy ATy 4s=c s> 0}. D)

It is well known that finding an optimal solution of (P) and (D) is

equivalent to solving the following system:

Ax =b,x >0,
AT =c 52
y+s=c¢ 520, 1)
xs = 0.

The basic idea of primal-dual IPMs is to replace the third equation in (1),
the so-called complementarity condition for (P) and (D), by the

parameterized equation xs = pe, with p > 0. Thus, we consider the

system

ATy+s:c,320, 2)
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Due to the last equation, any solution (x, y, s) of (2) will satisfy x > 0
and s > 0. So a solution exists only if (P) and (D) satisfy the interior-

point condition (IPC), i.e., there exists (x°, s°, y°) such that

AxO:b, x0>0, ATy0+sO=c, s? > 0. 3)

Surprisingly enough, if the IPC is satisfied, then there exists a solution,

for each p > 0, and this solution is unique. It is denoted as (x(u), y(n),
s(u)) and we call x(n) the p-center of (P) and (y(u), s(u)) the p-center
of (D). The set of p-centers (with p running through all positive real

numbers) gives a homo type path, which is called the central path of (P)
and (D). The relevance of the central path for LO was recognized first by
Sonnevend [19] and Megiddo [20]. If u — 0, then the limit of the central

path exists and since the limit points satisfy the complementarity
condition, the limit yields optimal solutions for (P) and (D).

From a theoretical point of view, the IPC can be assumed without

0

loss of generality. In fact we may, and will, assume that x=s"=¢ In

practice, this can be realized by embedding the given problems (P) and
(D) into a homogeneous self-dual problem which has two additional
variables and two additional constraints. For this and the other

properties mentioned above, see [2].
2.2. The search directions

IPMs follow the central path approximately. We briefly describe the
usual approach. Without loss of generality, we assume that (x(u), y(u),
s(u)) is known for some positive p. For example, due to the above
assumption, we may assume this for p =1, with x(1) = s(1) = e. We then
decrease n to p:=(1-0)n for some fixed 6 € (0,1) and we solve the

following Newton system:

AAx = 0,

ATAy + As

I
L

4)

SAx + xAs = pe — xs
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This system uniquely defines a search direction (Ax, As, Ay). By taking a

step along the search direction, with the step size defined by some line

search rules, one constructs a new triple (x, y, s). If necessary, we repeat
the procedure until we find iterates that are “close” to (x(u), y(n), s(u)).
Then p is again reduced by the factor 1 -6 and we apply Newton’s
method targeting at the new pu-centers, and so on. This process is
repeated until p is small enough, say until nu < ¢; at this stage we have

found an e-solution of the problems (P) and (D).

Let us mention that in practice many LO solvers use the e- solution to

construct a basic solution and then produce an optimal basic solution by
crossing over to the simplex method. An alternative way is to apply a
rounding procedure as described by Ye and Mehrotra [21, 22] and Roos et
al. [2].

The result of a Newton step with step size o is denoted as
X, =X+ 0Ax, s, =S+aAs, 5)
where the step size o satisfy (0 < a < 1).
Now we introduce the scaled vector v and the scaled search directions

d, and dg as follows:

U=/, dy =—, dy =—. (6)

- |
Dﬂ
<
+
Q
»

Il
L

()

where A = iAV_lX, V = diag(v), X := diag(x). Note that the right

side of the third equation in (7) equals the negative gradient of the
logarithmic barrier function ¥;(v), i.e.,
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d, +dy = -VY¥(v), 8)

where the barrier function ¥;(v) : R?, — R, is defined as follows:

() = ¥i(x, s p) = sz(vi), )
=1
v.2 -1
¥(v;) = R log v;. (10)

We call y;(t) the kernel function of the logarithmic barrier function
¥;(v). In this paper, we replace y;(t) with a new kernel function y(t)
which will be defined in Section 3. Note that the pair (x, s) coincides
with the p-center (x(u), s(u)) if and only if v = e. One can easily verify
that the kernel function y(¢) as defined by (10) is a strictly convex
function which is defined for any ¢ € R,, and which is minimal at ¢ =1,

whereas the minimal value equals 0.
2.3. The generic interior-point algorithm for LO
The generic form of this algorithm is shown in Figure 1.

It is clear from the description that the closeness of (x, s) to (x(u), s(u))
is measured by the value of ¥;(v), with T >0 as a threshold value.
If ¥;(v)<T, then we start a new outer iteration by performing a
u-update, otherwise we enter an inner iteration by computing the search
directions at the current iterates with respect to the current value of p

and apply (5) to get new iterates. If it is necessary, we repeat the
procedure until we find iterates that are in the neighbourhood of (x(u), s(u)).

Then p is again reduced by the factor 1 —6 with 0 < 6 <1 and we apply
Newton’s method targeting at the new p-centers, and so on. This process
is repeated until p is small enough, say until nu < ¢, at this stage we

have found an e-apporximate solution of LO.
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The parameters 7, 0 and the step size o should be chosen in such a

way that the algorithm is optimized in the sense that the number of
iterations required by the algorithm is as small as possible. The choice of
the so-called barrier update parameter 0 plays an important role both in

theory and practice of IPMs. Usually, if 6 is a constant independent of
the dimension n of the problem, for instance 0 = %, then we call the
algorithm a large-update (or long-step) method. If 6 depends on the

dimension of the problem, such as 0 = L, then the algorithm is named

n

a small-update (or short-step) method.

The choice of the step size a (0 < o < 1) is another crucial issue in
the analysis of the algorithm. It has to be made, such that the closeness
of the iterates to the current p-center improves by a sufficient amount.
In the theoretical analysis, the step size o is usually given a value that

depends on the closeness of the current iterates to the p-center.
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Generic Interior-Point Algorithm for LO

Input:

A threshold parameter T > 0;
an accuracy parameter ¢ > 0;
a fixed barrier update parameter 6, 0 < 6 < 1;
begin
x:=e8=¢ ni=1
while np > ¢ do
begin
po=(1- 0
while ¥;(x, s; p) > 7 do
begin
solve system (7) via (6) to obtain (Ax, Ay, As);
choose a suitable step size «;
X = X + 0Ax;
Y=y +ody;

S =S + aAs;

— Xs .
e
end
end
end

Figure 1. Generic algorithm.
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3. The New Kernel Function and its Properties

In this section, we define a new kernel function and give its
properties which are essential to our complexity analysis. We call

v: R,, > R, akernel function if y is twice differentiable and satisfies

the following conditions [10]:
(1) = ¥(1) = 0,
p"(t) > 0, (11)
lim »(¢) = lim p(¢) = 0.
t—0* {0
Now, we define a new function y(¢) as follows:
_ 2 -2
¥(t) = mt® + mt™° -2m, t > 0. (12)

For the convenience of reference, we gives the first three derivatives with

respect to ¢ as follows:
p'(t) = 2mt - 2mt 3,
p"(t) = 2m + 6mt ™4, (13)
p"(t) = —24mt~°.
Obviously, ¥(¢) is a kernel function and
p'(t) = 2m + 6mt™* > 2m. (14)

In this paper, we replace the function ¥;(v) in (8) with the function ¥(v)

as follows:

d, +dg = - V¥(). (15)

where P(v) = Z?ﬂw(vi), ¥(t) is defined in (12). Hence the new search

direction (Ax, Ay, As) is obtained by solving the following modified

Newton system:
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AAx = 0,
ATAy + As = 0, (16)
sAx + xAs = —poVY¥(v).

Note that d, and d; are orthogonal because the vector d, belongs to

null space and d, to the row space of the matrix A. Since d, and d are

orthogonal, we have
d, =d; =0 V¥v) =0 v=¢< Y{v)=0< x = x(n), s = s(u).
amn

We use W(v) as the proximity function to measure the distance between
the current iterate and the p-center for given pu > 0. We also define the

norm-based proximity measure §(v) : R, — R,, as follows:

8(0) = 5 IVPE) = 5 ldy +dy]| (18)

Lemma 3.1. For y(t), we have

(1) v(¢) is exponentially convex for all t > 0, that is,

otz ) < 5 (o) + vty ).
(i1) v"(t) is monotonically decreasing for all t > 0.
Gif) 20"(t) = 9'(t) > O forall ¢ > 0.
(iv) »"(e)'(Bt) - Bp'w"(Bt) > 0, ¢ > 0, B > 1.
Proof. For (1), using (13), we have
t"(t) + v'(t) = 2mt + 6mt™> + 2mt — 2mt™> = dmt + 4mt™3, ¢ > 0.
Let

g(t) = 4mt + 4mt 3.
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Then
g'(t) = 4m —12mt ™4,
g"(t)=48mt™® >0, ¢ > 0.

Let g'(t) =0, we get ¢t = 43. Since g(t) is strictly convex and has a

global minimum, g(#3)> 0. And by Lemma 2.1.2 in [8], we have the

result.

m

For (ii), using (13), we have "(¢) < 0, so we have the result.

For (iii), using (13), we have t"(t)-v'(t) = 2mt + 6mt™> — 2mt +
omt™ = 8mt™3, ¢ > 0.

For (iv), using Lemma 2.4 in [10], (i1) and (iii), we have the result.

This completes the proof.

Lemma 3.2. For y(t), we have
2 1 2
m(t —1)” < <= 1
t-1)7 <) 1 p'E), t>0, (19)

p(t) < 4m(t —-1)%, t> 0. (20)

Proof. For (19), using (11) and (14), we have
(s bré 3 2
¥(t) = L L p"(C)dcde > 2mIl L dgde = m(t - 1)
o0 = [ vz
1J1
< L[ vewe)dc
<5 | [ VR ©dcd
1

- o[ rewe

T 2m
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1 t ’ d !
= 52 | V@]
12
= —p'(¢)".
el Q)

For (20), since p(1) = v'(1) = 0, p"(¢) < 0, p"(1) = g, and by using Taylor’s

theorem, we have

o) = o)+ VO -1+ S E -1 + £ E) - 1)
= VW17 + R 1)

< —p'@)(t - 1)

N

= 4m(t - 1)%,
for some &, 1 < § < t. This completes the proof.
Let ¢ :[0, + ©) = [1, + ©) be the inverse function of »(¢) for ¢ > 1

and p: [0, + ©) = (0,1] be the inverse function of —%w’(t) for all

t € (0, 1]. Then, we have the following lemma:

Lemma 3.3. For y(t), we have

ol <ols)<1+S, 520 @1
m m

23 m > 0. 22

p(s) ‘/Hm, 5§20 (22)

Proof. For (21), let s = y(¢), t > 1, i.e., o(s) = t, ¢ > 1. By the definition of
¥(t), we have

2

mt® = s—mt_2 + 2m.
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Because — mt 2 + 2m is monotone increasing with respect to t > 1, we

have

mt

g(s):tz\/g.

By (19), we have s = p(t) > m(t —1)%, so

g(s):tﬁl—i-\/%.

For (22), let z = —%w’(t), t € (0,1]. By the definition of p: p(z) = ¢,

> S+ m,

this implies that

t € (0,1], and 2z = —¥'(t), we have

2—? = 2z + 2mt.

t

Because 2mt is monotone increasing with respect to ¢ € (0, 1], we have

2—’;S22+2m,

¢

this implies that

Sy i
ol2) z+m

This completes the proof.

Lemma 3.4. Let ¢ : [0, + ) — [1, + o) be the inverse function of ¥(t), t > 1.

Then we have

(o) < m(pe( YD), ve R, B2t
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Proof. Using Lemma 3.1 (iv), and Theorem 3.2 in [10], we can get the

result. This completes the proof.

Lemma 3.5. Let 0 <0 <1, v, = v, If Y(v) < 7. Then we have
Y )
4m T2
< T
W(o.) < 2 (b T
o X0 ‘I’(v) )
Proof. Since —-— > 1 and o( *) ) > 1, we have ——— > 1. Using
N n «/1 ~0
. 1
Lemma 3.4 with B = ——, (20), (21), and ¥(v) < 7, we have
N ©)
1 Y(v)
Y(v, ) £ nY( ———
(0) = ol 2 o(H)
1 ‘P(v) 9
<dnm(——op 1
4 Y(v
- dmn o X0y iy
< 4mn dmn g, ‘P(v) \/—)2
1 1-0
dmn T \2
< /_
“1-06 6+ mn )
RN S
1-6 m’’
. . 0
where the last inequality holds from 1 - v1-0 = ————<6,0< 0 < 1.
a Y 1+v1-0
This completes the proof.
Denote
~ im T \2
- = - = 23
y 1-9(*/;6” )" = L(n 0, 7), (23)

then ‘T’O is an upper bound for ¥(v) during the process of the algorithm.
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Remark 3.6. For large-update method by taking T = O(n), 6 = 0(1),

Py = O(n). For small-update method with 7=0(1),6 = @(% ),

¥y = 0(1).
4. Analysis of Algorithm

In this section, we compute a proper step size and the decrease of the
proximity function during an inner iteration and give the complexity
results of the algorithm. For fixed u taking a step size o, we have new

iterates
X, =x+aAx, s, =38+ aAs.

Using (6), we have

Ax d x
X, =x(e+a7)=x(€+a7x):;(v+adx),

As d s
Sy x(e+a?)=s(e+a78)=;(v+ads).

So we have

v, = % = J +ad, ) (v + ady).

Define for o > 0,
fla) = ¥(vy) - ¥(v).

Then f(a) is the difference of proximities between a new iterate and a

current iterate for fixed pu. By Lemma 3.1 (i), we have

Y(v,) = YH(v+ad,)(v+oady)) < %(‘I’(v +ad, )+ V(v +ady)).
Therefore, we have f(a) < fi(a), where

filo) = 5 (¥(v+ 0dy ) + ¥(v + ady ) - V(o). (24)
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Obviously f(0) = f,(0) = 0. Taking the first two derivative of f;(a) with

respect to a, we have

n
’ 1 ! !
(o) = 5 D (v + ady My +9'(v; + ady; i),
=1
1 n
file) = 5 > (¥"(v; + ady; )dZ +v"(v; + adg )dZ).
=1

Using (15) and (18), we have
£1(0) = %V‘I’(U)T(dx 1 dy) = —%V‘I’(U)T V() = —25(0)2.
For convenience we denote
v; = min(v), §:=358(), ¥ :=¥().
Lemma 4.1. Let 8(v) be as defined in (18). Then we have
5(v) = Ym¥(v).

Proof. Using (19), we have
= = 1 ) 1 92 1 92
= - ) < — = — =
¥(v) i_El ¥(v;) < i_El im v'(¢) im [V py 3(v)7,

SO

8(v) = ym¥(v).

This completes the proof.

Remark 4.2. Throughout the paper, we assume that T >1. Using

Lemma 4.1 and the assumption ¥(v) > T, we have

d(v) = \/g

From the Lemmas 4.1-4.3 in [10], we have the following Lemmas 4.3-4.5.
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Lemma 4.3. Let fi(a) be as defined in (24) and 5(v) be as defined in (18).

Then we have
(@) < 28%9"(Vpin — 205).
Lemma 4.4. If the step size o satisfies the inequality
=¥ (Upin — 208) + ¥'(Vpin ) < 28, (25)
we have

fi(a) < 0.

Lemma 4.5. Let p : [0, + ©) — (0, 1] be the inverse function of — %w'(t)

forall t € (0, 1]. Then the largest step size & satisfying (25) is given by

T = o= (p(5) - p(20)).

Lemma 4.6. Let p and o be as defined in Lemma 4.5. If Y(v) > T > 1,

then we have

o = 1

—-
2(1 + 632)ms3
Proof. Using Lemma 4.4 in [10], Lemma 4.2, and (22), we have

>_1
~ ¥"(p(20))

1

o

1

2m + 6m 3
p(23)

1
20+ m 4
)3
m

\2

2m + 6m(

1
mé+m &
)3

[\

2md + 6m(
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1

[\

4 4
2md3 +12¥2ms3

1
3 4
2(1 + 692)ms3
This completes the proof.
Denote
GRS S 26)
2(1 + 692 )ms?
we have a is the default step size and a < @.
From the Lemma 1.3.3 in [8], we can get the following lemma:
Lemma 4.7. Suppose that h(t) is a twice differentiable convex function
with

(0) = 0, 1'(0) > 0,

and h(t) attains its global minimum at t* > 0 and h'(t) is increasing

with respect to t. Then for any t € [0, t* ], we have

Let the univariate function A be such that
h0) = £,(0) =0, R(0)=f/(0)=-25%, h"(a) = 25" (Vppin — 208).

Lemma 4.8. Let a is the default step size as defined in (26) and
Y(v) > 1. Then

_2
fa) < ——" " g @7)

21+ 632)
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Proof. Using the Lemma 4.5 in [10], if the step size a satisfies a < @,

then f(a) < —ad2. So, for & < ©, we have

f(@) < —ad?
- - ;4 52
2(1 + 632)ms?
1 3
2(1 + 632 )m
_2
3
<M ).

2(1 + 632)
This completes the proof.

This expresses the decrease in W(v) during an inner iteration
completely in y, its first and second derivations, and the inverse

functions p and p.

After the update of p to 1 - p, we have ¥(v, ) < 141716 (Vno + \/%)2

= L(n, 6, 7). We need to count how many inner iterations are required to
return to the situation where ¥(v) < 1. We denote the value of ¥(v)
after the p update as ¥,, the subsequent values in the same outer
iteration are denoted as ¥, k =1, 2, ---, K, where K denotes the total

number of inner iterations in the outer iteration. The decrease in each
inner iteration is given by (27). In [10], we can find the appropriate
values of k and y € (0, 1],
_2
m 3
K = —3,
2(1 +6v2)



ITERATION BOUNDS OF INTERIOR-POINT ... /IJAMML 3:2 (2015) 89-111 109

Lemma 4.9. Let K be the total number of inner iterations in the outer

iteration. Then we have
2 2
K < 3(1+632)m3¥d.
Proof. By Lemma 1.3.2 in [8], we have
y 2 2
K <9 =3(1+6¥2)m3¥.
KY

This completes the proof.

Theorem 4.10. Let a LO problem be given, Y, as defined in (23) and

T >1. Then the total number of iterations to have an approximate

solution with nu < ¢ is bounded by

n
3(1+ 632 )m%‘P% g
0 0 .

Proof. Recall that ¥, is the upper bound according to (23). The number

of outer iterations is bounded above by %log n (see [2], Section 17, page
€

116). Through multiplying the number of outer iterations by the number
of inner iterations we get an upper bound for the total number of

iterations, namely,

n
3(1+ 632 )m%‘{’% E
0 0

This completes the proof.

Remark 4.11. Taking 7 = O(n), 6 = ©(1) and ¥, = O(n), we have
2
O(n3 log n ) iterations complexity for large-update IPMs. Taking T = O(1),

~ 1
0 = 0 %) and ¥, = O(1), we have O(n? log%) iterations complexity

for small-update IPMs, which as same as the iterations complexity for
small-update IPMs.
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