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Abstract 

This paper studies the problem of flexible estimation and variable selection in 
partial linear models. We estimate the parameters and smooth function in the 
literature of the robust regression with M-estimation. First, we use the radial 
basis function model to estimate the smooth function. For the nonlinear 
component, it is known that the ordinary M-estimation leads to obtain an over 
fitted curve. To overcome this, we propose the new estimation method using the 
sufficient dimension reduction (SDR) method. First, the SDR methods to radial 
basis functions are applied for trying to find small number of linear 
combinations of the radial bases without loss of information in the regression. 
Second, a multiple linear regression model between a response and the 
transformed radial bases is assumed and ordinary M-estimation is provided. As 
the result, using the proposed method, the variance reduction can be achieved 
and hence it avoids the over fitting. In the parametric component, on the other 
hand, we practice the variable selection using the penalization methods, such as 
Lasso, SCAD, and Adaptive Lasso. The theoretical justification is proved and 
simulation results are given. Real data examples are also addressed. 
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1. Introduction 

Partial linear model is a popular semiparametric model to investigate 
the relationship between an one-dimensional response and a 
multidimensional predictor. The response is explained by sum of the 
predictor having the parametric structure and the nonparametric 
structure. That is, the partial linear model is defined as following form: 

( ) ,ε++β= ZX gY T   (1) 

where Y is a scalar response, X, Z are p and q dimensional predictors, β  

is an unknown parameter vector, g is an unknown smooth function, and 
ε  is the error. The classical estimation methods for partial linear models 
have been developed by Heckman [18], Chen [6], Bhattacharya and Zhao 
[2], Carroll et al. [4], Xia and Härdle [41] and so on. The fundamental 
properties are included in Härdle et al. [15]. The partial linear model is 
an efficient technique not only for the mean regression but also for the 
quantile regression. Quantile regression estimates the conditional 
percentile of Y given predictors and was suggested by Koenker and 
Bassett [22]. He and Shi [17], Lee [24], Sun [36], and Hoshino [19] 
studied the partial linear models in quantile regression. We consider the 
partial linear model for both mean regression and quantile regression. 
Therefore for convenience, we study the general robust regression with 
M-estimation. 

For the parametric component, we play the variable selection to 
remove the irrelevant predictors. As the variable selection methods, 
several methods have been developed in the penalization framework. 
Notable methods include the Lasso (Tibshirani [37]), Bridge regression 
(Frank and Friedman [14]), SCAD (Fan and Li [13]), Adaptive Lasso   
(Zou [50]) and so on. Li and Zhu [30], Wu and Liu [40], Belloni and 
Chernozhukov [1], and Jiang et al. [20] developed the variable selection 
using above penalized methods in quantile regression. As the advantage 
of SCAD and Adaptive Lasso, they have unbiasedness, sparsity and 
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continuity (see, Fan and Li [13]) and so called oracle property (see 
Subsection 2.2). These properties motivate us to use the SCAD and the 
Adaptive Lasso. 

For the nonparametric component, the function g is often assumed to 
be an additive model since it avoids curse of dimensionality. However, 
the additive model is somewhat unsuitable when there is interaction 
between components of the predictors. Therefore in order to investigate 
the surface curve with interaction structure, we consider the radial basis 

function model: ( ) ( ) ( ),1 zuzz φ=φ= ∑ =
TK ug kkk  where ( )TKuu ,,1=u  

is an unknown parameter vector, ( ) ( ( ) ( ))TK zzz φφ=φ ,,1  is a known 

radial basis function vector. We can estimate β  and u by general            

M-estimation method. However, it is known that the ordinary                 
M-estimation gives that the estimator of g tends to have a wiggly curve 
when a large K is used. On the other hand, for a small K, the estimator 
may not capture the surface structure. 

To overcome this, Wood [39] proposed the penalization method. 
Unfortunately, the method of Wood [39] is applicable for only mean 
regression and it is not suitable for quantile regression and general 
robust regression. Although Koenker and Portnoy [23], Bollaerts et al. [3], 
Reiss and Huang [34] and other authors studied the penalized estimation 
of the quantile regression, it is for the univariate regression case. When 

,2≥q  Zhu et al. [49] developed the M-estimation using multivariate 
kernel method. However, for kernel smoothing, the band-width selection 
is needed and the computational cost is drastically increased for .2≥q  
This motivates us to propose the new estimation method of the 
nonparametric component to obtain an estimator with smooth in            
M-estimation. Thus, the variable selection and the flexible smoothing are 
studied in this paper. From the mathematical point of view, the over 
fitting curve indicates that the estimator has a large variance and a 
small bias. Consequently, we propose the variance reduction estimator to 
obtain the flexible curve. 
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To obtain the variance reduction estimator of g, we use the sufficient 
dimension reduction (SDR) method. The SDR methods are applied for 
trying to find small number of linear combinations of the predictors 
without loss of information in the regression. In the other words, for 

response R∈Y  and predictor ,qR∈Z  the purpose of the SDR method 

is to find the matrix qdB ×∈ R  such that 

.ZZ BY ⊥   (2) 

If d is smaller than q, the dimension reduction is succeeded. The matrix 
B satisfying (2) and its common space spanned by each column of B are 
called a dimension reduction subspace. The intersection of all dimension 
reduction subspace is so-called central dimension reduction subspace. 
Roughly speaking, the central dimension reduction subspace is 
determined as the space spanned by each column of B satisfying (2) with 
minimum d. Several SDR methods have been studied, for example, sliced 
inverse regression (SIR) (Li [25]), sliced average variance estimation 
(SAVE) (Cook and Weisberg [9]), minimum average variance estimation 
(MAVE) (Xia et al. [42]), directional regression (DR) (Li and Wang [28]) 
and related methods. When the SDR method is applied to regression 
analysis, the model can be written as 

( ) ( ) ,iiiii BhfY ε+=ε+= ZZ  

where RR →qf :  and RR →dh :  are unknown functions. In this 

paper, we apply the SDR method to radial basis function bases. That is, 

we estimate the matrix Kd×∈Θ R  such that 

( ) ( ),ZZX φΘφ⊥β− TY  

using the SDR method such as SIR, SAVE and other methods. Next, 
consider the regression model 

( )( ) .ii
T
ii hY ε+φΘ=β− ZX  
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In this paper, we assume that h is multiple linear model. Since β  is 

unknown, we use the initial estimator of .β  Using the initial estimator of 

,β  we estimate Θ  and the parameters included in h. After estimating the 

nonparametric component, writing ( ( )),ˆˆ zh φΘ  we estimate β  with the 

response ( ( ))ii hY ZφΘ− ˆˆ  and the predictor iX  using SCAD and Adaptive 

Lasso. Thus, the proposed method is based on the one-step alternating 
algorithm. Yoshida [46] also studied the surface estimation with SDR 
method. However, they only used the SIR as SDR method whereas we 
focus on SIR and SAVE. Furthermore, they did not work the variable 
selection of the parametric component. Consequently, our method can be 
seen as the extended version of Yoshida [46]. 

This paper is organized as follows. In Section 2, we review existing 
the SDR method and the variable selection method with penalization. 
Section 3 proposes the estimation method and algorithm. In Section 4, 
the asymptotic results of the proposed estimator are shown. The oracle 
property of the estimator in parametric component is also discussed. In 
Section 5, we investigate to conform the performance of the estimator by 
simulation study. In Section 6, the real data example is addressed. We 
conclude the paper with Section 7. The outline of the proofs of theorems 
in this paper is described in Appendix. 

2. Review the Existing Methods 

In our proposed estimator, the existing SDR method and variable 
selection methods are used. We briefly sketch these methods in this 
section. 

2.1. Sufficient dimension reduction 

Let ( ) qY RR ×∈Z,  be a pair of random variable, {( ) ,1:, =iY ii Z  

}n,  be i.i.d. random sample from ( ),, ZY  and let ( ) ( )zZz =<= yYPyF   

be a conditional distribution function of Y given .zZ =  The purpose of 
the SDR method is to find qd ×  matrix B satisfying: 
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( ) ( ).zz ByFyF =  

If such B with qd <  can be found, the dimension of the predictor 
affecting a response Y is reduced from q to d without loss of information. 
That is, the dimension reduction is succeeded. Several SDR methods can 
be formulated as the eigenvalue problem: 

,,,1, qjGM jjj =λ= bb   (3) 

where the q square matrix M is symmetric and nonnegative definite, the 
q square matrix G is positive definite, vectors qbb ,,1  are eigenvectors 

satisfying 1=j
T
i Gbb  for ,ji =  and 0 otherwise, and 01 ≥λ≥≥λ q  are 

corresponding eigenvalues. Using ,,,1 dbb  we define [ ] .,,1
T

dB bb=   

Specifying M and G, several dimension reduction methods can be 

obtained. Let [ [ ]{ } ]2ZZ EE −=∑  and [ ]( )ZZZ E−∑= −∗ 1  be a 

covariance matrix of Z and standardized version of Z. When Cov=M  
[ ][ ]( )yEE ZZ −  and ,∑=G  it is for SIR. The SAVE is defined as 

[{ ( )} ] 21221 Cov ∑−∑= ∗ yIEM Z  and .∑=G  The estimator of B is 

obtained by (3) with the sample version of M and G. Because of space 
limitations, we do not mention the full algorithm of SDR method here. 
The estimation of B for SIR and SAVE have been clarified in Li [25] and 
Cook and Weisberg [9], respectively. In this paper, we use the SDR 

method by replacing Y and Z to β− TY X  and ( ),Zφ  respectively. 

Other methods are summarized in Li [27] and Chen et al. [7]. The 
minimum average variance estimation by Xia et al. [42] is also useful to 
obtain the estimator of B although it is not in the frame of (3). 

2.2. Variable selection with penalization 

Let ( ) pY RR ×∈X,  be a pair of random variable, {( ) ,1:, =iY ii X  

}n,  be i.i.d. random sample from ( )., XY  Consider the linear 

regression model 
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,,,1, niY i
T
ii =ε+β= X  

where all s,
iY  are centered and all elements of iX  are standardized.    

We then assume that some elements of β  are 0, and hence the    

coefficient vector has a form [ ]TTT
21 , ββ=β  with ,11

pR∈β  vector-2p  

=β2 ( )T0,,0 and .21 ppp =+  We want to construct the estimator 

=β̂ [ ]TTT
21 ˆ,ˆ ββ  of β  such that 1β̂  has yconsistenc-n  and 2β̂  is exactly 0. 

To achieve this, the penalized method is often used. That is, β  is 

estimated by minimizing 

( ) ( ),
11

j

p

j

T
ii

n

i
pY β+β−ρ λ

==
∑∑ X  

where ρ  is the convex loss function, ( )jp βλ  is the penalty to obtain 

0=β2ˆ  and 0>λ  is the smoothing parameter. Several penalties have 

been studied such as Lasso, bridge, SCAD, and Adaptive Lasso. The 

Lasso penalty is ( ) ,jjp βλ=βλ  the bridge penalty is ( ) γ
λ βλ=β jjp  

for ( ),1,0∈γ  the SCAD penalty is given as 

( )
( )

( )
( )
( ) ( ) ,1 








λ>β
λ−

β−λ
+λ≤βλ=

β
β

=β′ +λ
λ j

j
j

j

j
j Ia

a
Id

dp
p  

where I is an indicator, ( ) { }xx ,0max=+  and 0>a  is a constant. The 

Adaptive Lasso penalty is defined as ( ) ,jjjp βλω=βλ  where 0≥ω j  is 

a weight to control the constrain by different level for each .jβ  As an 

typical choice of the weight, jj β=ω ~1  is used, where jβ
~  is the initial 

estimator of .jβ  In the framework of variable selection with penalization, 

the important properties the so called “oracle property” is often 

discussed. The estimator β̂  has an oracle property if and only if (i) 
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sparsity: with probability tending to one, ,ˆ 2 0=β  and (ii) asymptotic 

normality: ( )11ˆ β−βn  is asymptotically distributed as normal, are 

satisfied. In the mean regression, Fan and Li [13] showed the oracle 
property of the SCAD estimator and Zou [50] studied that the estimator 
obtained with the Adaptive Lasso has the oracle property. In quantile 
regression, Wu and Liu [40] showed SCAD estimator and Adaptive Lasso 
estimator have the oracle property. Furthermore, it is known that SCAD 
and Adaptive Lasso have three efficient properties that unbiasedness, 
sparsity and continuity. These properties lead us to use the SCAD and 
Adaptive Lasso in the proposed method. By replacing Y to ( ),ˆ ZgY −  

these methods can directly be applied. 

3. Estimation 

Let {( ) }niY iii ,,1:,, =ZX  be a random sample from the 

following partial linear model: 

( ) ,,,1, nigY ii
T
ii =ε++β+µ= ZX  

where R∈iY  is a response, p
i R∈X  and q

i R∈Z  are predictors, µ  is 

an unknown parameter, ( ) pT
p R∈ββ=β ,,1  is an unknown 

parameter vector, and g is the radial basis function model: 

( ) ( ) ( ),
1

zuzz φ=φ= ∑
=

T
K

ug kk
k

 

( )TKuu ,,1=u  is an unknown parameter vector, ( ) ( ( ) ,,1 zz φ=φ  

( )) ( ) ( )kk κ−φ=φφ zxz ,T
K  is a known radial basis function basis, 

Kκκ ,,1  are the locations of q-dimensional knots, s,iε  are i.i.d. errors. 

The predictor iX  is standardized. Although several φ  can be considered, 

we use the thin plate spline basis, which is of the form 
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( ) ( )






−−

−
=−φ=φ

−

−

,even,log

,odd,

2

2

q

q

qm

qm

kk

k
kk

κκ

κ
κ

zz

z
zz  

where m is an integer satisfying 02 >− qm  that controls the 
smoothness of .φ  If 2,2 == mq  is often used. 

We now estimate the parameter vector β  and function g. The 

ordinary estimator of ,, βµ  and u are obtained as the minimizer of 

( ( ) ),
1

uZX T
i

T
ii

n

i
Y φ−µ−β−ρ∑

=

 (4) 

where ρ  is a convex loss function with the unique minimizer at the 

origin. The minimizer of (4) is denoted by ,~,~ βµ  and .u~  The estimator 

( ) ( )zuz φ+µ= Tg ~~~  will have wiggly surface if K is large (see Wood [39]). 

On the other hand, g~  may not capture the true surface when K is small. 
However, the choice of location and number of knots is important but it is 
challenging. 

We propose the new estimation method such that the estimator of g 
has a curve with the smoothness. The proposed estimator is constructed 

by applying SDR method. Let ( )zx β− TyF  be the conditional 

distribution of β− TY X  given .zZ =  Using SDR method, we find the 

Kd ×  matrix Θ  such that 

( ( )) ( ( )).zxzx φΘβ−=φβ− TT yFyF   (5) 

When the matrix Θ  satisfying (5) with Kd <  exists, the regression 
model can be written as 

( )( ) ,ii
T
ii hY ε+φΘ=β− ZX  

where RR →dh :  is an unknown function. We now assume that h has a 
linear form 
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( ) ,,,
1

1 jj

d

j
d xwxxh ∑

=

=  

where ( )Tdww ,,1=w  is an unknown parameter vector. Then we 

write [ ]Tdθθ=Θ ,,1  and have 

( )( ) ( ( ) ( )) { ( )} ( ).,,
1

1 zzzzz φΘ=φθ=φθφθ=φΘ ∑
=

TT
jj

d

j

T
d

T wwhh  

Thus, to construct the estimator of g, the two-steps estimation is 
suggested. We first estimate Θ  using SDR method and next [ ]w,µ  is 

estimated by minimizing .ρ  Since Θ  depends on unknown ,β  the initial 

estimate of β  is needed. Furthermore, we consider the variable selection 

problem for the parametric component. Consequently, we propose the 
following estimation algorithm: 

Step 1. Construct β~  by minimizing (4). 

Step 2. Using SDR method, obtain ( ).~ˆˆ βΘ=Θ  

Step 3. Obtain ŵ,µ̂  by minimizing 

( ( )).ˆ~

1
i

T
i

T
i

n

i
Y ZwX φΘ−µ−β−ρ∑

=

 

Step 4. After centering ( ),ˆˆˆ i
T

iY Zw φΘ−µ−  estimate β  as 

( ( )) ( ) .ˆˆminargˆ
11 











βλ+φΘ−µ−β−ρ=β ∑∑
==β

j

p

j
i

T
i

T
i

n

i
pY ZwX  

As the SDR method in Step 2, we basically use SIR and SAVE. 
However, other methods can also be applied. As a penalty in Step 4, we 
suggest to use SCAD or Adaptive Lasso since the estimator obtained by 
these method has an oracle property. 
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Remark 1. The estimation procedure can be regarded as one-step 
iteration. The alternating approach such that iterate Steps 2-4 until 

converge β̂  is also feasible. However, the iterated estimator is similar to 

the one-step estimator in practice although it is our empirical finding. 
Thus, we suggest to produce the one-step estimation. 

Remark 2. In Step 2, we need to decide the dimension d. Zhu et al. 
[48] proposed an elegant method using a so-called Bayesian information 
criterion-type criterion (BIC-type). The BIC-type can be used in Step 2 of 
above algorithm and we are applying BIC-type in the simulation study of 
Section 5. Furthermore, we should determine the smoothing parameter 
λ  in Step 4. In this paper, we use the 5-fold cross-validation. 

4. Theoretical Property 

In this section, we study the asymptotic properties of [ ]TTŵ,ˆ,ˆ µΘ  

and .β̂  Furthermore, we show that the variance of the proposed 

estimator ( )zĝ  is smaller than that of the ordinary M-estimator ( ).ˆ zg  

First, we give the assumption of the loss function .ρ  For simplicity, we 

write ( ) ( )., zuxzx φ+β+µ= TTf  Let ( ) [ [ ( )( ) ]ZXzx ,,Cov fYEC −= νν  

[ ] [ ] ]TTTTTT ZXZX ,,1,,1  for bounded function .ν  The following 

assumption is general conditions for M-estimation in the robust 
regression. 

Assumption 1 

(a) With probability ( )( )tfY −−ρ zx,,1  and its first, second 

derivative and square of first derivative as a function of t are bounded 
and continuous for the neighbourhood of 0. 

(b) [{ ( )( ) ( )( ) ( )( ) } ] ( )22,,, totfYfYtfYE =−ρ′−−ρ−−−ρ zxzxzx  as 

.0→t  
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(c) There exists 0>τ  such that for any pR∈x  and ,qR∈z  

[ ( ( ) ] .,, 2 ∞<==−ρ′ + zZxXzx τfYE  

(d) As [ ( ( )] [ ( ) ] [ ( ) ]T
i

T
i

TT
i

T
ii

n
i fYEnn zxzxzx φφ−∞→ ∑ =

− ,,1,,1,, 1
1 ν  

converges to a positive definite matrix ( )νC  for any bounded function .ν  

We first obtain the asymptotic normality of the initial estimator of 
( ).,, uβµ  Define 

( ) [ ( ( )) ].,,minarg,,
,,

000 zZxXzxu
u

==−ρ=βµ
βµ

fYE  

Lemma 1. Under Assumption 1, as ,∞→n  

( ({ }) ({ } ) ({ }) ).,0

~

~

~

121

0

0

0

−− ρ ′′ρ′ρ ′′→





















−

β−β

µ−µ

CCCNn D

uu

 

Next the asymptotic properties of Θ̂  obtained by SIR and SAVE are 
considered. Let 0Θ  be the Kd ×  matrix satisfying 

( ( )) ( ( )).000 zxzx φΘβ−=φβ− TT yFyF  

We estimate 0Θ  using SIR and SAVE method. Define ( )[ ]Zφ= CovG  and 

( [ ( ) ]),Cov:SIR 0β−φ= TYEM XZ  

[{ ( ( ) )} ] ,Cov:SAVE 212
0

21 GYIEGM Tβ−φ−= ∗ XZ  

where ( ) ( ( ) ( )[ ]).1 ZZz φ−φ=φ −∗ EG  Consider the eigen-equation 

,,,1, KjGM jjj =θλ=θ   (6) 

where Kλ≥≥λ1  are eigenvalues and { }Kθθ ,,1  are corresponding 

eigenvectors. Then 0Θ  is defined as [ ] .,,10
T

dθθ=Θ  The estimator 
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Θ̂  of 0Θ  is obtained by eigenvectors that are associated with the nonzero 

eigenvalues of (6) with the sample version of M and G. Zhu and Ng [47] 
and Li and Zhu [29] have developed the asymptotic property of SIR and 
SAVE, respectively. The asymptotic consistency of Θ̂  in this paper can be 
derived in the same manner as Theorem 2 of Zhu and Ng [47] for SIR and 
Theorems 2.1 and 2.2 of Li and Zhu [29] for SAVE. To show the 
consistency of ,Θ̂  the following assumptions for SIR and SAVE are 
needed. 

Assumption 2 

(a) For any [ ( ) ( )]ZZcc φΘφ∈ TK E,R  is linear in { ( ) ,,1 ZφθT  

( )}.ZφθT
d  

(b) For any [ ( ) ( )]ZZcc φΘφ∈ TK V,R  is constant. 

(c) For any ,R∈s  each component of K-vector ( ) [ ( ) −φ= YEsm Z  

]sT =β0X  and K-square matrix ( ) ( ( ) )sYsM T =β−φ= ∗
0Cov XZ  has 

the continuous first order differential. 

(d1) For SIR, with a response 0β− TY X  and a predictor ( ),Z∗φ  

conditions (i)-(iv) of Theorem 2 of Zhu and Ng [47] hold. 

(d2) For SAVE, with a response 0β− TY X  and a predictor ( ),Z∗φ  

conditions (2), (3) of Theorem 2.1 and (1)-(6) of Theorem 2.2 of Li and Zhu 
[29] hold. 

For only next lemma, we denote 0Θ  for SIR and SAVE as SIR,0Θ  and 

SAVE,0Θ  and these estimators are labelled as SIRΘ̂  and .ˆ SAVEΘ  

Lemma 2. Under Assumptions 1-2, as ,∞→n  for SIR, ( −ΘSIRn ˆ21  

) ( )1,0 PSIR O=Θ  and for SAVE, there exists 210 <β<  such that 

( ) ( ).1ˆ ,0 PSAVESAVE On =Θ−Θβ  
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By Lemmas 1 and 2, the asymptotic normality of the ( )ŵ,µ̂  is 

obtained. Let ( )00 , wµ  be the minimizer of 

[ ( ( )) ].,00 zZxXzwx ==φΘ−µ−β−ρ TTYE  

Let 

( ) [ ( ( )) ] [ { ( )} ]{ }.1,,Cov 0
TTzfYE ZZxXzx φΘ==−=∑φ νν  

Theorem 1. Suppose that the matrix ( )νφ∑  is positive definite for 

any bounded function .ν  Under the Assumptions 1-2, as ,∞→n  

( ( ) ({ } ) ( ) ).,0
ˆ

ˆ
121

0

0
−

φφ
−

φ ρ ′′∑ρ′∑ρ ′′∑→














−

µ−µ
Nn D

ww
 

Lastly, we show the asymptotic properties of .β̂  We write the SCAD 

penalty and the Adaptive Lasso penalty as ( )jSCp βλ,  and ( ),, jALp βλ  

respectively. Furthermore as the weight jw  for ( ),, jALp βλ  we use 

.1~
jjw β=  Let 0β  be the minimizer of 

[ ( ( )) ].,000 zZxXzwx ==φΘ−µ−β−ρ TTYE  (7) 

We assume that the parameter vector 0β  in (7) can be written as       

=β0 [ ]TTT
0201, ββ  with 1011 vector- pp R∈β  and ,vector- 022 0=βp  

where .21 ppp =+  Define ( ) [ [ ( ( )) ] ]101 ,,Cov XZXzxfYEC −= νν  for 

bounded function ,ν  where 1X  is first vector-1p  of X. 

Corresponding to ,0β  the estimator can be partitioned as [ ] .ˆ,ˆˆ 21
TTT ββ=β  

The following theorems are the oracle property of the β̂  for the SCAD 

penalty and the Adaptive Lasso penalty. 
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Theorem 2. Under Assumptions 1-2, using ( )jSCp βλ,  as the 

penalty, 0→λ  and ∞→λn  as ,∞→n  

(i) Sparsity : with probability tending to one, .ˆ 2 0=β  

(ii) Asymptotic normality : ( ) ( ({ }) ({ } )2
01

1
01011 ,ˆ ρ′ρ ′′→β−β − CCNn D 0  

({ }) ).1
01

−ρ ′′C  

Theorem 3. Under Assumptions 1-2, using ( )jALp βλ,  as the 

penalty, ∞→λn  and 0→λn  as ,∞→n  

(i) Sparsity : with probability tending to one, .ˆ 2 0=β  

(ii) Asymptotic normality : ( ) ( ({ }) ({ } )2
01

1
01011 ,ˆ ρ′ρ ′′→β−β − CCNn D 0  

({ }) ).1
01

−ρ ′′C  

We now discuss about the variance of the estimator ( ).ˆ zg  Since 

dθθ ˆ,,ˆ1  are obtained from the SDR matrix (see Subsection 2.1), for 

,ji ≠  the inner product of iθ̂  and jθ̂  is 0. That is, we have 

( ) ( ) .0ˆˆ =φθθφ zz T
ji

T  Thus, the expectation of the square of ( )zĝ  can be 

written as 

[ ( ) ] [ { ( )} ].ˆˆˆ 22

1

2 zz φθ= ∑
=

T
jj

d

j
wEgE  

On the other hand, from Theorem 1, the expectation of ( )zĝ  can be 

asymptotically expressed as 

[ ( )] ( ) ( ).1ˆ 00
1

owgE T
d

j
jj +φθ= ∑

=

zz  
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For ,ji ≠  we also obtain ( ) ( ) 000 =φθθφ zz T
i

T
j

 and hence the asymptotic 

variance of ( )zĝ  is 

[ ( )] [ { ( )} ] { ( )}{ } ( )1ˆˆˆ 2
0

2
0

22

1
ozwwEgV TT

jj

d

j
jj

+φθ−φθ= ∑
=

zz  

[ { ( )} ] ( ).1ˆ 22

1
owV T

jj

d

j
+φθ= ∑

=

z  

Since [ { ( )} ] 0ˆˆ 22 ≥φθ zT
jjwV  for ,,,1 dj =  the dimension d controls the 

variance of the nonlinear estimator ( ).ˆ zg  When ,Kd =  the proposed 

estimator is reduced to the ordinary M-estimator ( ).~ zu φT  That is, 

[ ( )] [ { ( )} ] ( ).1ˆˆˆ 22
1 owVgV T

jj
K
j +φθ= ∑ =

zz  It indicates that the proposed 

method constructs the variance reduction estimator rather than the 
ordinary estimator. From Theorems 2 and 3, the accuracy of the variable 
selection of parametric component is guaranteed. Furthermore, in the 
nonlinear component, the variance reduction estimation can be achieved 
using SDR method. 

Remark 3. We first note that Assumption 2(b) is not needed for SIR. 
When SAVE is used, both Assumption 2(a) and (b) are needed. 
Assumption 2(a) and (b) are very important to use SIR and SAVE. If 
these are failed, SIR and SAVE will not be included in the dimension 
reduction subspace and the efficient performances of SIR and SAVE are 
not guaranteed. In real data analysis, however, it is very difficult to 
conform whether ( )Zφ  satisfies Assumption 2(a) and (b). However, we 

can give some examination about this. Diaconis and Freedman [11] 
showed that the distribution of ( )Zφ  is elliptically symmetric, then 

Assumption 2(a) and (b) holds. Furthermore, they discussed that all low-
dimensional projections of high-dimensional data are approximately 
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normal. In radial basis function models, we usually choose a large K to 
capture the smooth surface function and hence the dimension of ( )Zφ  is 

large. Thus, it appears that ( )Zφ  satisfies Assumption 2(a) and (b) 

naturally in this sense. 

Remark 4. We focused on SIR and SAVE as the SDR method. In 
general, SAVE is more comprehensive rather than SIR. That is, the 
subspace spanned by 0Θ  obtained by SAVE covers that by SIR (see, Cook 

and Critchley [8] and Ye and Weiss [44]). Thus, it seems that SAVE is 
more efficient than SIR. However, SAVE does not have yconsistenc-n  

unless a bias correction is performed, whereas SIR has y.consistenc-n  

In this sense, SAVE is not outperformed compared with SIR. From 
practical point of view, it is known that SAVE is not efficient in 
estimating monotone function of the argument transformed predictor 

( ).ZφΘ  On the other hand, if the regression surface is symmetric with 

respect to ( ),ZφΘ  SIR fail to work. Thus, both SIR and SAVE have 

advantages and disadvantages with each other. Roughly speaking, if the 
performance of SIR is worse, SAVE then will have a good behaviour. The 
reverse is also true. Consequently, SIR and SAVE can be regarded as 
complementary methods. Actually, the estimator with SIR did not work 
well in the simulation of Section 5 unlike SAVE. In application to the 
Boston housing data of Section 6, on the other hand, the performance of 
SAVE is not good unlike SIR. 

5. Simulation 

In this section, we conform the performance of the proposed 
estimator. We focus on the mean regression and the median regression. 
The data {( ) }niy iii ,,1:,, =zx  was generated from the following 

partial linear models: 

( ) ,,,1, nigy ii
T
ii =ε++β= zx   (8) 

where ( ) ( ) ( ) ,0,0,0,2,0,0,5.1,3,5.0,,~,, 8
...

1
T

ij
jidii

n N =β=∑∑ −0xx   
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( ) ( ( ) ) ( ),4cos5.02sin,:1Model 2
2

121 zzzzg π−π=  

( ) [ { ( ) ( ) }]2
2

2
121 25.025.010exp,:2Model −−−−= zzzzg  

[ { ( ) ( ) } ,]7.07.014exp5.0 2
2

2
1 −−−−+ zz  

( )21, iii zz=z  was generated uniformly on [ ] ,1,0 2  the error was 

distributed as ( )1,0N  and Cauchy with location 0 and scale 1. Then 

iii ε,, zx  are independent and ix  is standardized. In multiple linear 

regression, the above model of the parametric component has been 
considered by many authors such as Tibshirani [37], Fan and Li [13], Zou 
[50], Wu and Liu [40], to name a few. The above nonparametric functions 
were used in Xiao et al. [43] and Wood [39], respectively. First, we 
showed the sample MISE of the surface estimator, which is defined as 

{ ( ) ( )} ,,,ˆ1
500
1MISE 2

2121
1

500

1

∗∗∗∗

==

−= ∑∑ iiiir

N

ir
zzgzzgN  

where rĝ  is the estimator of g for the r-th repetition and {( ) =∗∗ izz ii :, 21  

}N,,1  is the 5050 ×=N  regular grid on the unit square. Next, the 

prediction error of the estimator was evaluated. The prediction error (PE) 
is defined as 

( ( )),ˆˆ1PE ,,,
1

testi
T

testitesti

N

i
gyN zx −β−ρ= ∑

=

 

where {( ) }Niy testitestitesti ,,1:,, ,,, =zx  is the test data with size N, 

which was generated from (8) and was not used to estimate β  and g. For 

mean and median regression, ( ) 2uu =ρ  and ( ) uu =ρ  are used, 

respectively. Furthermore, we counted C; the average number of nonzero 
coefficients correctly estimated to be nonzero and IC; the average number 
of zero coefficients incorrectly estimated to be nonzero. The sample sizes 
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n = 60, 90, and 120 were used. In all simulations, we used Model 1 and 
Model 2 and normal error in mean regression. On the other hand, in 
median regression, Model 1 and normal error and Cauchy error were 
used. 

To estimate g, we used the thin plate spline basis with the 4, 6, and 8 
equidistant knots for the axis-1z  and axis,-2z  leading to a total number 

of knots K = 16, 36, and 64. For n = 60, K = 64 was omitted since it is 
abuse. As the SDR method, we used the SAVE. For the dimension of 
SAVE, we considered KdKdd === ,2,1  and d selected by BIC-

type. When ,Kd =  the estimator is reduced to the initial estimator 

( ).~ zg  In the estimation and variable selection for the parametric 

component, we used SCAD and Adaptive Lasso (AL). We will mention the 
result for only the case that ĝ  with K = 36 and d selected via BIC-type 
criterion. For comparison, we also considered the PE, C, and IC without 
SDR-method, which is equal to the initial estimator ( ).~ zg  Furthermore, 

we constructed the PE of the estimator without variable selection and 
with correct model, which are denoted as ordinary and oracle. Thus, we 
compared the estimator with SDR and with SCAD, AL, ordinary and 
oracle, and without SDR and with SCAD, AL, ordinary and oracle, which 
are labelled as SDR-SCAD, SDR-AL, SDR-ordinary, SDR-oracle, INI-
SCAD, INI-AL, INI-ordianry, and INI-oracle. 

Table 1 shows that the sample MISE of the estimator of surface 
function ( )21, zzg  in mean regression. For each sample size and model, 

the efficiency of SDR method could be found. The MISEs of the estimator 
with BIC were similar to those with d = 1. It indicates that BIC selects     
d = 1 or small d in each replication. Compared with ,Kd =  which is the 
initial estimator, the performance of the estimator with d = 1 was 
dramatically improved. It appears that the estimator without SDR 
method has an over fitted curve and the proposed method leads to obtain 
a curve with smoothness. When K is large, the reduction of MISE was 
remarkable. It is not surprising result since large K brings to a wiggly 
estimate. Even with n = 120 and K = 16, the proposed estimator had 
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better behavior than the initial estimator ( ).Kd =  Thus, the behaviour 

of the ordinary method is quite unstable and hence the SDR method is 
useful even if K is not too large. In this simulation, for all K, MISE of the 
estimator with d = 1 or d selected via BIC was similar. Therefore, it 
seems that the proposed estimator is not sensitive to the choice of K. 

Table 1. MISEs of estimator of nonparametric function in mean regression. 
K is the number of basis and d is the dimension for SAVE. All entries for 

MISE are 210  times their actual values for ease of presentation 

 Model 1  Model 2 

Method K = 16 K = 36 K = 64  K = 16 K = 36 K = 64 

    n = 60    

BIC 2.124 2.087 –  15.43 14.96 – 

d = 1 2.283 2.270 –  15.43 14.96 – 

d = K/2 31.13 29.12 –  21.25 46.96 – 

d = K (INI) 77.98 66.48 –  46.98 86.53 – 

    n = 90    

BIC 1.953 1.873 1.931  13.16 13.15 13.21 

d = 1 1.973 1.872 1.931  13.22 13.15 13.21 

d = K/2 23.84 18.42 83.62  15.99 27.42 77.56 

d = K (INI) 76.98 78.14 163.2  23.74 78.01 125.6 

    n = 120    

BIC 1.641 1.251 1.684  9.848 9.611 9.521 

d = 1 1.703 1.360 1.688  9.848 9.621 9.524 

d = K/2 5.287 10.09 9.367  11.42 13.49 16.76 

d = K (INI) 14.88 38.19 99.52  14.73 38.07 99.41 

In Table 2, the PE, C, and IC of each estimator are illustrated. First, 
the PE with SDR method was quite smaller than that without SDR 
method. From this, the proposed method is efficient from the prediction 
error point of view. Although the difference is little, PE of SDRAL was 
smaller than SDR-SCAD. C and IC of SDR-SCAD and SDR-AL are near 
to 3 and 5, respectively. Especially in all replications, AL yielded that C 
is 3 even for n = 60. 
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Table 2. Resilts for predictions in mean regression 

  Model 1  Model 2 

  No. of Zeros  No. of Zeros 

Method PE C IC PE C IC 

n = 60       

SDR-SCAD 1.665 2.79 3.06 1.653 2.91 3.86 

SDR-AL 1.259 3.00 4.13 1.214 3.00 4.55 

SDR-Ordinary 2.500 – – 2.514 – – 

SDR-Oracle 1.245 – – 1.134 – – 

INI-SCAD 16.04 2.88 2.35 13.13 2.86 3.35 

INI-AL 14.65 2.93 1.99 13.35 2.90 2.01 

INI-Ordinary 16.56 – – 16.55 – – 

INI-Oracle 11.42 – – 13.01 – – 

n = 90       

SDR-SCAD 1.474 2.48 3.64 1.113 3.00 4.69 

SDR-AL 0.998 3.00 4.76 1.106 3.00 4.76 

SDR-Ordinary 1.406 – – 1.521 – – 

SDR-Oracle 0.945 – – 1.103 – – 

INI-SCAD 4.233 3.00 2.94 4.943 3.00 4.26 

INI-AL 3.985 3.00 3.72 3.950 3.00 3.80 

INI-Ordinary 4.417 – – 4.421 – – 

INI-Oracle 3.734 – – 3.731 – – 

n = 120       

SDR-SCAD 0.970 3.00 4.45 1.091 3.00 4.51 

SDR-AL 0.926 3.00 4.93 1.053 3.00 4.94 

SDR-Ordinary 1.138 – – 1.285 – – 

SDR-Oracle 0.914 – – 0.946 – – 

INI-SCAD 2.539 3.00 3.47 2.541 3.00 3.23 

INI-AL 2.363 3.00 4.33 2.381 3.00 4.31 

INI-Ordinary 2.692 – – 2.695 – – 

INI-Oracle 2.136 – – 2.124 – – 
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Table 3 describes the MISE of ( )21,ˆ zzg  in median regression. 

Similar to the mean regression, the performance of the proposed 
estimator was better than that of the ordinary estimator. The robustness 
of the quantile regression could also be found from the result for Cauchy 
error. However when n = 90 and K = 64, the MISE of the proposed 
estimator was too large and the estimator would have an unstable curve. 
It indicates that for data having heavier tail density, too large K should 
not be used and so the choice of K is somewhat important. In this 
simulation, K = 36 is one of good choice. 

Table 3. MISEs of estimator of nonparametric function in median 
regression. K is the number of basis and d is the dimension for SAVE. > 

1000 means over 1000. All entries for MSE and MISE are 210  times 
their actual values for ease of presentation 

 Normal Error  Cauchy Error 

Method K = 16 K = 36 K = 64  K = 16 K = 36 K = 64 

    n = 60    
BIC 2.541 2.622 –  4.149 9.986 – 

d = 1 2.541 2.632 –  4.149 9.986 – 

d = K/2 33.79 47.39 –  138.9 182.7 – 

d = K (INI) 97.93 123.3 –  506.0 883.6 – 

    n = 90    

BIC 0.765 0.469 0.812  2.651 1.205 462.8 

d = 1 0.766 0.469 0.813  2.651 1.205 501.8 

d = K/2 15.51 26.87 103.24  46.57 38.31 >1000 

d = K (INI) 56.80 71.13 503.02  213.9 584.60 >1000 

    n = 120    

BIC 0.685 0.462 0.582  1.490 0.646 4.278 

d = 1 0.685 0.462 0.595  1.490 0.646 4.278 

d = K/2 5.659 19.44 96.90  22.43 22.36 333.4 

d = K (INI) 15.59 45.73 113.06  57.04 102.36 >1000 
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In Table 4, the results of variable selection for median regression are 
shown. PE of the proposed estimator was smaller than that of the 
ordinary estimator. For n = 60 of Cauchy error, PE of SDR-ordinary was 
quite larger than other estimator with SDR method. For both SCAD and 
AL, C is 3 even when n = 60 and the initial estimator. Concerned with IC, 
the performance of the proposed estimator was somewhat better than 
that of the ordinary estimator. 

Table 4. Resilts for predictions in median regression 

  Normal Error  Cauchy Error 

  No. of Zeros  No. of Zeros 

Method PE C IC PE C IC 

n = 60       

SDR-SCAD 1.044 3.00 3.53 7.457 3.00 4.94 

SDR-AL 1.027 3.00 3.33 7.316 3.00 4.27 

SDR-Ordinary 1.251 – – 14.71 – – 

SDR-Oracle 1.013 – – 7.231 – – 

INI-SCAD 9.577 3.00 3.51 18.39 3.00 4.15 

INI-AL 9.570 3.00 3.69 18.35 3.00 4.09 

INI-Ordinary 11.75 – – 28.67 – – 

INI-Oracle 9.452 – – 15.35 – – 

n = 90       

SDR-SCAD 0.947 3.00 4.52 4.708 3.00 4.81 

SDR-AL 0.825 3.00 4.14 4.606 3.00 4.23 

SDR-Ordinary 0.848 – – 8.959 – – 

SDR-Oracle 0.842 – – 4.601 – – 

INI-SCAD 2.236 3.00 3.23 8.416 3.00 4.10 

INI-AL 2.156 3.00 3.65 8.327 3.00 4.09 

INI-Ordinary 2.195 – – 10.66 – – 

INI-Oracle 2.141 – – 8.315 – – 

n = 120       

SDR-SCAD 0.851 3.00 4.43 4.576 3.00 4.60 
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Table 4. (Continued) 

SDR-AL 0.804 3.00 4.37 4.481 3.00 4.21 

SDR-Ordinary 0.823 – – 5.866 – – 

SDR-Oracle 0.801 – – 4.425 – – 

INI-SCAD 2.412 3.00 4.03 6.313 3.00 4.25 

INI-AL 2.385 3.00 3.39 6.243 3.00 3.96 

INI-Ordinary 2.513 – – 7.608 – – 

INI-Oracle 2.031 – – 6.242 – – 

The prediction error, C and IC for K = 4 and K = 8 were practiced 
although it was not described here. As the result, efficiency of the 
proposed method could be confirmed. The same simulation studies of 
median regression for Model 2 were explored. Although the results are 
not reported owing to lack of space, the estimators behaved well. 

Remark 5. In this simulation study, we were confirmed that the 
performance of the proposed estimator is better than that of the ordinary 
M-estimator, which is the case d = K (INI). Although we were not 
described the results for want of space, we compared the proposed 
method with the following models and methods: The partial linear 
additive model 

( ) ( ) ( ),2211 zgzgg +=z  

where 1g  and 2g  are univariate functions (Liu et al. [31]), the partial 

linear single index model 

( ) ( ),0 zz Tgg θ=  

where 0g  is univariate function and θ  is two dimensional vector (see 

Carroll et al. [4]) and the ordinary two dimensional kernel smoothing 
method (see Zhu et al. [49]). We also calculated the sample MISE and PE 
of the estimators obtained from above methods in all settings of this 
section. We then use the cubic B-spline method with 5 equidistant knots 
to estimate ,, 21 gg  and 0g  for he partial linear additive model and the 
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single index model, and Epanechnikov kernel with the band-width 
selected by the generalized cross validation for bivariate kernel method. 
As the result, the proposed method was superior or nearly equal than the 
above estimators. Although the additive models avoid the curse of 
dimensionality, the interaction structure of covariates can not be 
captured. The single index model is useful method to dimension 
reduction in practice. However in generally, the loss of information may 
be occurred since we q-dimensional predictor is compulsory transformed 
to 1 dimension. The kernel method is traditional nonparametric 
smoothing but the computational cost of the bandwidth selection grows 
when .2≥q  Thus, the proposed method covers the disadvantage of the 

above methods. Although we can not compare the proposed method with 
the above and other nonparametric/nonlinear methods directly, we 
believe that the proposed method is one of efficient methods in partial 
linear models. 

6. Data Example 

We apply the proposed method to Boston housing data, which was 
originally analyzed by Harrison and Rubinfeld [16]. The data consists of 
14 variables and n = 506 samples. The purpose was to evaluate the effect 
of various predictor variables on housing price. In our model, the 
response is taken to be the logarithm of median value of owner occupied 
homes and the partial linear model is assumed. The predictors 

( )111 ,, xx=x  in the parametric component are :1x  the crime rate by 

town; :2x  the percentage of the town’ residential land zoned for lots 

greater than 25,000 square feet; :3x  the percentage of nonmetal business 

acres per town; :4x  the indicator of whether the census tract borders the 

Charles Rivers; :5x  nitrogen oxide concentration in parts per hundred 

million (pphm); :6x  the weighted distance to five Boston employment 

centers from houses; :7x  the percentage of owner units built prior to 
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1940; :8x  an index of accessibility to radial highways; :9x  the full tax 

rate of the property; :10x  the pupil-teacher ratio by town school district 

and :11x  the proportion of the population that is African-American. For 

the nonparametric component, we consider the surface of ( ),, 21 zz=z  

where 1z  is the average number of rooms in owner units and 2z  is the 

percentage of the population in the area having low economic status. The 
same z was used by Doksum and Koo [12] in the nonparametric 
smoothing. 

Our purpose is to predict the conditional mean and median surface of 
Y given above predictors. We used the thin plate spline basis and the 
number of knots was K = 36 and the location was an 66 ×  regular grid 
on the range of ( )., 21 zz  As the SDR method, we used SIR. The 

dimension of the SIR is fixed at d = 1 to observe the linear regression 
between the partial residual and the transformed predictor. The Step 3 of 
the proposed estimation algorithm constructs the linear estimator of the 
partial residual and the transformed predictor by SDR method. In Figure 1, 

the partial residual β− ~T
iy x  versus ( )i

T zφθ1ˆ  and its linear estimator 

(solid line) are illustrated. The left panel is for mean regression and the 
right panel is for median regression. For both panels, we see that the 
linear estimator can captures the mean and median structure of the 
partial residual. 
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Figure 1. Partial residual β− ~T
iy x  versus ( ).ˆ1 i

T
it zφθ=  Left and right 

panels are for mean regression and median regression. The solid line in 
each panel is the linear estimator given by ( ) .ˆˆˆ 10 ii twtg +µ=  
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Figure 2 shows the contour plot of the estimator of mean surface 
( )., 21 zzg  The left and right panels are for the proposed estimator 

( ) ( )zwz φΘ+µ= ˆˆˆˆ Tg  and the initial estimator ( ) ( ),~~~ zz φ+µ= Tug  

respectively. Roughly speaking, the surfaces were drawn like a plane 
from the contour line. It seems that the proposed estimator has a smooth 
surface rather than the initial estimator. In Figure 3, the contour plots of 
the estimators of median surface are described. In also median 
regression, the proposed estimator behaved smoothly rather than the 
estimator without SIR. Thus, the proposed method leads to obtain the 
estimator with smoothness. 
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Figure 2. Mean surface estimator of ( )., 21 zzg  The proposed estimator 

and initial the estimator are shown in left and right panel, respectively. 
The dots are location of data points .,,1 nzz  
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Figure 3. Median surface estimator of ( )., 21 zzg  The proposed estimator 

and initial the estimator are shown in left and right panel, respectively. 
The dots are location of data points .,,1 nzz  
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From last step of the proposed estimation, we selected the important 
variable to explain the response by SCAD and Adaptive Lasso. In Table 
5, the estimator of β  with ordinary method, SCAD, Adaptive Lasso are 

shown. Here, the ordinary method is the estimation method without 
penalty. The smoothing parameter included in the penalty was chosen by 
5-fold CV. In mean regression, SCAD selected 2x  as needless predictor 

and Adaptive Lasso showed that 2x  and 3x  do not affect to the response. 

The estimator of non zero coefficients were similar for all of ordinary 
method, SCAD and Adaptive Lasso. In median regression, SCAD and 
Adaptive Lasso picked { },,,, 8632 xxxx  and { }98632 ,,,, xxxxx  as 

unimportant variable, respectively. It seems that the restriction of 
Adaptive Lasso is somewhat stronger than that of SCAD. Furthermore, 
the number of important variables for median estimation was smaller 
than that for mean estimation. Thus, we see that the mean estimator and 
median estimator have different structure. 

 

 

 

 

 

 

 

 

 

 

 

 



Table 5. Mean and median estimators of β  in the Boston Housing data. ORD is unpenalized 
estimator, SCAD is the estimator with SCAD penalty and AL is the estimator with Adaptive 
Lasso penalty for both mean and median 

Method 1β  2β  3β  4β  5β  6β  7β  8β  9β  10β  11β  

Mean            

ORD – 0.441 0.042 0.083 0.101 – 0.372 0.057 – 0.358 0.517 – 0.434 – 0.309 0.121 

SCAD – 0.435 0 0.031 0.099 – 0.337 0.016 – 0.354 0.468 – 0.373 – 0.308 0.113 

AL – 0.434 0 0 0.101 – 0.321 0.004 – 0.367 0.450 – 0.348 – 0.301 0.112 

Median            

ORD – 0.200 0.053 0.035 0.061 – 0152 0.017 – 0.199 0.181 – 0.179 – 0.178 0.108 

SCAD – 0.213 0 0 0.016 – 0.162 0 – 0.189 0 – 0.004 – 0.189 0.004 

AL – 0.215 0 0 0.058 – 0.044 0 – 0.082 0 0 – 0.159 0.072 
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Table 6 shows that the prediction error (PE) of the estimators. The 
PE was defined as that given in previous section. We calculated the 
prediction error with randomly 5-fold validation. The initial estimator 
(without SDR method) with ordinary method, SCAD and Adaptive Lasso 
are labelled as INI-ORD, INI-SCAD, and INI-AL. The proposed estimator 
with ordinary method, SCAD and Adaptive Lasso are denoted by SDR-
ORD, SDR-SCAD, and SDR-AL. Overall, the prediction error of the 
proposed estimator were smaller than that of the initial estimator. For 
both mean and median regression, SDR-AL had a best prediction error. 
However, the difference between three estimator with SDR method was 
quite small. 

Table 6. Prediction error of each estimator for both mean and median 
regression. The labels ORD, SCAD, and AL are for ordinary method, no, 
using non penalty, SCAD and Adaptive Lasso penalty, similar to that 
given in Table 5 

 INI-ORD INI-SCAD INI-AL SDR-ORD SDR-SCAD SDR-AL 

Mean 0.477 0.476 0.473 0.318 0.319 0.313 

Median 0.486 0.488 0.486 0.336 0.336 0.335 

Our proposed method is based on the one-step estimation and has 
non iteration anymore. Even if Steps 2-4 of Section 3 is iterated, the 
results will be similar. In Figure 4, the partial residuals with one-step 

iterated β− ˆT
iiy x  versus the partial residual with initial β− ~T

iiy x  are 

plotted. All panels are for median regression. In left, middle and right 

panels, β̂  is constructed via ordinary method, SCAD and Adaptive Lasso. 

We see that the partial residuals are almost similar in all methods. Thus, 
it is sufficient to practice an one-iteration. Similar results were obtained 
in mean regression. 
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Figure 4. Scatter plot of partial residual with one-step iterated β− ˆT
iiy x  

versus partial residual with initial β− ~T
iiy x  in median regression. The 

β̂  of left, middle and right panels are obtained by ordinary, SCAD and 

Adaptive Lasso, respectively. 

7. Conclusion 

In this paper, we studied the partial linear regression. The variable 
selection of the parametric component was proceeded by using SCAD and 
Adaptive Lasso. For the nonlinear component, we use the thin plate 
spline model. Since the estimates of radial basis function estimator tends 
to have a wiggly curve, we propose the estimator with smooth curve. The 
esitmator is the over fitted curve means that its variance is too large. 
From this, we propose the variance reduction estimator. First the 
sufficient dimension reduction (SDR) methods to radial basis functions 
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are applied for trying to find small number of linear combinations of the 
radial bases without loss of information. Next, a multiple linear 
regression model between a response and the transformed radial bases is 
assumed and estimate the parameters by ordinary M-estimation. The 
estimation is organized as the alternating with one-step iteration. We 
derived the asymptotic normality of the estimator of coefficients included 
radial basis function model and the oracle property of the estimator of 
parametric component. Furthermore, we showed that the estimator with 
the SDR method has a small variance rather than the ordinary 
estimator. By simulation and real data application study, the efficiency 
and the behaviour of the proposed method could be confirmed. 

We expect that the proposed method is useful in also binary, count, 
censored, missing data and so on. As future study, the application to the 
above data is interesting. 
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Appendix 

The theorems in this paper can be proven by existing results. The 
Theorem 1 can be shown by applying the convexity lemma of Pollard [33]. 
The proofs of Theorems 2 and 3 are almost similar to that of Theorems 2 
and 3 of Wu and Liu [40], which was studied the variable selection of 
linear quantile regression. Thus, by combining the existing result, the 
asymptotic result of the proposed method can be evaluated. However, we 
briefly mention the outline of its proofs. 

Proof of Lemma 1. Let [ ( ) ]TT
i

T
ii ZXV φ= ,,1  and [ ] .,, TTTc uβµ=  

Then the model can be written as ( ) ,, 0czx T
iii vf =  where [ ,,00 iniµ=c  

] ., 0,0
TTT

ini uβ  Let 0cT
iii vYU −=  and let 

( ) ( ) ( ).
1

ii
T

i

n

i
UnvUQ ρ−δ−ρ=δ ∑
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Then the minimizer δ~  of ( )δQ  is 

( ),~~
0cc −=δ n  

where [ ] .~,~,~~ TTT uc βµ=  We now define 
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( ) ( ) ( )[ ] { ( ) [ ( )]} ( ).21

1
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vnUEUQEQR δρ′−ρ′−δ−δ=δ −

=
∑  

We note that ( )[ ]δQE  is continuous with respect to Kp++∈δ 1R  from 

Assumption 1(a). The expectation of ( )δR  is 0 and tedious but simple 

calculation yields that ( )[ ] ( )1oRV =δ  by Assumption 1(a) and (b). Thus, 

we have 
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Again from Assumption 1(a), we use Taylor expansion around 

0=δ nvi
T  and obtain 
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{ }( )δρ ′′δ→ CTP
2
1  

as .∞→n  Next Assumption 1(c) guarantees that the second term of 
right hand side of (9) satisfies the Lyapunov condition for central limit 
theorem. Therefore we have as ,∞→n  
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where ( ({ } )).,~ 2ρ′CN 0W  Consequently, as ,∞→n  
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FLEXIBLE SMOOTHING AND VARIABLE … 165

From convexity lemma of Pollard [33] yields that the minimizer of Q 
converges to the minimizer of ,0Q  and hence 

{ }( ) W1~ −ρ ′′→δ CD  

can be obtained. This completes the proof.  

Proof of Lemma 2. Although the proof of Lemma 2 is similar to that 
of Theorem 2 of Zhu and Ng [47] and Li and Zhu [29], we note 

Assumption 2(c) concerned with the difference between β~  and .0β  Let 

( [ ( ) ]),Cov 0β−φ= ∗ T
SIR yEM xZ  

( [ ( ) ]),~Cov~ β−φ= ∗ T
SIR yEM xZ  

[{ ( ( ) )} ] ,Cov 212
0

21 GyIEGM T
SAVE β−φ−= ∗ xZ  

[{ ( ( ) )} ] .~Cov~ 21221 GyIEGM T
SAVE β−φ−= ∗ xZ  

From Assumption 2(c), we have 

( ) ( ) ( ),~ 21
0

−+β−=β− nOymym P
TT xx  

( ) ( ) ( ),~ 21
0

−+β−=β− nOyMyM P
TT xx  

and straightforward calculation yields ( )21~ −+= nOMM PSIRSIR  and 

( ).~ 21−+= nOMM PSAVESAVE  Direct use of Theorem 2 of Zhu and Ng 

[47] and Theorems 2.1 and 2.2 of Li and Zhu [29] lead to 

( ) ( ) ( ) ( ),1~ˆ,1~ˆ PSAVESAVEPSIRSIR OMMnOMMn =−=− β  

for .210 <β<  Thus, for SIR, 

( ) ( ) ( ).1~~ˆˆ PSIRSIRSIRSIRSIRSIR OMMMMnMMn ==+−=−  
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Similarly, we have ( ) ( ).1ˆ PSAVESAVE OMMn =−β  From the perturbation 

theory (for example; Tyler [38]), ( ),,,1ˆ djj =θ  which is the 

eigenvectors of MG ˆˆ 1−  converge to the corresponding eigenvectors of 

.1MG−   

Outline of proof of Theorem 1. The proof of Theorem 1 is similar 
to that of Lemma 1. We replace δ,iU  in the proof of Lemma 1 to       

( )i
TT

iii YU ZwX φΘ−β−µ−= ˆ~~
00  and [ ( ( )) ] .,1 0

TT
iiv zφΘ=  Then we 

have ( ).1~
Pii oUU +=  Therefore, the Theorem 1 can be shown in the 

same manner as Lemma 1.  

Outline of proof of Theorems 2 and 3. The oracle property of the 
parametric estimator is generally shown by convexity lemma similar to 
Theorem 1. Since the penalty term of SCAD and Adaptive Lasso do not 
contain the information of loss function ,ρ  the convergence function of 

loss function ρ  plus penalty can be considered as the convergence 

function of the loss function plus the convergence function of the penalty. 
The convergence function of loss function have already been studied by 
Theorem 1. The asymptotic form of the penalty for SCAD and Adaptive 
Lasso were given by Wu and Liu [40]. In Wu and Liu [40], by replacing 
the check function with ,ρ  the proofs of Theorems 2 and 3 of Wu and Liu 

[40] can directly be applied in our problem. Thus, Theorems 2 and 3 are 
shown. 
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