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Abstract

The paper considers the functional form of Jensen’s inequality and its applications.
The paper offers the extension of this functional form and its usage in creating
the most important inequalities for convex functions. In particular, the Jensen

and Hermite-Hadamard inequality are applied to preinvex functions.
1. Introduction

The concept of convexity plays a significant role in many fields of
pure and applied mathematics. Its generalization, the concept of invexity
is applied to problems of variational inequalities, equilibrium, nonlinear

programming, and optimization.

The aim of this paper is to establish the basic functional inequality
which can be widely applied to convex and preinvex functions. With this
intention, we will discuss the Jensen (see [4]) and Hermite-Hadamard
(see [2] and [1]) inequality.
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The basic structure that we use in this research is the real vector
space marked with X. As the domain of observed convex and preinvex

functions, we will use bounded closed intervals in R and line segments in
R*.
1.1. Convex set and convex function.

We recall the basic notions of the concept of convexity.

Definition 1. A set C < X is said to be convex if the inclusion
-t +ty=x+t(y—x)eC, (1)
holds for all points x, y € C and coefficients ¢ € [0, 1].

Definition 2. Let C < X be a convex set. A function f : C -> R 1is

said to be convex if the inequality
fQ =t +ty) < (1 - 8)f(x) + tf(y), @)
holds for all points x, y € C and coefficients ¢ € [0, 1].

The expression (1 —t¢)x +¢y in formula (1) is called the binomial

convex combination of points x and y with coefficients 1 —¢ and ¢. The
convex hull of a set S < X is the smallest convex set in X containing S,

and it consists of all binomial convex combinations of points of S. The

convex hull of S is denoted with convS.
1.2. Invex set and preinvex function.

A notion of preinvex function was introduced in [14] and [13], and
came from the notion of invex function. Some prominent properties of
preinvex functions can be found in [15]. We briefly present the concept of

preinvexity, referring to a preinvex function on the invex set.

Definition 3. A set K < X 1is said to be invex respecting a vector

function v : K x K — X if the inclusion
(T —t)x +tlx +v(y, x)) = x +tv(y, x) € K, 3)

holds for all points x, y € K and coefficients ¢ € [0, 1].
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The invex set K contains the line segment between points x and

x + v(y, x) for every pair of points x and y of K, because
x +to(y, x) = (1 -t)x +t(x + v(y, x)). (4)

Any subset K < R” is invex respecting the vector function v identically
equal to null vector.
Every convex set K is invex respecting the mapping v(y, x) = y — x.

The following example demonstrates that the reverse statement is not
true.

Example 1.1. The set K = (-o, — a]U [a, +©) c R, where a > 0, is
invex respecting the mapping uv(y, x) = x because it contains the
combinations

x +tu(y, x) = (1 +1t), (5)

for all points x, y € K and coefficients ¢ € [0, 1].

Definition 4. Let K < X be an invex set respecting a vector
function v: K x K - X. A function f: K —» R is said to be preinvex

respecting v if the inequality
flx +tu(y, x)) < (1 - )f (x) + tf (), ®)
holds for all points x, y € K and coefficients ¢ € [0, 1].

Every convex function f on the convex set K is preinvex respecting the
mapping v(y, x) = y — x. As the following example (see [14]) shows, the

converse is not true.
Example 1.2. The function f(x) = —|x| observed on the set K = R is
preinvex respecting the mapping

y—-X, xXy 2 Oa
u(y, x) = W)
X -9, xy < 0.
In the case xy > 0, we obtain formula (6) with the sign of equality. In the

case xy < 0, we obtain formula (6).



14 ZLATKO PAVIC

2. Main Results

We aspire to determine the appropriate and applicable inequality
with positive linear functionals. In that pursuit, we rely on the Jessen

functional form of Jensen’s inequality.

Let X be a nonempty set and X be a subspace of the linear space of
all real functions on the domain X. We assume that the space X contains

the unit function u defined by u(x) =1 for every x € X. Such space

contains every real constant ¢ because c¢ = cu. Consequently, the

composite function f(g) € X for every affine function f(x) = c;x + cg and

every function g € X.

The space of all linear functionals on the space X will be denoted
with L(X). The functional L is positive (nonnegative) if L(g) > 0 for

every nonnegative function g e X. The functional L is unital
(normalized) if L(u) =1. Such functional has the property L(c)=c
because L(c) = L(cu) = cL(u) = c.

We start with unital functionals.

Lemma 2.1. Let f: R — R be an affine function, g € X be a
function, and L e IL(X) be a unital functional.

Then

f(L(g)) = L(f(g))- ®)

Proof. Using the affine equation f(x)= ¢;x + ¢y, and the unital

property of L, we obtain
f(L(g)) = c1L(g) + cg = L(c18 + cou) = L(f(g)) )
proving the equality in (8). O

Now we use a function g € X, whose image is contained in the

bounded closed interval of real numbers. In this case and throughout the

paper, [a, b] ¢ R will be the closed interval with endpoints a < b.
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Lemma 2.2. Let g € X be a function such that its image is in [a, b]

and L e L(X) be a unital positive functional.
Then
L(g) € [a, b]. (10)

Proof. Applying the positive and unital functional L to the function
image assumption a < g(x)<b, we get a < L(g)<b proving the

inclusion in (10). d

y=fiq (@)

a c b

Figure 1. Support and secant line of a convex function.

Let ¢ € (a, b) be a point. A convex function f : [a, b] > R satisfies

the support-secant inequality

() < flx) < £, (), an
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for every x € [a, b]. The support lines pass through the graph point
C(c, f(c)). Each support line is specified by the slope coefficient

k € [f'(c-), f'(c+)] and the corresponding equation:
fy® (%) = klx = c) + f(c). (12)

The secant line passes through the graph points A(a, f(a)) and
B(b, f(b)), and its equation is

feee @) = L2 )+ 222 1(o), as)

A visual perception of the support-secant inequality can be seen in Figure
1.

Theorem 2.3. Let f :[a, b] > R be a continuous convex function,
and g € X be a function such that its image is in [a, b] and that the
composite function f(g) is in X. Let L e I(X) be a unital positive

functional.

Then
AL < L(F(e) < £2%, (L (e)) 19
Proof. Let ¢ = L(g). Then c € [a, b] by Lemma 2.2. We sketch the

proof in two steps depending on the location of c.

If ¢ € (a, b), we use any support line of f at ¢, and the secant line of f.

Since g(x) € [a, b] for every x € X, we have that
FEUP (g(o) < Fle(w) < £25, (2(0) 15)

by formula (11). Acting with the functional L to the above double

inequality, and applying formula (8) to affine functions f WP and f{iecb

we obtain the double inequality in formula (14). We also use the equality
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FEP(L(g) = F(L(8). 16)

If ¢ € {a, b}, we rely on the continuity of f using the support line at a
point that is close enough to c. O
In 1931, Jessen (see [5] and [6]) stated the left-hand side of the
inequality in formula (2.3) for a convex function f on the interval I < R.

In 1988, Rasa (see [12]) pointed out that I must be closed, otherwise it
could happen that L(g) ¢ I, and that f must be continuous, otherwise it

could happen that the left-hand side of the inequality in formula (14)
does not apply. Some generalizations of the functional form of Jensen’s

inequality can be found in [11].

3. Application to the Jensen and

Hermite-Hadamard Inequality

To take advantage of Theorem 2.3, we will use X as the linear space

of applicable real functions on the domain X = [a, b].

Each point x € [a, b] can be presented by the unique binomial convex

combination
x = aa + Bb, amn
where
b-x x—-a
“Thoa B_b—a' (18

As the first consequence of Theorem 2.3, we affirm the following

symmetric form of the extended Jensen’s inequality.
Corollary 3.1. Let g : [a, b] — [a, b] be a function, Z?zlkixi be a
convex combination of points x; € [a, b], and oa +Bb be the convex

combination that is equal to Z?zlkig(xi).
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Then every convex function f :[a,b] > R satisfies the double

inequality
flaa +Bb) < Y 2;f(g(x;)) < of(a) + Bf(b). (19)
=1

Proof. Let X be the space of all real functions on the domain

X = [a, b]. Then the summarizing linear functional

n
L(k) = Y hihlx), (20)
i=1
where h € X, is positive and unital. Using the given functions g and f,
we obtain
n
L(g) = Y %ig(x;) = aa + Bb, 1)
1=1
n
L(f(g)) = Y _nif(glx;)), (22)
i=1
and

fees (L) = 28 pia) « POV ) ey pr). (29

Assuming that f is continuous, and arranging the above items into
the functional inequality in formula (14), we achieve the discrete
inequality in formula (19). The same is true for the convex function f,

which is not continuous at endpoints because the one-sided limits satisfy

f(a+) < f(a) and f(b-) < f(b). [
Taking the identity function g(x) = x, it follows that aa +Bb =

Z'.l A;x;, and the left-hand side of the inequality in formula (19)
1=1

represents the classical form of the Jensen inequality.
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As the second consequence of Theorem 2.3, we state the following
generalization of the Hermite-Hadamard inequality.

Corollary 3.2. Let g : [a, b] - [a, b] be an integrable function and

b
aa + Bb be the convex combination that is equal to (b — a)_lj g(x)dx.
a

Then every convex function f :[a, b] > R satisfies the double
inequality

1

f(oca+[3b)§b_a

[ fenas < afta) + B0). en

Proof. Let X be the space of all integrable functions over the domain

X = [a, b]. The composition f(g) is integrable over [a, b] because it is
bounded, and continuous almost everywhere in [a, b]. The integrating

linear functional

where h e X, is positive and unital. Applying the functional L to the

given functions g and f, we get

L(g) = ﬁ‘[jg(x)dx = aa + Bb, (26)
L&) = 52 [ flateds, e

and
foc5, (L&) = af(a) + B1(B) es)

as in formula (23).

The functional inequality in formula (14) with the above findings
stands as the integral inequality in formula (24) for any convex function
f. O
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Taking g(x) = x, it follows that a = B = 1/2, and the inequality in
formula (24) represents the classical form of the Hermite-Hadamard

inequality.

Extensions and generalizations of the above famous inequalities can
be found in [9] and [10]. An interesting historical story about the

Hermite-Hadamard inequality can be read in [8].
4. Application to Preinvex Functions

We want to apply the Jensen and Hermite-Hadamard inequality to
preinvex functions on the invex set K < R*. For this purpose, we will

formulate the extended dJensen’s inequality (Lemma 4.1) and the

Hermite-Hadamard inequality (Lemma 4.2) for convex functions on the

line segment in space R*,
Let a # b be a pair of points in R”. The line segment between points
a and b will be written as the convex hull
convia, b} = {aa +Bb : a, B €[0,1], a + B = 1}. (29)
Each point x € conv{a, b} can be presented by the unique binomial
convex combination
x = aa + B, (30)

where (using the norm | |)

_fo-«f k-

- . B= _ 31
b-a’ "=l @

o

Lemma 4.1. Let Z?:lkixi be a convex combination of points

x; € convia, b}, and aa + b be the convex combination that is equal to

Z?:l)\'ixi'
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Then every convex function f : convia, b} — R satisfies the double

inequality
flaa +Bb) < D hif(x;) < af(a) + Bf(). (32)
=1

Lemma 4.2. Every convex function f : conv{a, b} — R satisfies the

double inequality

a+b 1 b f(a) + f(b)
f( : ) < ja fle)dx < DO2LO) (33)

Using the segment equation x = a+t(b - a) through the real

parameter ¢ € [0, 1], the middle term of formula (33) can be expressed by

I 01 fla + b - a))dt. (34)

A little more about invex sets which will now be considered in space
RF. If a set K c R* is invex respecting v, and if a, b € K, then the
generated line segment convi{a, a +v(b, a)} is not necessarily invex
respecting v. The requirement that the generated segments of the invex
set be invex provides the condition introduced in [7]. It is known as
condition C, and its consequence is Lemma 4.3 which among other things
allows the application of the important inequalities to preinvex functions.

Definition 5. Let K c R* be an invex set respecting a vector

function v : K x K — R¥. Tt is said that the function v satisfies condition

C if the equalities

u(x, x + tu(y, x)) = —tu(y, x), (35)

v(y, x + tv(y, x)) = (]- - t)v(y, x)’ (36)

hold for all points x, y € K and coefficients ¢ € [0, 1].
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A consequence of condition C is the equality
v(x + tu(y, x), x + vy, x)) = (L2 — oy, %), (37
which holds for all points x, y € K and coefficients ¢;, ¢y € [0, 1].

Assuming the presence of condition C, the following lemma shows

where the preinvexity coincides with convexity.

Lemma 4.3. Let K R be an invex set respecting a vector function
v that satisfies condition C and f: K — R be a preinvex function

respecting v.

Then the function f is convex on the generated segment convia, a +

v(b, a)} for every pair of points a, b € K.

Proof. Let a,b e K be a pair of set points, x, y € conv{a, a +v
(b, @)} be a pair of segment points, and ¢ € [0, 1] be a coefficient. We will
verify the equality of combinations (1 —¢)x +¢y and x + tv(y, x). Using

the representations
x =a+tub,a), y=a-+tyb,a)
via formula (37), we get
M-t +ty = (1 -t)(a+tyu(b, a)) + t(a + tou(b, a))
= a + tiu(d, a) + t(tyg — t; (b, a)
= a + tju(b, a) + tv(a + tou(d, a), a + tju(b, a))
= x + tu(y, x). (38)

Taking into account the above equality, and applying the preinvexity

of f to the invex combination x + tv(y, x), we obtain the inequality

fA - t)x + ty) = flx + tu(y, x)) < 1= )f(x) + ¢ (), (39)

which proves the convexity of f on the segment convi{a, a + v(b, a)}. O
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Formula (38) specifies the vector function v, it follows that v(y, x) =

y — x for all points x and y of the generated segment conv{a, a + v(b, a)}.

The type of convexity given in Lemma 4.3 enables us to apply the
convex function inequalities to preinvex functions. First and foremost, it
refers to fundamental inequalities for convex functions on the line
segment, which are prepared in Lemmas 4.1 and 4.2.

Extended version of the Jensen inequality for preinvex functions is
the first that follows.

Corollary 4.4. Let K c R* be an invex set respecting a vector
function v that satisfies condition C and [ : K — R be a preinvex

function respecting v. Let Aq, ..., A, €[0,1] be coefficients such that

Z?:lki =1, let ty, ..., t, €0, 1] be coefficients, and let t = Z?Zlkiti.

Then the double inequality
fla + tv(b, a)) < Zkif(a +tu(b, a)) < (1 -¢t)f(a) + tf(a + v(b, @), (40)
i=1

holds for every pair of points a, b € K.

Proof. Let a and b be a pair of points of K and conv{a, a + v(b,a)} be
the line segment with endpoints a and a +uv(b, a). The points
a +t;u(b, a) belong to convia, a +v(b, a)}, as well as their convex

combination

n n n
Zki(a + tu(b, a)) = Zkia + Zkitiv(b, a) =a+tu(b, a) (41)
i=1 i=1 i=1

=1 -t +tla + v(b, a)).
The function f is convex on the generated segment
convia, a + v(b, a)} by Lemma 4.3. Therefore, respecting the above
equalities, we can employ formula (32) by using a as a, a +v(b, a) as

b, a + t;u(b, a) as x;, and t as B, we obtain formula (40). O
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Since
A - t)f(a) + tf(a + v(b, @) < (1 - t)f(a) + tf(b), (42)

the inequality in formula (40) can be extended to the right side. If
v(b, a) = 0, the inequality in formula (40) is reduced to f(a) < f(a) < f(a).

The left-hand side of the inequality in formula (40) representing the

Jensen inequality for preinvex functions can be written in the form
n n
1D hila+ b, @) | < D rifla+ (b, ). (43)
i=1 i=1

It remains to specify the Hermite-Hadamard inequality for preinvex

functions.

Corollary 4.5. Let K c R* be an invex set respecting a vector
function v that satisfies condition C and [ : K — R be a preinvex

function respecting v.

Then the double inequality

f(a . u(b, a)j < "U(bl 3 J.aw(b’a)f(x)dx < f(a)+ f(a + v(b, a)) (44

2 2
holds for every pair of points a, b € K such that v(b, a) # 0.

Proof. Employing formula (33) by using a as a and a + v(b, a) as b,

we obtain formula (44). O

The middle term of the inequality in formula (44) can be replaced
with

J' 01 f(a + to(b, @))dt. (45)

The type of the Hermite-Hadamard inequality involving the
Riemann-Liouville integrals and gamma function were considered in [3],
wherein some results were achieved for positive preinvex functions on

the open invex set K < R.
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5. Conclusion

The functional inequality in formula (14) can be refined in the

following way. First we take a point c¢ € (a, b). Then, we consider
functionals L; and Ly of the space L(X) such that L;(g) € [a, c¢] and
Ly(g) € [c, b] for each function g belonging to some class of functions in
X. The approach of two functionals enables us to use secant lines

y = f{st‘l'fcc}(x) and y = f{i'fz}(x) together with a certain convex combination

oL; + BLy of functionals L; and Ly. Thus, we achieve the refinement of
the inequality in formula (14) and all other inequalities discussed in this

paper.
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