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Abstract 

Let B  be arbitrary box of size B subset of RR ×  and V be the set of lattice 

solutions of the congruence ( )pcybx mod≡  in ,ZZ ×  where p is prime number 

and .,1 pcb <≤  We obtain a condition on the size B, so that V∩B  is empty 

intersection, and we also find a condition on B in order for B  to contains a point 
of V. 

1. Introduction 

For prime p and ,,1 pcb <≤  let V be the set of all solutions of the 

congruence ( )pcybx mod≡  in ,2Z  and let B  be arbitrary box of size B 

in the XY-plane. We obtain an upper bound on the size B so that V∩B  

is empty, and also we find a lower bound on B in order for B  to contain a 
point of V. 
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For pbc <<≤1  and ( ),mod2

22
pp

d
cb <−  where ( ),, cbd =  we 

prove any box of size 

,2 




+

+
> d

c
cb

dpB   (1) 

contains a point of V. For 1=c  and ,1 pb <<  we prove the bound in 

(1), 21 +
+

> b
pB  is best possible in the sense that there exist a box of 

size 1+
= b

pB  does not meet V. 

If pbc <<≤1  with ( ) 1, =cb  and 20
by <  any box of size 

( ) ,2 0
0

xpcbx
pB +

−+
>   (2) 

contains a point of V, where ( )00, yx  is the first positive solution on the 

line .: pcybxL =−=  For bc ,1=  in the interval ( ),3
2,2

pp  we prove 

the bound in (2) is best possible. 

For pbc <<≤1  with ( ) 1, =cb  and 20
by >  any box of size 

( )cxcbyx
pB −+

−+−
> 0

00
2   (3) 

meets V. For 1=c  and b in the interval ( ),,3
2 pp  we prove the bound in 

(3) is best possible. 

Theorem 1. For ,,1 pcb <≤  the congruence ( )pcybx mod≡  has a 

non-zero solution ( )00 , yx=x  with ( ) .,max 00 pyx <=x  

Proof. We look at the set of solutions of ( )pcybx mod≡  as a lattice 

points on the lines defined by ( ),: dpcybxL kk =−=  where ( )cbd ,=  the 

greatest common divisor of b and c, and .k Z∈  
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We have ( )d
b

d
c ,  as the first positive solution on .0L  Let ( )11, yx  be 

the first positive solution on .1L  Define the two vectors u and v by 
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then the set of solutions V is given by .ZZ vuV +=  That is V is a full 
lattice generated by u and v, and the volume of the lattice is given by the 
determinant 
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( )11
1 cybxd −=  

( ) .1 pdpd ==  

Consider the square S centered at the origin and defined by 
[ ] [ ],,,: ppppS −×−=  then the volume of the square is .22 p  

Therefore, Minkowski’s convex body theorem guarantees the existence of 
a non-zero solution ( )00, yx  in the square S. 

As an immediate result of Theorem 1, we have the following corollary. 

Corollary 1. If B  any box of size pB 2>  in XY-plane centered at a 
solution point ( ) ,, 11 Vyx ∈  then B  contains another solution point 
( )., 22 yx  

Proof. Let ( )00, yx  be the non-zero solution in the square S that 
obtained in Theorem 1. Translate the square S to be centered at ( ),, 11 yx  
then the point ( )00, yx  translated to the point ( ++ 010 , yxx  ).1y         

Let ( ) ( ),,, 101022 yyxxyx ++=  then ,012 pxxx <=−  and 

.012 pyyy <=−  That is ( ) ,, 22 B∈yx  and ( ) ( 0102 ycxxbbx ≡+=  
) ( ).mod21 pcyy =+  
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Theorem 2. For ,,1 pbc <≤  there exist a box B  of size cb
dpB
+

=  

such that B∩V  is empty intersection, where ( )., cbd =  

Proof. Consider the set of lines defined by ( ),: dpcybxL kk =−=  

where ( )cbd ,=  and ,Z∈k  then V is a lattice points on these lines. Let 

B  be the largest box of size B between any two consecutive lines kL  and 

.1+kL  For simplicity, we consider the two lines 0:0 =−= cybxL  and 

.:1 dpcybxL =−=  Let ( )00, yx  be the corner of the box on ,0L  then 

( )ByBx −+ 00 ,  is the corner of the box on .1L  Therefore, 

( ) ( ) dpBycBxb =−−+ 00  

dpcBbBcybx =++− 00  

( ) dpBcb =+  

.cb
dpB
+

=  

In particular if .2,1 pBcb ===  

In next theorem, we obtain a lower bound on the size B so that 
B∩V  is a non-empty intersection. 

Theorem 3. If pbc <<≤1  and ,2

22
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d
cb <−  where ( ),, cbd =  

then any box of size 
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> d
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dpB 2  contains a point of V. 

Proof. We have 
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( ) ( ) pdcbcb 2<+−  
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where B is the size of the box obtained in Theorem 2. That is the vertical 
distance between solutions on the line 1L  defined in Theorem 2 less than 

B plus the horizontal distance between solutions on .1L  

We are seeking the maximum enlargement of the box inscribed 
between 0L  and 1L  in Theorem 2 without containing a solution. Let the 

box obtained in Theorem 2 cornered on 1L  at the point ( ),, yx  then there 

is a solution point ( )11, yx  on ,1L  where d
cxxx +<< 1  and 

( ).1 d
cByd

byyy ++<+<<  Then any enlargement not containing a 

solution can contribute at most ( ) ( )d
cBd

c +  square units of area along 

the right side of the box. Thus, the total contribution in any enlargement 

is at most ( ) ( )d
cBd

c +4  square units of area. Hence the largest square 

area A not containing a solution is at most 
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Remark 1. For ,1 pb <<  and ,1=c  the hypothesis of Theorem 3 

is satisfied. Theorem 2 guarantees the existence of a box of size 

1+
= b

pB  not containing a solution, and Theorem 3 guarantees the 

existence of a solution in any box of size .21 +
+

= b
pB  Thus, the results 

obtained in Theorem 2 and Theorem 3 are best possible for these values 
of b and c. 

For ,1 pbc <<≤  where ( ) ,1, =cb  let ( )00, yx  be the first positive 

solution on the line 01 .: xpcybxL =−=  and 0y  plays a central roll in 

next theorems. In the next theorem, we determine these values of 0x  and 

.0y  

Theorem 4. For ,1 pbc <<≤  and ( ) ,1, =cb  the first positive 

solution ( )00, yx  of ( )pcybx mod≡  on the line pcybxL =−=:1  is 

given by 

( ) ,
1

,1, 00
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b
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where λ  is the minimal non-negative solution of the linear congruence 

( ).mod1 cb
pbpbx 





 +



−≡  

Proof. Here, we look at the solutions on any line kL  as a vector 

solution rather than a lattice point. 

The first positive solution on cpcybxLc =−:  is given by the vector 
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If 
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 is the first solution on ,:1 pcybxL =−=  then the vector 
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for some non-negative .λ  
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In particular c divides .1 bpb
pb λ+−
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  That is, 

( ).mod1 cb
pbpb 





 +



−≡λ  

And since 00 , yx  is the smallest positive solution, then λ  is the minimal 

solution of the congruence 

( ),mod1 cb
pbpbx 





 +



−≡  

and 
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Note. For the special case where 1=c  and ,2 pbp <<  we have 

0=λ  and ,1=




b
p  and hence .
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For better results, we consider two cases according as whether 

20
by <  or ,20

by >  where ( )00, yx  the first positive solution on 1L  

obtained in Theorem 4. 

If ,20
by <  let 1L  and 2L  be the two parallel lines determined by the 

vector 













=

0

0

y

x
v  and the two points ( )0,0  and ( ),, bc  respectively. Slop of 

1L  is ,
0
0

x
ym =  the equation of 1L  is given by ,

0
0 xx

yy =  and the 

equation of 2L  is given by ( ) ,
0
0 bcxx

yy +−=  the horizontal distance 

between solutions on 1L  is ,0x  and the vertical distance is .0y  Here we 
view V the set of solutions of ( )pcybx mod≡  as a lattices point on a lines 

parallel to 1L  and .2L  

Theorem 5. For ,1 pbc <<≤  with ( ) 1, =cb  and ,20
by <  there 

exist a box B  of size ( ) pcbx
cp

yx
pB

−+
=

+
=

000
 such that B∩V  is 

empty. 

Proof. Let B  be the largest possible box of size B between 1L  and 

.2L  If the corner of the box on 1L  at ( ),,
0
0 xx

yx  then the corner on 2L  is 

at ( ).,
0
0 Bxx

yBx +−  Therefore, 

( ) bcBxx
yBxx

y
+−−=+

0
0

0
0  
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Theorem 5 gives a necessary condition on the size of a box B  to meet V. 
Next theorem gives a sufficient condition on the size of a box in order to 
meet V. 

Theorem 6. For pbc <<≤1  with ( ) ,1, =cb  and ,20
by <  let B be 

the size of the box obtained in Theorem 5. If ,00 yxB >+  then any box of 

size ( ) 0
0

0 22 xpcbx
cpxB +

−+
=+  contains a point of V. 

Proof. We try to enlarge the size of the box between 1L  and 2L  as 

much as possible without meeting V. If the corner of the box on 1L  at 

( ),, yx  then there exist a solution ( )11, yx  on 1L  such that 01 xxxx +<<  

and .001 xByyyyy ++<+<<  Thus any enlargement not meeting V 

contributes at most ( )00 xBx +  square units of area along the right side 

of the box. Therefore, the maximum square area A not meeting V is at 
most 

( )00
2 4 xBxBA ++=  

( ) .2 2
0xB +=  

Remark 2. For the values where 1=c  and ,2 pbp <<  we have 
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the existence of a box B  of size ( ) pb
pB

−+
= 12  does not meet V, and 

Theorem 6 guarantees any box of size ( ) 4124 +
−+

=+ pb
pB  does meet 

V. Hence for the values where 1=c  and b belongs to the interval 

( ),3
2,2

pp  the results of Theorem 5 and Theorem 6 are best possible.  

Now we consider the case where .20
by >  

If ,20
by >  let 1L  and 2L  be the two parallel lines determined by the 

vector 
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 and the two points ( )0,0  and ( ),, cb  respectively. 

The slop of 1L  is cx
bym

−
−

=
0
0  is negative, the equation of 1L  is given by 

,
0
0 xcx

byy
−
−

=  the equation of 2L  is given by ( ) .
0
0 bcxcx

byy +−
−
−

=  The 

horizontal distance between solutions on 1L  is cx −0  and the vertical 

distance is .0yb −  

Theorem 7. For pbc <<≤1  with ( ) ,1, =cb  and ,20
by >  there 

exists a box of size cbyx
pB

−+−
=

00
 such that B does not meet V. 

Proof. Let B  be the largest box of size B between 1L  and .2L  If 

corner of the box on 1L  at ( ),,
0
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( ,Bx +  ),
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Theorem 8. Let pbc <<≤1  with ( ) 1, =cb  and .20
by >  If 

( ) ,00 ybcxB −>−+  where B is the size of the box obtained in Theorem 

7, then any box of size ( )cxB −+ 02  meets V. 

Proof. If the corner of the box in Theorem 7 on 1L  at ( ),, yx  then 

there is a solution ( )11, yx  on 1L  such that ( ) xxcxx <<−− 10  and 

( ) ( ).001 cxByybyyy −++<−+<<  Thus any enlargement of the 

box not meeting V contributes at most ( ) ( )( )cxBcx −+− 00  square units 

of area along the left side of the box. Therefore, the maximum square 
area A not meeting V is at most 

( ) ( )( )cxBcxBA −+−+= 00
2 4  

( )( ) .2 2
0 cxB −+=  

Remark 3. The results in Theorem 7 and Theorem 8 are the best 

when cx −0  is minimal and .20
by >  For 1=c  and ,1,2 0 =−<< cxpbp  

and .3
2

2220
pbbpbby >⇔>−⇔>  Therefore, for these values where 

1=c  and b belongs to the interval ( ),,3
2 pp  the results of Theorem 7 

and Theorem 8 are best possible. 
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