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Abstract 

In the present paper, the Laplace transform, its generalizations the 2L  and 

4L  transforms, the Widder transform, and the 4P  transform are examined. 
The main results of the paper, Parseval-Goldstein type theorems and 
corollaries, are proven in Section 2. Some illustrative examples for these 
relations are given in Section 2 and Section 3. The theorems and the lemmas 
that are proven in this article are new useful relations for evaluating indefinite 
integrals of special functions. In Section 3, the author derives some infinite 
integrals which include the error function, the complementary error function, 
elementary functions, and some special functions. 

1. Introduction 

The Laplace transform is defined as 
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Sadek and Yürekli [10] introduced the transform-2L  as a generalization 

of the Laplace transform as follows: 
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0
2 dxxfxeyxf yx−∞

∫=L  (2) 

Dernek et al. [2] presented the transform-4L  
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0
4 dxxfexyxf yx−∞

∫=L   (3) 

The Laplace transform, the transform,-2L  and the transform-4L  are 

related by the formula 

( ){ } ( ){ } ( ){ }.;4
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1; 441221
24 yxfyxfyxf LLL ==  (4) 

The Widder transform, the transform-4P  [2], the transform-K  of 

order ν  are defined, respectively, by 
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where νK  denotes the modified Bessel function of second kind of order .ν  

The error function and the complementary error function are defined 
as 
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respectively. It is well-known that ( ) ( ) .1=+ xerfcxerf  In Dernek et al. 

[2], using the following identities involving the transform-4L  and the 

Widder transform: 

( ){ } ( ){ } ( ) { ( ){ } } ,;;;; 44
3

0
44

3
0

dyyxugyfydxxugxyhx LLLL ∫∫
∞∞

=  (10) 

( ){ } ( ){ },;4
1; 44 yxfyxf PL =2  (11) 

several transform pairs, including some other integral transforms were 
evaluated. 

The objective of this paper is firstly to show that the Parseval-
Goldstein-type relations yield some simple techniques for evaluating 
infinite integrals involving special functions. The second aim is to 
establish new identities involving the transform,-2L  the transform,-4L  

the error function, the complementary error function, the transform,-4P  

and the transform.-K  The identities generalize some of the earlier 

formulas in ([1], [2], [4], [11]). Using these new identities, we can extend 
the table of integral transforms. 

2. The Main Theorems 

Lemma 2.1. The Parseval-Goldstein-type identity 

( ) ( ){ } ( ){ } { ( ) ( ){ } }zyugyfdxxugzxyfx ;;;4
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PLLL =+∫
∞

 

(12) 

holds true, provided that the integrals involved converge absolutely. 

Proof. In formula (10), that was previously obtained in [2], we set 

( ) ( ).
44

yfeyh zy−=   (13) 
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Using the definition of transform-4L  (3), we deduce the following 

property: 

( ) ( ) ( ){ }.;; 4144
44

44
zxyfxyfe zy +=





 − LL  (14) 

Substituting the relations (13) and (14) into (10) and using the relation 
(11), we obtain the assertion (12). 

Remark 2.2. If we set ( ) 1=yf  into (12), we have 

{ ( ){ } } { ( ){ } },;;;; 4444 zyugzxug PLLP =   (15) 

provided that the integrals involved converge absolutely. The formula 
(15) was previously obtained in [2]. 

Lemma 2.3. We have 
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Proof. The relation (16) is obtained from the definitions of the 
transform-4L  and the transform.-K  

Theorem 2.4. The following identities hold true: 
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and 
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where ( ) 1−>νR  and the integrals involved converge absolutely. 
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Proof. We set 

( ) ( ),222 uaJuug ν
ν=  (19) 

in the relation (12) of Lemma 2.1, using the relationship (11) and the 
formula ([5], p. 146, Entry (29)), we get 
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Using the relation (4) and the formula ([5], p. 185, (30)), we have 
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Substituting (19), (20), and (21) into (12), we obtain the assertion (17). 
Identity (18) follows upon changing the variable of the integration on the 

right-hand side of (17) from x to t, where tx 21=  and using the 

relation (16) of Lemma 2.3. 

Remark 2.5. Setting 2
1=ν  and 2

1−=ν  into (17), we obtain 
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where each of the integrals converge absolutely. 

Remark 2.6. Setting tx 21=  on the right-hand side of (22) and 

(23), we obtain 
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and 
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Remark 2.7. Substituting 0=z  in (24) and (25), then using the 
definition of the transform,-2L  we find 
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Example 2.8. Suppose ( ) ,11 <<− νR  then we have 
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Proof. We set 

( ) ( ),12 +−= νyyf   (29) 

in the relation (18) of Theorem 2.4. Using the relation (4), we get 

( ) ( ) ,
4
1

2
12

2
41;

2
1

4
1

4
4

22
3

44
12

4

−







 +











 −Γ=











 + −

−+−
νν

νν ν
z

tt
z

t
ztyL  (30) 

where ( ) .1<νR  Substituting (29) and (30) into (18), we obtain 
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Using the relation (4) once again and the formula ([5], p. 138, Entry (13)), 
we evaluate the transform-4L  on the right-hand side of (31): 
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where ( ) .1−>νR  Now the assertion (28) follows upon substituting (32) 
into (31) and using the identity 

.2sec2
1

2
1






 ππ=





 −Γ





 +Γ ννν  (33) 

Lemma 2.9. The following identity holds true: 
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provided that the integrals involved converge absolutely. 

Proof. By the definition (2) and the relation (4), we find 
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Changing the order of integration, which is permisible by absolute 
converge of the integrals involved, we obtain 
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In the inner integral on the right-hand side of (36), making the change of 
variable 

,
2 4

2
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x
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and using the definition of complementary error function (9), we get the 
assertion (34). 

Example 2.10. We show 
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Proof. If we set 

( ) ( ) ,cos
2

2

x
xxf =  (39) 

in (34) of Lemma 2.9, we get 
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Using the relation (4) and the known formulas ([5], p. 129, Entry (6);       
p. 146, Entry (21)], we obtain 
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Substituting the result (42) into (40), we deduce the assertion (38). 

Lemma 2.11. The following identity holds true: 
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provided that each member of the assertion (43) exits. 

Proof. By the definitions (2) and (3) of the transform-2L  and the 

transform,-4L  we have 
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Changing the order of integration, which is permisible by absolute 
converge of the integrals involved, it follows from (44), 
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in the inner integral on the right-hand side of (45), we get 
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Setting 
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on the right-handside of (47), we obtain the following relation: 
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Changing the variable on the left-hand side from x to t according to the 

transformation ,1
tx =  we obtain the assertion (43). 

Example 2.12. We show 
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Proof. If we set 
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in the formula (43) of Lemma 2.11, we get 
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Using the relationship (4) and the well-known formula ([5], p. 177, Entry 
(10)), the Laplace transforms on the left-hand side of (52) are given by 
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where ( ) ( ) .0,0 >> yu RR  Substituting (53) and (54) into (52), we obtain 

(50). 

Lemma 2.13. The following identity holds true: 

( ) ( ){ } ( ){ },;; 4
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where ( )xH ) is the Heaviside function. 

Proof. Using the definition (3) of the transform-4L  and the Heaviside 

function, we get 
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The assertion (55) follows from changing the variable of integration to 

( ) 4144 zxu −=  on the right-hand side of (56), and using the definition 

(3) of the transform-4L  once again. 
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Theorem 2.14. The following Parseval-type relationship holds true: 
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provided that the ( ) 1−>νR  and the integrals involved converge 

absolutely. 

Proof. Using the definition (3) of the transform,-4L  we get 
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Changing the order of integration, which is permissible under the 
assumptions of the theorem, we have 
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Now, using the relationship (4) and evaluating the inner integral in (59) 
the assertion (57) is obtained. 

Corollary 2.15. The following identities hold true, if the integrals 
involved converge absolutely: 
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Proof. We substitute 

( ) ( ),
44

xgexf xz−=   (62) 

into (57) and then utilize the following identity, which is obtained by 
using the definition (3) of the :transform-4L  
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( ) ( ) ( ){ }.;; 4144
44
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Thus (60) is obtained. The assertion (61) follows upon changing the 

variable of the integration in (60) to .444 yzu +=  

Corollary 2.16. Under the assumptions of Theorem 2.14, we have 
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Proof. Substituting 

( ) ( )( ) ( ),4144 zxHzxgxf −−=  (65) 

into (57) of Theorem 2.14, we get 
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Then, utilizing the identity (55) of Lemma 2.13, we have 
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Using the identity (55) of Lemma 2.13 and the definition (3) of the 
transform,-4L  we obtain (64). 

Remark 2.17. If we change the variable of the integration in (64) to 

,444 zxu −=  we obtain the identity 
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If we set 3=ν  in (64), we find the known relation (11). 

Example 2.18. The following identities hold true: 
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where ( ) 31 <<− νR  and 

( ) ( ) ,3sin3
4
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where ( ) .71 <<− νR  

Proof. We set 

( ) ( ),cos 42xaxf =  (71) 

in the identity (57) of Theorem 2.14. Using the relationship (4) and the 
formula ([5], p. 154, Entry (43)), then we obtain 
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Substituting (71) and (72) into (57), we find 
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We utilize the integral representation for the gamma function ([7], p. 7) 
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+βΓ
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+ β+
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∫ RRdt
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and the well known identity 

( ) ( ) ( ),cos1 zzz ππ=−ΓΓ   (75) 

to evaluate the integral on the right- hand side of (73). Using some 
results on trigonometric functions, we get (69). We obtain (70) in a 

similar fashion by substituting ( ) ( )42sin xaxf =  into identity (57). 

Theorem 2.19. The following identities hold true: 
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( ){ } ( ) ,4;
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4
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∞∞ π=L  (77) 
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provided that each of the integrals involved converges absolutely. 

Proof. Using the definition (3) of the transform,-4L  we get 
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Changing the order of integration, which is permissible under the 
hypothesis of the theorem, the last equation can be written as 
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Changing the variable of the inner integration on the right-hand side of 

(82) from y to t, where 22xyt =  and using definition (9) of the 
complementary error function, we find that the inner integral on the 
right-hand side takes the value 
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Substituting (81) into (82), we obtain the assertion (76). The identity (77) 
easily follows when we set 0=s  in (76) and use the fact that ( ) .10 =erfc  
Using definition (8) of the error function and the identity ( ) ( ) ,1=+ xerfcxerf  
we obtain the assertion (78). 

3. Examples 

Example 3.1. We have 
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1 2
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a
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Proof. If we set ( )
42xaexf −=  in (76) of Theorem 2.19 and use the 

relation, 
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we obtain the assertion (82). 

Remark 3.2. Setting 0=s  and ux =2  in (82), we obtain the well-
known result 
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Setting 1=s  and ux =2  in (86) gives the following well-known formula 
([7], p. 649, 6.285 (1)): 
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Example 3.3. We have 
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Proof. If we set ( )
422 xaexxf −=  in the relation (78) and use the 

formula ([8], p. 144, Entry 5(3)), we obtain 
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+
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The integral on the right-hand side of (89) may be evaluated by setting 
2yv =  and then changing the variable of the integration from v to u, 

where ,tan uav =  we get 
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Using the known relation 
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and setting the expression (90) into (89), we obtain the assertion (88). 

Example 3.4. We show for ( ) 1−>νR  
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2

2
2212

0

44

4

yaKyadx
x
yerfcexaJx x

y

ν
νν

ν
ν +−+

∞

π
=








∫  (92) 

where νJ  and νK  are the Bessel functions. 

Proof. Setting ( ) ( )222 xaJxxf ν
ν=  in the identity (34) of Lemma 2.9, 

we get 

{ ( ){ } } ( ) .
44;; 2

2
42212

0
42

44
dx

x
yerfcexaJxyuxf xy








π= +
∞

∫ ν
νLL  (93) 

Using the relation (4) and the known identities ([5], p. 185, Entry (30);     
p. 146, Entry (29)), we have for ( ) ( ) ( ) ,0,0,1 >>−> yu RRR ν  

{ ( ) } ( ),
2

; 144
2

2
222

4
44 +−−

+
= ν

ν

ν
ν

ν ueauxaJx uaL  (94) 



IDENTITIES AND PARSEVAL TYPE RELATIONS … 91

and for ( ) ( ) ,0,0 >> ya RR  

( ) ( ).2; 21
1

414
2

44
yaKyayeu ua

ν
ν

ν
ν +

+
−+− 





=





L  (95) 

Substituting (94) and (95) into (93), we obtain the assertion (92). 

Example 3.5. We have 

( ) ,4
3csc4

1
4

1
22

0

44





 





 +π





 +Γ=

−−∞

∫ ννν
ν adyyaerfcey ya  (96) 

where ( ) .13 <<− νR  

Proof. We set ( ) ( ) 1442 −− += axxxf  in the identity (57) of Theorem 

2.14. Using the relationship (4) and the formulas ([9], p. 16, Entry (3)), 
([2], p. 399, formula (17)), ([6], p. 216, Entry (5)), we get 

( ) { },;4
1 3

4
2

22
0

44
axadyyaerfcey ya −−

∞





 +Γ

π
=∫ νν ν P  (97) 

where 

{ } .4
3csc4; 33

4 



 





 +ππ= −−−− ννν aaxP  (98) 

Substituting (98) into (97), we obtain the assertion (96). 

Example 3.6. We have 

( ) ( ) ,4
1

2
1 2123

0

22





 +Γ= −−−−

∞

∫ ννν adxex xa  (99) 

where ( ) ( ) .0,1 >> aRR ν  

Proof. We set ( )
42 42 xaexxf −−=  in the identity (57) of Theorem 

2.14. Using the relation (4) and setting ( ) 41−= νz  in the formula for 

the Γ  function 
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( ) ( ) ,2
122

12





 +ΓΓ

π
=Γ

−
zzz

z
 (100) 

we get 

( )
.4

122
21

24
0

42





 −Γ





=

−
−−−

∞

∫ νν
ν

adxex xa  (101) 

The assertion (99) follows, when we change the variable of the 

integration on the left- hand side of (101) to .21 2xu =  

Remark 3.7. If we put 3=ν  in (99), we obtain the well-known 
formula (84). If we put ( ) 23−=µ ν  in (99), we deduce 

{ } ( ) ,2
1

2
1; 11

2 





 +µΓ= +µ−−µ yyxL  (102) 

where ( ) .1>µR  

Remark 3.8. We show 

( )
[ ]( )

,arctan8
3sin

4
1sin4

4

2

2

8348

42440















−






 





 +π

+π
=

++

−∞

∫ z
a

a

azdy
azy

y ν
ν

νν
 

(103) 

where ( ) .31 <µ<− R  

Proof. Setting ( ) ( )42sin xaxg =  in the identity (60) of Corollary 

2.15 and using the relation (4), the formula ([5], p. 152, Entry (15)) and 
the relation 

,4
1csc4

3
4

1




 





 +ππ=





 −Γ





 +Γ ννν  (104) 

we obtain the assertion (103). 
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Example 3.9. We have 

( )

( )
,

4
1sin4

13

3

2

22

0




 





 −π





 −Γ−

π=
−

−

∞

∫ ννν

ν

ν
adx

x
xaerf  (105) 

where ( ) .53 << νR  

Proof. Setting ( ) ( )42xaerfxf =  in the identity (57) of Theorem 2.14 

and using the relation (4), the formula ([5], p. 176, Entry (4)), the relation 
(75), respectively, we obtain the assertion (105). 

Example 3.10. We have 

( )
( ) ( ),4

1
2

2
2

2

21440 4
1

4
1

2144
azK

a
z

dye
zy

y zya
ν

ν

νν
−

−






 +Γ

π










=
+

+−
∞

∫  (106) 

and 

( ) ( ),4
12

2
1 2

2
44

4
1

4
1

2
4

3
azKa

zduezuu au
z

ν

ν
ν ν

−

−
−






 +Γ









π
=− −

∞

∫  (107) 

where ( ) .11 <<− νR  

Proof. We set ( )
42 42 xaexxg −−=  into the identity (60) of Corollary 

2.15. Using the formulas (4), ([5], p. 146, Entries (27) and (29)), we obtain 

( )
( )

( )
,

4
; 2144

414442
4

2144
42

zy
ezyex

zya
xa

+

π=




 +

+−
−−L  (108) 

( )
( ),2

2
1; 2

412
43

4
4

1
42

azKa
zzex xa

ν

ν
ν

−

−
−−−









=





L  (109) 

respectively. Now, the assertion (106) follows when we substitute the 
results (108) and (109) into (60) of Corollary 2.15. Similarly, when we 

substitute the results (108), (109), and ( )
42 42 xaexxg −−=  into (61) of 
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Corallary 2.15 and we use the formula ([5], p. 146, Entry (27)), the 
assertion (107) is obtained. Remark 3.11. If we put ( ) 41 ν−=µ  in 

(106), we deduce 

( ) ( ) ( ) ,

2
1

22
2144214441

0

2

2 dyezyy
a
z

azK zya −+−−µ−
∞

µ

µ +





 µ−Γ









π

= ∫  (110) 

where ( ) ( ) .11,21 <<−<µ νRR  

Setting xaz =2  and changing the variable of integration on the right 
of (110) to ,yzt =  we obtain the following integral representation for the 

modified Bessel function of the second kind ( ):xKµ  

( ) ( ) ( ) ,12

2
1
2 121441

0

4
dtettxxK tx +−−µ−

∞µ

µ +











 µ−Γ

π= ∫  (111) 

where ( ) .21<µR  

Similarly, we deduce another integral representation for the function 
( )xKµ  from the result (107) of Example 3.10: 

( ) ( ) ,12

2
1

2214
1

dtettxxK xt−−µ−∞µ

µ −











 µ−Γ

π= ∫  (112) 

where ( ) .21<µR  Changing the variable of integration on the right-

hand side of (112) to ,2tw =  we get the well known formula: 

( ) ( ) ( ) ,12
2
1

212
1

dwewxxKxK xw−−µ∞µ

µµ− −











 µ+Γ

π== ∫  (113) 

where ( ) .21−>µR  
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We conclude this investigation by remarking that many other infinite 
integrals can be evaluated in this manner by applying the above 
theorems and lemmas. 
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