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Abstract

The purpose of this paper is to present three new methods for finding all simple
zeros of polynomials simultaneously. First, we give a new method for finding
simultaneously all simple zeros of polynomials constructed by applying the
Weierstrass method to the zero in the trapezoidal Newton’s method, and prove
the convergence of the method. We also present two modified Newton’s methods
combined with the derivative-free method, which are constructed by applying
the derivative-free method to the zero in the trapezoidal Newton’s method and
the midpoint Newton’s method, respectively. Finally, we give a numerical
comparison between various simultaneous methods for finding zeros of a

polynomial.
1. Introduction

With a typical iteration method such as Newton’s method, an initial
approximation of a zero converges to a specific zero, but the Weierstrass
method (or Durand-Kerner method) approximates all simple (real or

complex) zeros of polynomial simultaneously (see [2, 4]).
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Let P(z) = 2" + 2" ' + .-+ + a,_1z + a,, be a polynomial of degree n
having simple zeros with constants a4, ag, ..., @,. Let n, ..., r, be the
distinct zeros of P(z) and let distinct complex numbers z, ..., z,, be

their approximations. The Weierstrass method (Durand-Kerner method)

is defined as

P(z™
2t — g (z") , (1)

12 12 m m
Hj¢i(zi ~Fj )

for m > 0, and this method is one of the most frequently used iterative

methods which give simultaneous computation of all zeros of P. If a

function W;(z) is defined by
P(z)

Hj#i(z - Zj),

then W;(z) has the same zeros as the polynomial P, and so the problem of

Wile) =

finding the zeros of P reduces to that of zeros of the function W;(z). If we
denote W, = W;(z;) for i =1, 2, ..., n in the case of z = z;, (1) can be

written as
2=z -W, @

where z; is a current approximation and 2; is a new approximation to a
zero of polynomial P(z). The method constructed by (2) is called the
Weierstrass-like method (briefly, WLM).

The aim of this paper is to present three new methods for finding all
simple zeros of polynomials simultaneously. These new methods are
based on the Frontini-Sormani’s midpoint Newton’s method ([7]) and the
Weerakoon’s trapezoidal Newton’s method ([8]), which were modifications

of the Newton’s method through iterative approximations.



SIMULTANEOUS METHODS FOR FINDING ALL ... 7

_ fx)
f'(x)

with an approximation x and a new approximation x of a zero, and is

It is well-known that Newton’s method is defined by x* = x

efficient to find a zero of an equation f(x)=0 for a differentiable
function f with proper conditions and a sufficiently close initial value

(see [8]).

In [8], Weerakoon and Fernando proposed the trapezoidal Newton’s
method defined by

X=x

2f(x)
- 3)
)+ f'(x7)

They applied Newton’s method to the x* of the denominator.

Along with (3), the midpoint Newton’s method that Frontini-Sormani

proposed in [7] is constructed as

X =x- 1 .
fla+ L6 x)

They also applied Newton’s method to the x* of the denominator, and so

f(x)
fx)

Both the trapezoidal Newton’s method and the midpoint Newton’s

*
set x° =x —

method are of cubic order, while the original Newton’s method was of

quadratic order. A variety of methods can be applied to the x* in
addition to Newton’s method. Petkovi¢ et al. [5] derived the following
simultaneous method for finding all simple zeros of polynomials by

applying the Weierstrass method to the x* in the midpoint Newton’s
method:

3 :zi_inl),
P'(Zi—EWi)

®)
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which is called Newton-Weierstrass method (or NWM). Also, Petkovié¢ and
Petkovié [6] found the following derivative-free method (or DFM) defined

as:

. W
= Z-

" 1-P(z -W;)/P(z;)’

©)

which has a similar form with the one above and this method is of cubic

order.

In this paper, we present three new methods for the simultaneous
approximation of all simple zeros of polynomials by applying the
Weierstrass-like method and the derivative-free method to x* in the

trapezoidal Newton’s method and the midpoint Newton’s method.

Throughout this paper, the convergence of zeros will be discussed and
the order will be calculated for new constructed methods. We will use the

notation a = Oy;(b) for two complex numbers a and b, whose moduli are
of the same order, that is, |a| = O(|b]). In addition, the error is defined as

le] = izrilaxn{|ei|} with e¢; =z, —r, fori =1, ..., n.

In all discussions, the order related to e;, which is an error of the
previously approximated zeros z;, is presumed to be the same. After
that, we will show that the order related to e;, which is an error of the

approximated zeros concerning each method, is identical. For the same

being, the order related to the already approximated zeros e; is

hypothesized to be identical as follows:
e; = Oypy(e) for all i.

In Section 2, we give a new method for finding simultaneously all
simple zeros of polynomials constructed by applying the Weierstrass
method to the x* in the trapezoidal Newton’s method, and prove the

convergence of the method. In Section 3, we present two modified



SIMULTANEOUS METHODS FOR FINDING ALL ... 9

Newton’s methods combined with the derivative-free method. They are

constructed by applying the derivative-free method to the x* in the
trapezoidal Newton’s method and the midpoint Newton’s method,
respectively. In Section 4, we give a numerical comparison between
various simultaneous methods for finding zeros of a polynomial. Finally,
we conclude that the convergence of all new constructed methods in this

paper are similar or superior than other iterative methods of cubic order.
2. Weierstrass-Like Trapezoidal Newton’s Method

In this section, we construct a new method for finding simultaneously
all simple zeros of polynomials of cubic order. By applying the
Weierstrass method (5) to the x* in the trapezoidal Newton’s method (3),

we derive a new method constructed as follows:

5. = 2 — 2P(Zi)
T P(E)+ Pz - W)

()

We call (7) the Weierstrass-like trapezoidal Newton’s method, and from
this, simply, call it Method 1.

The calculation and discussion of the order of Method 1 are similar to
those of the Newton-Weierstrass method, which is an alteration of
Petkovié¢’s midpoint Newton’s method (see [5]). From (7), we have the
following:

Lemma 1. For a polynomial P(z), we have

HM[P®W@)

PG| 2Pz ) Op(e) + OM(eZ)J = Oy (e?).

Proof. By the Taylor’s expansion around r;, we have that

Plei) = P65 + s ef + O(e?)),

P'(z;) = P'(ri)(l + IP;:'EZ; e; + ;:,((’;fl)) eiz + OM(e3 )), (®
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o= (5 - 0k o)

From (8), we obtain

PE) (PEIPE) b s on e
P'<Zi>[ by O )]

"o 2 3
Ao i F S -ou

P | P, PO
<[+ e + gy e + Ou(e®)|Oarle) + O (e?)
- (041 + Oy (o) i + 01 (e)| Oy e)+ Oy (¢%) = Oy (e

O
From Lemma 1, we have the following theorem:

Theorem 1. If the approximate zero x; grounded from Method 1 is

close enough to r; and the order of e; is the same, then the order of ¢é; is

e;| = OM(|e|3) is formed.

Proof. We easily see that the following equation is satisfied:
P(z)—]‘[(zl =)=z =) [ =) = e [z - ) = Om (o)
J#i J#i
That is,

W; = Wi(z;) = Op(P(2;)) = Opg(e). )

If Q(z)= P(z)—H;.Zzl(z —7;), then Q(z) is a polynomial of order

n-1, and Q(z;) = P(z;) for all i. Therefore, @(z) is the Lagrange

interpolation of points z;, 29, ..., 2,, and so we have
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Q) = Z[P(z )g J Z{[ Wil ]G ‘Zk)]sz_—zz];J

k#j

3w 3;

j=1 k#j

Wi ..
_Zjhl b

Therefore, we obtain

P(z) = [1+Z ’z }H(z—z

:mH(z-zj)+[1+zz‘ivf'szﬁ(z_zj). (10)

J#l J#l

From (10), it follows that

|14 W
J J
' 1+Zj¢iz—z-_(2_2i)zj¢i Y
Pl 15 L, d Sk LERY
P(z2) iz — 2 W; :
J#i V[/i+(2_2i)1+zj¢iz—z-
J
Substituting z = z; in (11), we obtain
W
1+ J
P’(Zi) B Z 1 . Z]il 2 — Zj
Pla) | &7 -2 W
Therefore, we have
W
1+ Z —]
_ P(Zz) J#FZ — 2 P(Zz) (1 n OM(e)) (12)

‘T PR) | P) P
P(Z)Z]:&LZL—Z
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Now we will find the order of Method 1. If the Taylor’s expansion is
applied to P'(z; - W;), then we have

A 2P(ZL)
TP Pla - W)
o 2P(z;)
P(2;) + (P'(20) — P'(2 W + 3 P"(z W2 + )
N P(z;)

’ 1 " 1 m '
P'z;) -5 P'(z W + o P (2 W7 + -
By (9), (12), and Lemma 1, we have that
~ P(Zi)

R =2 — " .
P)(1- gk + Oy (e?))

“s iy (1 ap i onle)
P 2 P 2 P 2
=z - P’((zi)) - (1 + 2(P’()zi ;2 ) (1+Op(e)) + Opp(e? )]

_P) _P()Pr) _ PE)(P(z)PE) e) + Oy (e

b P(z) 2P'(z; )3 P'(Zi)( 2P'(z; )2 Op(e) + Om( )]

. PE) PEPE)
! P'(Zi) 2P'(Zi )3

m(e?).

The Chebyshev’s method is defined by

¢ (14 IO @)
2f (x)? ) ')
and of cubic order (see [7, Subsection 5.2]). According to the Chebyshev’s
method, we see that
- Pz) PUz)PE)
YOP(z)  op(e)?

= OM(QS).
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Therefore, the order of ¢é; is calculated as follows:

_P() P )P(z;)*
COPGE) ep(y)

l&j| = |2, — 1| = |2 —1; + Opr(e®)| = Opr(le*).

3. Modified Newton’s Methods Combined
with Derivative-Free Method

In this section, we present two modified Newton’s methods combined
with the derivative-free method (6) for finding all simple zeros of a

polynomials simultaneously. The one is a form that the derivative-free

method is applied to the x* in the trapezoidal Newton’s method (3) as
follows:

. 2P(z;

A ()

P’(zi) + P’(Zi

7 (13)

TR WP

which is called the derivative-free trapezoidal Newton’s method, or
simply, Method 2.

From (13), we have the following theorem:

Theorem 2. If the approximate zero x; grounded from Method 2 is

close enough to r; and the order of e; is the same, then the order of ¢é; is

= OM(|e|3) is formed.

identical, and |é;

Proof. Since Petkovié’s derivative-free method (6) is of cubic order

Zi_l_P(Z._VVi -)/P(Z~)_ri :OM(63)> (14)

(see [6]). Using (14) and the Taylor’s expansion, Z; is calculated as

(.
follows. (In this case, C; = % . PP’(;(ﬂrS) '
* 1
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2P(z;)

_ Wi j
1-P(z; - W;)/ P(z;)
_ 2P(7‘i +ei)
P'(?‘i + el—)+ P'(Vi + OM(€3 ))

P’(Zi) + P(Zi

i

2(P(r;) + P'(r;)e; + %P"(ri)eiz N %P'”(ri)e? L)

(P'(r;) + P"(r;)e; "‘%Pm(ri)e? + )+ (P'() + P"(r;)Opg(e2) + )

2P'(ri)(ei + Czelz + 0365) + OM(€4 ))
2 —

2P/(5) (1 + Cye; + o Cge? + Opy(e?))

z; —e;(1+ Cye; + C3ei2 + OM(e3 ))(1 - Cye; +%C3ei2 + OM(e3 ))

2, — e + OM(€3 )

Therefore, the order of ¢é; is calculated as follows:

= Opr(|e).

Z; — e + OM(e3)—ri

|&;] =12 —n| =
O

Now we apply the derivative-free method to the x* in the midpoint

Newton’s method (4) and construct the iteration as follows:
N P(z;)

P'(zi‘é'l—mzi—Wii)/P(zi)j,

which is called the derivative-free midpoint Newton’s method. From this,

(15)

we call it Method 3 simply. From (15), we have the following theorem:

Theorem 3. If the approximate zero x; grounded from Method 3 is

close enough to r; and the order of e; is the same, then the order of ¢é; is

identical, and |é;| = Opr(le® ) is formed.
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Proof. By using (14) and Taylor’s expansion, 2; is calculated as

. 1 PYG)
follows. (In th ,C = = ——1),
ollows. (In this case, C; P

P(z)
(. 1 Wi
Pla -3 T p )

=2z

P(z;)

P’(%Zi +%7‘i + OM(eg))

P(r; +¢;)
P’(ri + % e; + Op(e® )j

P(;) + P(r;)e; + %P”(ri)e? ; %P’”(ri)ef’ o

P+ P (e + ()= L) (L + 0yl <

P'(r;)(e; + C2ei2 + C3e§’ + OM(e4 )
P,(Y'i)(l + Czei + % Cgeiz + OM(eg))

e;(1+ Cge; + C3ei2 + OM(e3 ))(1 - Coe; + %Cg,eiz + OM(e3 ))

=z, —¢€ + OM(€3 )

Therefore, the order of é; can be calculated as follows:

6:] =12 — 1| = |ei — e + Opr(€®) — 13| = Opr(le*).
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4. Numerical Comparison

In this section, we give numerical experiments and comparisons
between various simultaneous methods for finding zeros of a polynomial.
These methods are all of cubic order. They include Method 1, Method 2,
Method 3, the derivative-free method (DFM), the Petkovié¢’s Newton-
Weierstrass method (NWM), and the Weierstrass-like method (WLM).

For a polynomial P(z)=z" +a;z2" ! +--+a, 12 +a,, we choose

initial approximations as Aberth’s approach (see [1]):

a 3 3
z,go) = —71 + R exp (%(% - ED

In this case, R is a radius of a circle, where the initial zeros by Aberth’s
approach are located in complex number plane. We use the following

Henrici’s fomula to select R (see [3]):

R=2 max|ak,|1/k.
1<k<n

According to Henrici’s formula, a disk {z : || < R} centered at the origin

contains all zeros of polynomial P(z).

The polynomials that we used on numerical comparison are as

follows:
P=(x-1)(x-2)(x-3)(x-4),

Py =(x-1(x-2)(x-3)(x - 4)(x - 5), (16)

Py =(x-1)(x -2)(x - 3)(x - 4)(x - 5)(x - 6),

P, x84 5x7 +8x8 + 765 + 60t +8x3 + 2% +3x + 7.

Here P(x), Py(x), and P3(x) are Wilkinson’s polynomials when n = 4, 5, 6,

respectively.
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We approximated the zeros until it satisfy the following condition:

max
1<k<n

P(zg’”))‘ <1070, a7

In Table 1, we give a numerical comparison between several methods

to find all zeros of those polynomials (16). It contains the iteration

number m and the value nax ‘P(z,gm))‘ of iterative methods, after we
<k<n

approximated (17) to a satisfying label. The smaller the m, the faster

approximated on the zeros. When m 1s the same, it can be interpreted

that a smaller 11?]?<X‘P(zl(cm))‘ leads to a higher accuracy of
SKSh

approximation. All computations have been done using MATLAB.

Table 1. The number of iterations (the error) of iterative methods

Poly. | Method1  Method 2 Method 3 DFM NWM WLM
(16) ) 13) (15) (6) (6)) 2)
P 9(8e-14)  8(%e-14) 7(le-14)  9(9e-14)  8(le-10)  13(3e-12)

P, | 12(7e-13)  11(4e-13)  9(4e-13)  11(2e-13) 11(le-12) 17(2e-12)

Py | 14(2e-11)  13(5e-12)  11(8e-12)  13(8e-11) 13(7e-12) 21(2e-11)

P, | 14@2e-11)  13(Ze-11)  102e-11)  14(2e-11) 13(2e-11)  21(Ze-11)

5. Conclusion

In this paper, three new methods for the simultaneous approximation
of all simple zeros of polynomials by utilizing the trapezoidal Newton’s
method and the midpoint Newton’s method were proposed. It was proven
that each method was of third order. By simultaneously approximating
all simple zeros of polynomials and by comparing numerical experiments
with various methods that are of third order, we obtained that the results
of Method 1 and Method 2 are similar with that of previous methods.
But, we found out that the result of Method 3 are superior than that of
any other methods. All methods we constructed in this paper are new and
creative. It seems that these methods can be applied to various fields,

and the study on the applications of Method 3 is now in progress.
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