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Abstract 

Let R  be a commutative ring with identity, A  and B  be two algebras (maybe 

without identity) over .R  Let M  be an ( )BA, -bimodule, N  be a ( )AB, -bimodule, 

and G  be the generalized matrix algebra. In this paper, it is proved that under 

some conditions, every ( )∗MM ,  is an elementary map on ,RG ′×  and both M 

and ∗M  are surjective. Then both M and ∗M  are additive. 

1. Introduction 

Let R  be a commutative ring with identity, A  and B  be two 
algebras (maybe without identity) over .R  Let M  be an ( )BA, -

bimodule and N  be a ( )AB, -bimodule. Assume that there are two 

bimodule homomorphisms ANM →⊗ϕ B:  and BMN →⊗/ Av :  
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satisfying the following associativity conditions: ( ) ( )mnmmmn ′=′  and 

( ) ( )nmnnnm ′=′  for all M∈′mm,  and ,, N∈′nn  where we put =mn  

( )nm ⊗ϕ  and ( ).mnvnm ⊗/=  

A generalized matrix algebra ( )BNMAG ,,,Mat=  is an algebra of 

the form 

( ) 












==

BN

MA
GBNMA ,,,Mat  

,,,,:





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



∈∈∈∈












= NBMA nbma

bn

ma
 

under the usual matrix-like addition and matrix-like multiplication, 
where at least one of the two bimodules M  and N  is distinct from zero. 
Obviously, the triangular algebras studied in [1] are a kind of generalized 
matrix algebras. We refer the reader to [6, Section 2] for some classical 
examples of generalized matrix algebras. 

Let jiij ee GG =  for all .2,1 ≤≤ ji  It is clear that G  can be 

represented as .22211211 GGGGG� ⊕⊕⊕=  Moreover, ,, 1211 MGAG   

,21 NG   and .22 BG   

Recall that a left A -module (resp., right B -module) M  is faithful if 
for any { }0, =∈ MA aa  (resp., for any { }0, =∈ MB bb ) implies 0=a  

(resp., 0=b ). 

Definition ([2]). Let R and R′  be rings. The ordered pair ( )∗MM ,  

of maps RRM ′→:  and RRM →′∗ :  is called an elementary map of 
,RR ′×  if 

( ( ) ) ( ) ( ) ( )( ) ( ) ( ),and yaMxMyaxMMbxMaMbxaMM ∗∗∗∗ ==  

for all .,,, RyxRba ′∈∈  
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Elementary maps were originally introduced by Bresar and Serml in 
their nice paper [2]. There are many examples of elementary maps. 
Obviously, if Φ  is a bijective map from R into R′  such that ( ) =Φ yx  

( ) ( )yx ΦΦ  for any ,, Ryx ∈  then the ordered pair ( )1, −ΦΦ  is a Jordan 

map of .RR ′×  For ,, Rba ∈  let ( ) axbxM ba =,  for .Rx ∈  Then one can 

verify that ( )abba MM ,, ,  is an elementary map on .RR ×  The additivity 

of elementary maps on operator algebras were studied in [2], [1], [3], and 
[4]. 

2. The Results 

The following is our main result in this section. The aim of this 
section is to study the additivity of elementary maps on generalized 
matrix algebras. We now state our first main result. 

Theorem 2.1. Let R  be a commutative ring with identity, A  and B  
be two algebras (maybe without identity) over .R  Let M  be an ( )BA, -

bimodule, N  be a ( )AB, -bimodule, and G  be the generalized matrix 

algebra. Suppose that ,, BA  and M  satisfy: 

(i) For ,A∈a  if { },0=Aa  or { },0=aA  then .0=a  

(ii) For ,B∈b  if { },0=Bb  or { },0=bB  then .0=b  

(iii) For ,Mm ∈  if { },0=mA  or { },0=Bm  then .0=m  

Suppose that ( )∗MM ,  is an elementary map on ,RG ′×  and both M 

and ∗M  are surjective. Then both M and ∗M  are additive. 

Lemma 2.2. ( ) 00 =M  and ( ) .00 =∗M  

Proof. ( ) ( ( ) ) ( ) ( ) .00000000 === ∗ MMMMM  Similarly, we can show 

that ( ) .00 =∗M  
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Lemma 2.3. If 0=GGu  for some ,G∈u  then .0=u  

Lemma 2.4. Both M and ∗M  are bijective. 

Proof. It suffices to prove that M and ∗M  are injective. First 
establish the injectivity of M. 

Suppose that ( ) ( )bMaM =  for some ., G∈ba  By assumption, we 

have 

( ) ( ) ( )( ) ( )( ) ( ) ( ).ybMxMybxMMyaxMMyaMxM ∗∗∗∗∗∗ ===  

Thus ( ) ( ) ( ) 0=− ∗∗ yMbaxM  for all ., Ryx ′∈  Since ∗M  is surjective, 

we get that ( ) 0=− GG ba  and so 0=− ba  by Lemma 2.3. Thus .ba =  

Then M is injective. 

( ( ) ) ( ) ( ) ( )( ) ( ) ( ).and yaMxMyaxMMbxMaMbxaMM ∗∗∗∗ ==  

Now we turn to proving the injectivity of .∗M  Suppose that 

( ) ( )yMxM ∗∗ =  for some ., Ryx ′∈  Since M is surjective, we get that 

there exist G∈ba,  such that ( ) xaM =  and ( ) .ybM =  For every ,G∈z  

we have 

Now for any ,, G∈ba  we have 

( ) ( ) ( ) ( ( ) ( ) ( ))bMxMMaMMbMMxMaMM 11 −∗∗−∗ =  

( ) ( )( )bxMaMM ∗=  

( ( ) )bxaMMM ∗∗=  

( ( ) )byaMMM ∗∗=  

( ) ( )( )byMaMM ∗=  

( ( ) ( ) ( )).1 bMyMMaMM −∗=  

Thus ( ) ( ) ( ) ( ) ( ) ( ).11 bMMyMaMMbMMxMaMM ∗−∗∗−∗ =  
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Equivalently, since MM ∗  is surjective. ( ( ) ( )) .011 =− −− GG yMxM  

It follows from the same argument above that ( ) ( ),11 yMxM −− =  and 

so ,yx =  as desired. 

Lemma 2.5. The pair ( )11, −−∗ MM  is an elementary map on .RG ′×  

That is, 

( ( ) ) ( ) ( ),1111 yaMxMyaxMM −−−∗− =  

( ( ) ) ( ) ( ).1111 bxMaMbxaMM −∗−∗−−∗ =  

Lemma 2.6. Let .,, G∈cba  

(i) If ( ) ( ) ( ),bMaMcM +=  then 

( ) ( ) ( ) .,111 G∈+= −∗−∗−∗ tsallforsbtMsatMsctM  

(ii) If ( ) ( ) ( ),111 bMaMcM −∗−∗−∗ +=  then 

( ) ( ) ( ) ., G∈+= tsallforsbtMsatMsctM  

Proof. We only prove (i), and (ii) goes similarly. 

By Lemma 2.4, we have 

( ) ( ( ) ) ( ) ( ) ( )tMcMsMtcMsMMsatM 11111 −∗−∗−−∗−∗ ==  

( ) ( ( ) ( )) ( )tMbMaMsM 11 −∗−∗ +=  

( ( ) ( ) ( )) ( ( ) ( ) ( ))tMbMsMtMaMsM 1111 −∗−∗−∗−∗ +=  

( ) ( ).11 sbtMsatM −∗−∗ +=  

Lemma 2.7. ( ) ( ) ( ) ( )21121122211211 aMaMaMaaaaM ++=+++  

( )22aM+  for every .ijijA G∈  



DRISS AIAT HADJ AHMED and RACHID TRIBAK 6

Proof. Let G∈c  be an element such that ( ) ( ) ( )1211 aMaMCM +=  

( ) ( ).2221 aMaM ++  

( ) ( ) ( ) ( ) ( ),22
1

21
1

12
1

11
11 tsaMtsaMtsaMtsaMsctM −∗−∗−∗−∗−∗ +++=  

.,allfor G∈ts  

Then we have for every 2,1, ≤≤ jixij  

( ) ( )ijltij
tl

ijij xaxMcxxM 1

,

1 −∗−∗ ∑=  

( ).1
ijjiij xaxM −∗=  

Hence it follows that ,ijjiijijij xaxcxx =  that is, ( ) .0=− ijjiij xacx  

From ( ) ,0=− iiiiii xacx  since A and B are unital algebras we have 

iiii ac =  for .21 ≤≤ i  

From ( ) 2121122112 ,0 acxacx ==−  by condition (2). Similarly, we 

have .1212 ac =  

Lemma 2.8. ( ) ( ) ( )12
1

11
1

22211211
1 aMaMaaaaM −∗−∗−∗ +=+++  

( ) ( )22
1

21
1 aMaM −∗−∗ ++  for every .ijija G∈  

Lemma 2.9. For any ,,,, 121212111111 GG ∈∈ cbat  and ,2222 G∈d  

we have 

(i) ( ) ( ) ( ),221211121111221211121111 dctMbatMdctbatM +=+  

(ii) ( ) ( ) ( ).221211
1

221211
1

221211221211
1 dctMdctMdctdctM −∗−∗−∗ +=+  

Proof. We only prove (i). Using Lemmas 2.6 and 2.7, we compute 

( ) ( ( ) ( ))2212121111221111121111 dbcatMdctbatM ++=+  

( ( ) ( ))22121211
1

11 dbcaMMtM ++= −∗∗  

( ) ( ) ( )22121211
1

11 dbMcaMtM ++= −∗  
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( ) [ ( )11
1

11 aMtM −∗=  

( )] [ ( ) ( )]221212
1 dMbMcM ++ −∗  

( ) ( ) ( )1211
1

11 bMaMtM −∗=  

( ) ( ) ( )2211
1

11 dMaMtM −∗+  

( ) ( ) ( )1212
1

11 bMcMtM −∗+  

( ) ( ) ( )2212
1

11 dMcMtM −∗+  

( ) [ ( ) ( )] ( )1212
1

11
1

11 bMcMaMtM −∗−∗ +=  

( ) [ ( ) ( )] ( )2212
1

11
1

11 dMcMaMtM −∗−∗ ++  

( ) ( ) ( )121211
1

11 bMcaMtM += −∗  

( ) ( ) ( )221211
1

11 dMcaMtM ++ −∗  

( ( ) ) (( ( ) ))2212111112121111 dcatMbcatM +++=  

( ) ( ).221211121111 dctMbatM +=  

Lemma 2.10. M is additive on .12G  

Proof. Let 12a  and 12b  be in .12G  We pick 12GC ∈  such that 

( ) ( ) ( ).1212 bMaMcM +=  

( ) ( ) ( ) .,allfor12
1

12
11 G∈+= −∗−∗−∗ tstsbMtsaMsctM  

Then we have for every lij yx k,  on 2,,,1, ≤≤ lji kG  

( ) ( ) ( ),12
1

12
11

lijlijlij ybxMyaxMcyxM kkk
−∗−∗−∗ +=  

for ( ) ( )1,1, =ji  and ( ) ( )1,1, =lk  we have ( ) ,01111
1 =−∗ cyxM  this 

implies that ,01111 =cyx  and so .011 =c  

Similarly, we can get .022 =c  



DRISS AIAT HADJ AHMED and RACHID TRIBAK 8

For ( ) ( )2,2, =ji  and ( ) ( )1,1, =lk  we have ( ) ,01122
1 =−∗ cyxM  this 

implies that ,01122 =cyx  and so .021 =c  

We now show that .121212 bac +=  For any 111111, G∈rt  and ,2222 G∈s  
we obtain 

( ) ( ) ( )22121111
1

22121111
1

221111
1 sbtrMsatrMcstrM −∗−∗−∗ +=  

( )2212111122121111
1 sbtrsatrM += −∗  

( ( ) ).2212121111
1 sbatrM += −∗  

It follows that ( ) .2212121111221111 sbatrcstr +=  

Then we get .121212 bac +=  

Lemma 2.11. For any ,,,, 212121222222 GG ∈∈ cbat  and ,1111 G∈d  

we have 

(i) ( ) ( ) ( ),112122212222112122212222 dctMbatMdctbatM +=+  

(ii) ( ) ( ) ( ).112122
1

212222
1

112122212222
1 dctMbatMdctbatM −∗−∗−∗ +=+  

Proof. We only prove (i). Using Lemmas 2.6 and 2.7, we compute 

( ) ( ( ) ( ))1121212222112122212222 dbcatMdctbatM ++=+  

( ( ) ( ))11212122
1

22 dbcaMMtM ++= −∗∗  

( ) ( ) ( )11212122
1

22 dbMcaMtM ++= −∗  

( ) [ ( )22
1

22 aMtM −∗=  

( )] [ ( ) ( )]112121
1 dMbMaM ++ −∗  

( ) ( ) ( )2122
1

22 bMaMtM −∗=  

( ) ( ) ( )1122
1

22 dMaMtM −∗+  

( ) ( ) ( )2121
1

22 bMcMtM −∗+  
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( ) ( ) ( )1121
1

22 dMcMtM −∗+  

( ) [ ( ) ( )] ( )2121
1

22
1

22 bMcMaMtM −∗−∗ +=  

( ) [ ( ) ( )] ( )1121
1

22
1

22 dMcMaMtM −∗−∗ ++  

( ) ( ) ( )212122
1

22 bMcaMtM += −∗  

( ) ( ) ( )112122
1

22 dMcaMtM ++ −∗  

( )( ) ( )( )1121222221212222 dcatMbcatM +++=  

( ) ( ).112122212222 dctMbatM +=  

Lemma 2.12. M is additive on .21G  

Proof. Let 21a  and 21b  be in .21G  We pick 21GC ∈  such that 

( ) ( ) ( ).2121 bMaMcM +=  

( ) ( ) ( ) .,allfor21
1

21
11 G�∈+= −∗−∗−∗ tstsbMtsaMsctM  

Then we have for every lij yx k,  on 2,,,1, ≤≤ lji kG  

( ) ( ) ( ),21
1

21
11

lijlijlij ybxMyaxMcyxM kkk
−∗−∗−∗ +=  

for ( ) ( )2,2, =ji  and ( ) ( )2,2, =lk  we have ( ) ,02222
1 =−∗ cyxM  this 

implies that ,02222 =cyx  and so .022 =c  

Similarly, we can get .011 =c  

For ( ) ( )1,1, =ji  and ( ) ( )2,2, =lk  we have ( ) ,02211
1 =−∗ cyxM  this 

implies that ,02211 =cyx  and so .012 =c  

We now show that .212121 bac +=  For any 222222, G∈rt  and ,1111 G∈s  

we obtain 

( ) ( ) ( )11212222
1

11212222
1

112222
1 sbtrMsatrMcstrM −∗−∗−∗ +=  
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( )1121222211212222
1 sbtrsatrM += −∗  

( )( ).1121212222
1 sbatrM += −∗  

It follows that 

( ) .1121212222112222 sbatrcstr +=  

Then we get .212121 bac +=  

Lemma 2.13. M is additive on .11G  

Proof. Let 11a  and 11b  be in .11G  We pick GC ∈  such that 

( ) ( ) ( ).1111 bMaMcM +=  

For any 1111 G∈t  and ,1212 G∈s  we obtain 

( ) ( ) ( )121111
1

121111
1

1211
1 sbtMsatMcstM −∗−∗−∗ +=  

( )121111121111
1 sbtsatM += −∗  

( )( ).12111111
1 sbatM += −∗  

It follows that ( ) .121111111211 sbatcst +=  

Then we get .111111 bac +=  

Lemma 2.14. M is additive on .22G  

Proof. Let 22a  and 22b  be in .22G  We pick GC ∈  such that 

( ) ( ) ( ).2222 bMaMcM +=  

For any 1212 G∈t  and ,2222 G∈s  we obtain 

( ) ( ) ( )222212
1

222212
1

2212
1 sbtMsatMcstM −∗−∗−∗ +=  

( )222212222212
1 sbtsatM += −∗  

( ( ) ).22222212
1 sbatM += −∗  

It follows that ( ) .222222122212 sbatcst +=  
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Then we get .222222 bac +=  

Proof of Theorem. We first show the additivity of M. Let += 11aa  

222112 aaa ++  and 22211211 bbbbb +++=  be two arbitrary elements 

of .G  We have 

( ) ( ) ( ) ( ) ( )( )2222212112121111 babababaMbaM +++++++=+  

( ) ( ) ( ) ( )2222212112121111 baMbaMbaMbaM +++++++=  

( ) ( ) ( ) ( ) ( ) ( )212112121111 bMaMbMaMbMaM +++++=  

( ) ( )2222 bMaM ++  

( ) ( )2221121122211211 bbbbMaaaaM +++++++=  

( ) ( ).bMaM +=  

We now turn to prove that ∗M  is additive. For any ,, Ryx ∈  there 

exist 22211211 aaaaa +++=  and 22211211 bbbbb +++=  in G  such 

that ( )yxMc += ∗  and ( ) ( ).yMxMd ∗∗ +=  

For arbitrary ,, G∈ts  by the additivity of M, we compute 

      ( ) ( ( ) ) ( ) ( ) ( )tMyxsMtyxsMMsatM +=+= ∗  

( ) ( ) ( ) ( )tyMsMtxMsM +=  

( ( ) ) ( ( ) )tysMMtxsMM ∗∗ +=  

( ( ) ( ) )tysMtxsMM ∗∗ +=  

( ( ( ) ( )) ) ( ),sbtMtyMxMsM =+= ∗∗  

which implies that .sbtsat =  Consequently, we get ,ba =  i.e., 

( ) ( ) ( ).yMxMyxM ∗∗∗ +=+  
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