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Abstract

Let R be a commutative ring with identity, A and B be two algebras (maybe
without identity) over R. Let M be an (A, B)-bimodule, ' be a (B, A)-bimodule,

and G be the generalized matrix algebra. In this paper, it is proved that under
some conditions, every (M, M*) is an elementary map on G x R', and both M

and M are surjective. Then both M and M"* are additive.

1. Introduction

Let R be a commutative ring with identity, A and B be two
algebras (maybe without identity) over R. Let M be an (A, B)-
bimodule and N be a (B, A)-bimodule. Assume that there are two

bimodule homomorphisms ¢: M®g N > A and p: N ®4 M > B
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satisfying the following associativity conditions: (mn)m' = m(nm’) and
(nm)n’ = n(mn') for all m, m' e M and n, n' € N, where we put mn =

o(m ® n) and nm = y(n ® m).

A generalized matrix algebra G = Mat(A, M, N, B) is an algebra of

the form

A M
Mat(A, M, N, B) = G =
N B

a m
= caeA, meM,beB,ne N,
n b

under the usual matrix-like addition and matrix-like multiplication,
where at least one of the two bimodules M and A is distinct from zero.
Obviously, the triangular algebras studied in [1] are a kind of generalized
matrix algebras. We refer the reader to [6, Section 2] for some classical
examples of generalized matrix algebras.

Let G;j = e;Ge; for all 1 <4, j<2. It is clear that G can be

represented as G = Gj1 @ Gig @ Go1 @ Gog. Moreover, Gi1 = A, Gig =M,
921 ZN, and g22 ~B.

Recall that a left A -module (resp., right B -module) M is faithful if
for any a € A, aM = {0} (resp., for any b € B, bM = {0}) implies a = 0
(resp., b = 0).

Definition ([2]). Let R and R’ be rings. The ordered pair (M, M™)
of maps M : R > R and M* : R' > R is called an elementary map of
Rx R if

M(aM*(x)b) = M(a)xM(b) and M*(xM(a)y) = M*(x)aM"(y),

forall a,be R, x, y € R'.
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Elementary maps were originally introduced by Bresar and Serml in
their nice paper [2]. There are many examples of elementary maps.

Obviously, if ® is a bijective map from R into R’ such that ®(x o y) =

®(x) o ®(y) for any x, y € R, then the ordered pair (@, ®1) is a Jordan
map of Rx R'. For a, b € R, let M, y(x) = axb for x € R. Then one can

verify that (M p, M} ) is an elementary map on R x R. The additivity
of elementary maps on operator algebras were studied in [2], [1], [3], and
[4].

2. The Results

The following is our main result in this section. The aim of this
section is to study the additivity of elementary maps on generalized

matrix algebras. We now state our first main result.

Theorem 2.1. Let R be a commutative ring with identity, A and B
be two algebras (maybe without identity) over R. Let M be an (A, B)-

bimodule, N be a (B, A)-bimodule, and G be the generalized matrix
algebra. Suppose that A, B, and M satisfy:

(i) For a € A, if aA = {0}, or Aa = {0}, then a = 0.

(i) For b € B, if bB = {0}, or Bb = {0}, then b = 0.

(iii) For m € M, if Am = {0}, or mB = {0}, then m = 0.

Suppose that (M, M") is an elementary map on G x R', and both M
and M"™ are surjective. Then both M and M"™ are additive.

Lemma 2.2. M(0) = 0 and M*(0) = 0.

Proof. M(0) = M(0M™*(0)0) = M(0)0M(0) = 0. Similarly, we can show

that M*(0) = 0.
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Lemma 2.3. If GuG = 0 for some u € G, then u = 0.
Lemma 2.4. Both M and M™ are bijective.

Proof. It suffices to prove that M and M~ are injective. First
establish the injectivity of M.

Suppose that M(a) = M(b) for some a, b € G. By assumption, we

have
M*(x)aM™(y) = M (xM(a)y) = M"(xM(b)y) = M (x)bM"(y).

Thus M*(x)(a —b)M*(y) = 0 for all x, y € R. Since M" is surjective,
we get that G(a - b)G =0 and so a —b = 0 by Lemma 2.3. Thus a = b.

Then M is injective.
M(aM*(x)b) = M(a)xM(b) and M*(xM(a)y) = M*(x)aM*(y).

Now we turn to proving the injectivity of M. Suppose that
M*(x) = M*(y) for some x, y € R. Since M is surjective, we get that
there exist a, b € G such that M(a) = x and M(b) = y. For every z € G,

we have

Now for any a, b € G, we have
M*M(a)M L (x)M*M(b) = M*(M(a)MM 1 (x)M (b))
= M*(M(a)xM (b))
= M*M(aM*(x)b)
= M*M(aM*(y)b)
= M"(M(a)yM (b))
= M*(M(a)MM " (y)M (b)).

Thus M*M(a)M " (x)M*M(b) = M*M(a)M " (y)M*M(®).
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Equivalently, since M*M is surjective. G(M ~*(x) - M~1(y))G = 0.

It follows from the same argument above that M 1(x) = M *(y), and

so x = y, as desired.

Lemma 2.5. The pair (M*™', M) is an elementary map on G x R'.
That is,

M7 M* Ya)y) = M Y(x)aM (y),

M* N aM 1 (x)p) = M*Ha)M*1(b).
Lemma 2.6. Let a, b, ¢ € G.
G) If M(c) = M(a) + M(b), then
M*Y(sct) = M Y(sat) + M*L(sbt) for all s, t € G.
i) If M*Y(c) = M*Y(a)+ M*71(b), then
M(sct) = M(sat) + M(sbt) for all s, t € G.

Proof. We only prove (i), and (ii) goes similarly.

By Lemma 2.4, we have
M*(sat) = M* Y (sMtM(c)k) = M* Y (s)M(c)M L (t)
= M7 (s)(M(a) + M(0))M"(2)
= (M™ Y (s)M ()M (0) + (M (s)M ()M (1))
= M* (sat) + M*(sbt).

Lemma 2.7. M(aj; + a9 + a9y +ag9) = M(ay;)+ M(ajy)+ M(asg)

+ M(agy) for every A;; € Gjj.
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Proof. Let ¢ € G be an element such that M(C) = M(ay;) + M(a;9)
+ M(ag;) + M(ags).
M*Y(sct) = M*Y(saqqt) + M* (sayot) + M*(sagqt) + M*(sagst),
for all s, t € G.

Then we have for every x;;, 1 < i, j <2

1 1
M (xjex;5) = ZM* (zaz%i5)
X

*—1
=M™ (xjajx;;).
Hence it follows that x;;cx;; = x;a;;x;, thatis, x;(c —aj; )x; = 0.

From x;;(c — a;; )x;; = 0, since A and B are unital algebras we have

cii=aiifor1£132.

From xq9(c —agq )x19 = 0, cg; = ag9; by condition (2). Similarly, we

have ¢j9 = a19.

Lemma 2.8. M*_l(an + a9 +ag; +agy) = M*_l(an )+ M*_l(alz)

+ M* Y agy )+ M*Yagy) for every ajj € Gjj.

Lemma 2.9. For any t;1, a;1 € G11, b12, ¢19 € G19, and dgg € Gog,

we have
(@) M(t1011b12 + tirc1adag ) = M(t1a11b12) + M(t1012d02 ),
(i) MM (t11¢19d0s + ti1c12d92) = M™ " (ty1¢19dps ) + M™ 7 (t11¢12d55).
Proof. We only prove (i). Using Lemmas 2.6 and 2.7, we compute
M(t;1a11013 + tic11daz) = M(t11(ary + c12) (brg + dag))
= M(t; MM (a11 + ¢12) (bra + dag))

= M(t;;)M"* " (ay; + c19)M(byg + da)
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= M(ty1)[M™ (1)
+ M (er)][M(brs) + M(dss)]
= M(ty1)M™ " (a11 )M (br2)
+ M(t1)M" (ay1)M(dg)
+ M(t1)M" (e12)M(bys)
+ M(t1)M" (e12)M(dgg)
= M(ty1)[M™H(ayy) + M™ 7 (e19) 1M (by3)
+ M(1)[M™(agy) + M7 (e12)1M(dys)
= M(ty))M" a1y + ¢12)M(by3)
+ M(ty1)M* Yayq + 19 )M(dys)
= M(t;1(ay1 + ¢19 )b19) + M((t11(ay1 + ¢19)dog))
= M(t11a11b19) + M(t11c19d99 ).
Lemma 2.10. M is additive on Gys.

Proof. Let a9 and b5 be in Gi5. We pick C € G5 such that

M(c) = M(arz)+ M(byz).

M*(sct) = M Y(sayqot) + M*(sbyot) for all s, ¢ e G.

Then we have for every X;js Vg1 ON G, 1<1i,j,k 1<2

*—]1 -1 *—1
M*(xjjeyp) = M7 (xgargyp ) + M (4012551 )

for (i, j)=(1,1) and (k)= (1,1) we have M*(xjicy;1) =0, this

implies that xy1¢y;; = 0, and so ¢;; = 0.

Similarly, we can get c99 = 0.
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For (i, j) = (2, 2) and (k, I) = (1, 1) we have M* (xg9cy;1) = 0, this

implies that x99cy;; = 0, and so cg; = 0.

We now show that c19 = @19 + bjg. Forany ¢11, 11 € G11 and S99 € Goo,

we obtain
M*N(nytyesag) = M (ritiyara899) + M™ 7 (ry1t11b19592)
= M (ry1t11019809 + i1t11b12892)
= M (ry1t11 (ar2 + brg )sa2).
It follows that r1t;1¢899 = ri1t11(a19 + b1g )sag.
Then we get c;9 = a19 + by9.

Lemma 2.11. For any tgg, agg € Gog, b1, c91 € Go1, and dyq € Gq1,

we have
() M(tzoag9bo1 + tagco1diy) = M(tagagabsr) + M(tagca1diy ),
(i) M*(taoanabor + tagcardry) = M™(tagas9bay ) + M (taacordyy ).
Proof. We only prove (i). Using Lemmas 2.6 and 2.7, we compute
M(topa99bo1 + tagc21d11) = M(taa(age +ca1)(b21 +di1))
= M(tyoM*M* " (agg + ca1) (bay +di7))
= M(ts2)M™ " (agg + ca1)M(bgy + diy)
= M(ts2)[M" " (ag)
+ M (ag )][M(by1) + M(dy1)]
= M(tgs )M (agg )M (bgy)
+ M(to9)M ™ (ags )M (dyy )

+ M(tog )M " (cg1 )M(byy)
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+ M(to2)M "™ (co1)M(dh1)

= M(to9) [M" " (ags) + M* " (co1)1M(b21)
+ M(to2) [M* agg) + M™ (co1)IM(dy1)

= M(to9)M" " (ags + c21)M(bs1)
+ M(tos)M™ (agg + ca1)M(dy1)

= M(taz(age + co1)bo1) + Mtaz(age + co1)din)

= M(tapagabo1) + Mtozco1dry).

Lemma 2.12. M is additive on Go;.

Proof. Let a9; and bg; be in Gg;. We pick C € Gg; such that
M(c) = M(ag;) + M(bay).

M*Y(sct) = M* Y (sagyt) + M L(sbgqt) for all s, t € G.
Then we have for every Xij, yppon G, 1<, j, k, 1 <2
M (xeyy) = M (xag15p0) + M (xyba1 v ),

for (i, /) =(2,2) and (k1) = (2, 2) we have M !(xy9cy9s) =0, this
implies that x99cy9e = 0, and so cgg9 = 0.

Similarly, we can get ¢;; = 0.

For (i, j) = (1, 1) and (k, {) = (2, 2) we have M*1(x;1¢y99) = 0, this
implies that xy1cy9s = 0, and so ¢j9 = 0.

We now show that co1 = agq + byy. For any t9s, 199 € Gog and s;7 € Gy,

we obtain

a1 4 4
M (rogtoges 1) = M (ryotagagisiy) + M™ ™ (ragtooborsiy)
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= M H(ryatonagisiy + agtaobo1sii)

= M"(ryatan(agy + by1)siy).
It follows that
ToglooCsi1 = Toatoa(agr + bgp)siy-
Then we get cg; = a9y + bay.
Lemma 2.13. M is additive on Gqq.

Proof. Let a;; and b;; be in G;;. We pick C € G such that
M(c) = M(ayy) + M(byy)-

For any #; € G; and s;9 € G19, We obtain
M*Mtyyes19) = M*H(tyaq1819) + M (ty111512)
= M M(t1a11812 + tiibiisia)
= MM (t11(ar1 + brp)siz)-
It follows that ¢;1¢s19 = t11(a;q + b11)s19-
Then we get ¢;1 = a11 + by1-

Lemma 2.14. M is additive on Gog.

Proof. Let a9y and bys be in Ggg. We pick C € G such that
M(c) = M(agg) + M(bgs).

For any t15 € G13 and s99 € G99, We obtain
M Mtyges99) = M* " (t19a99895) + M (t19b29595 )
= M" N (t13a99895 + t12b2as22)
= M (ty2(agg + bag)sas)-

It follows that t12CS22 = t12 (a22 + b22 )822.
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Then we get cog = agg + bog.

Proof of Theorem. We first show the additivity of M. Let a = a;; +
Qi + Q91 + Q99 and b = by + byg + by; + bgy be two arbitrary elements

of G. We have
M(a +0b) = M((a1y +b11) + (a1g + bi2) + (ag1 + ba1) + (agg + baz))
= M(ayy +byy) + M(ayg + big) + Mlagy + bg1) + M(agg + bag)
= M(ay1) + M(byp) + M(arz) + M(biz) + M(agy) + M(bg1)
+ M(agz) + M(bgs)
= M(ay; + arg + a1 + agg) + M(byy +big + by + bag)
= M(a)+ M(b).

We now turn to prove that M™ is additive. For any x, y € R, there
exist @ = a1 + @19 + @91 + Qg9 and b = by + b9 + by + byg In G such
that c = M*(x + y) and d = M"*(x) + M"(y).

For arbitrary s, t € G, by the additivity of M, we compute

M(sat) = M(sM™(x + y)t) = M(s)(x + y)M(t)
= M(s)xM(t) + M(s)yM(t)
= M(sM*(x)t)+ M(sM"(y)t)
= M(sM™*(x)t + sM*(y)t)
= M(s(M"(x) + M"(y))t) = M(sbt),

which implies that sat = sbt. Consequently, we get a =050, ie.,

M*(x +y) = M*(x)+ M*(y).
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