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Abstract 

Given criteria on differentiable functions for inequalities between a function 
value calculated on two quasi-arithmetic means and the quasi-arithmetic mean 
calculating on function values of two variables are enlarged for a case of three 
quasi-arithmetic means and functions of three variables. Special investigations 
are analyzed in additional and multiplicative cases. 

1. Introduction 

The quasi-arithmetic mean in discrete instance is defined for a continuous 
and monotone function ,: RR →⊆ϕ xJ  sentence ( ) ( )nxxx ,,1 …=  and a 

probability weight sentence ( ) ( )naaa ,,1 …=  with 1
1
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=
k
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n
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For continuous and monotone functions R→/ yJv :  and R→ρ zJ:  that 

are defined on intervals ,, R⊆zy JJ  for sentences ( ) ( ) yn Jyyy ⊂= ,,1 …  

and ( ) ( ) ,,,1 zn Jzzz ⊂= …  using a function zyx JJJf ××: ,R→  we 

will consider the inequality between three quasi-arithmetic means and 
quasi-arithmetic mean defined by the values of ( ):,, zyxf  

( ( ) ( ) ( )) ( )( ).;,,;,;,; azyxfMazMayMaxMf v χρ/ϕ ≥   (1.2) 

Fundamental function required for assaying conditions is 

( ) ( ( ) ( ) ( )),,,,, 111 rtvsfrtsH −−− ρ/ϕχ=   (1.3) 

where ( ) ( ),, yvtxs /=ϕ=  and ( ).zr ρ=  

Relationship between inequality (1.2) and function (1.3) is given in 
the next lemma. 

Lemma 1.1. The inequality (1.2) holds in the case that function 
( )trsH ,,  is concave and χ  increases or in the case that function 

( )trsH ,,  is convex and χ  decreases. 

The opposite inequality is arising when H is convex and χ  increases 

and H is concave and χ  decreases. 

Proof. Suppose ( )rtsH ,,  is concave and χ  increases. Then 1−χ  

increases too. Concavity gives 
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Use definitions (1.3) and (1.1). Then apply 1−χ  on the both sides and 

obtain (1.2). Other cases are similarly provable. 

Taylor queue, for at least twice differentiable functions, is            
giving a concavity characterization considering the second differential             

( )drdtdsHd ,,2  as a quadratic form in ( ) :,, drdtds  
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( ) dsdtHdrHdtHdsHdrdtdsHd strrttss 2,, 2222 +++=  

.22 drdtHdsdrH rtsr ++   (1.4) 

The well-known facts are following in the next lemma. 

Lemma 1.2. Suppose that function defined by (1.3) has continuous 
second partial derivatives. Function ( )rtsH ,,  is concave if the form (1.4) 

is negative semidefinite. The form (1.4) is negative definite if and only if 

.0,0,0 ≤≥≤

rrrtrs

rtttst

srstss

ttst

stss
ss

HHH

HHH

HHH

and
HH

HH
H   (1.5) 

Function ( )rtsH ,,  is convex if the form (1.4) is positive semidefinite. The 

form is positive semidefinite if the all determinants in (1.5) are greater or 
equal than zero. 

2. Additive and Multiplicative Case 

Inequality 

( ( ) ( )) ( )( )ayxfMayMaxMf v ;,;,; χ/ϕ ≥   (2.1) 

was investigated by Beck in [9] for additive case, where ( ) yxyxf +=,  

and multiplicative case with ( ) ., xyyxf =  In this section, we enlarged 

this cases on three variables for differentiable functions considering (1.5) 
for (1.4). 

2.1. Additive case 

The observed function in (1.2) is ( ) .,, zyxzyxf ++=  Given 

functions are ( ) ( ) ( ) ,,, rztyvsx =ρ=/=ϕ  and ( ) wu =χ  with .zyxu ++=  

Basic research are carried out by the function (1.3) in the shape of 

( ) ( ( ) ( ) ( )).,, 111 rtvsrtsH −−− ρ+/+ϕχ=   (2.2) 
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Auxiliary functions introduced for shorter expressions are 

( ) ( )
( ) ( ) ( )

( ) ( ) ( )
( ) ( ) ( )

( ) .:and,:,:,: 4321 u
uuFz

zzFyv
yvyFx

xxF
χ ′′
χ′=

ρ ′′
ρ′=

′′/
/ ′=

ϕ ′′
ϕ′=    

(2.3) 

Appreciating (2.3), we express the next two theorems. 

Theorem 2.1. Suppose that the functions χρ/ϕ andv ,,,  have second 

derivatives and functions 3,2,1, =iFi  from (2.3) are definable on the 

intervals ,,, zyx JJJ  and .uJ  For the queues ( ) ( ) ,, yx JyJx ∈∈  

( ) ,zJz ∈  and ( ) ( ) ( ) ,uJzyx ∈++  the inequality 

( ) ( ) ( ) ( ),;;;; azyxMazMayMaxM v ++≥++ χρ/ϕ   (2.4) 

is valid if 

(i) all 4,3,2,1, =iFi  are positive and ( ) ( ) ( ) ≤++ zFyFxF 321  
( );4 zyxF ++  

(ii) or if 4F  is negative, but 3,2,1, =iFi  are positive.  

The inequality is opposite if 

(iii) all 4,3,2,1, =iFi  are negative and ( ) ( ) ( ) ≥++ zFyFxF 321  
( );4 zyxF ++  

(iv) or if 4F  is positive, but all 3,2,1, =iFi  are negative. 

Proof. Examining the conditions (1.5) for the (1.3) in the case 
( ) :,, zyxzyxf ++=  

( ) ( ( ) ( ) ( )).,, 111 rtvsrtsH −−− ρ+/+ϕχ=   (2.5) 

The first condition from (1.5) gives ,022

2
≤








ϕ′
ϕ ′′−

χ′
χ ′′

ϕ′
χ′=

∂

∂

s
H  which is 

fulfilled in the terms (2.3) if and only if 

.011
14

≤





 −χ′ FF   (2.6) 
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Second condition, after calculating the derivatives and determinant 
calculation gives 

2
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which is fulfilled in the terms (2.3) if and only if 

.0111111
241421
≥−− FFFFFF   (2.7) 

Third condition in additive case after derivatives is 
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Elementary transformations and extractions gives 

.0222
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Condition in the terms of (2.3) is 

.0111111111111
321124314324

3 ≤





 −++χ′ FFFFFFFFFFFF   (2.8) 

According to the Lemma 1.1, the inequality (2.4) holds if 0>χ′  and H in 

(2.5) is concave. It is fulfilled when (i) or (ii) appears. If ,0<χ′  then H 

must be convex. It is fulfilled again when (i) or (ii) appears, because all 
inequalities in (2.6), (2.7), and (2.8) must be greater than zero. 

The proof of the opposite is similar, so it is wasted to reader.   
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2.2. Multiplicative case 

Enlargement on three variables in multiplicative case needs 
( ) xyzzyxf =,,  in (1.2) and now ( ) wu =χ  with .xyzu =  Basic research 

are carried out by the function (1.3) in the shape of 

( ) ( ( ) ( ) ( )).,, 111 rtvsrtsH −−− ρ⋅/⋅ϕχ=   (2.9) 

Suitable auxiliary functions are 

( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
( ) ( ) ;;; 321 zzz

zzDyvyyv
yvyDxxx

xxD
ρ ′′+ρ′

ρ′
=

′′/+′/
′/=

ϕ ′′+ϕ′
ϕ′

=  

( ) ( )
( ) ( ) .and 4 uuu

uuD
χ ′′+χ′

χ′
=  (2.10) 

Inequality is based on concavity or convexity of the function (2.9). 

Theorem 2.2. Suppose that zyx ,,  are positive and suppose that 
,,, ρ/ϕ v  and χ  have up to second derivatives such that iD  from (2.10) are 

definable. Then the inequality 

( ) ( ) ( ) ( )axyzMazMayMaxM v ;;;; χρ/ϕ ≥⋅⋅   (2.11) 

holds if 

(i) all 4,3,2,1, =iDi  are positive and ( ) ( ) ( ) ++≥ yDxDxyzD 214  
( );3 zD  

(ii) or if 4D  is negative, but all 3,2,1, =iDi  are positive.  

The inequality is opposite if 

(iii) if all 4,3,2,1, =iDi  are negative and ( ) ( ) ( )yDxDxyzD 214 +≤  
( );3 zD+  

(iv) or if 4D  is positive, but all 3,2,1, =iDi  are negative. 

Proof. The first condition from (1.5), accepting the (2.10) is 
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14222

2
≤






 −

ϕ′
χ′=








ϕ′
ϕ ′′−

χ′
χ ′′

ϕ′
χ′=

∂

∂
DDx

yzxxyz
x
yz

s
H   (2.12) 
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Second condition is positive determinant 
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equivalent with 
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≥−− DDDDDD   (2.13) 

Third condition in the terms of (2.10) is 
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Extractions and elementary transformations simplify the determinant 
obtaining the condition 

,0
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011

1111

31

21

4414
3 ≤

−

−

−

⋅χ′

DD

DD

DDDD

 

equivalent with 

.0111111111111
321124314324

3 ≤





 −++χ′ DDDDDDDDDDDD   (2.14) 

Discussions is analogue with discussion obtained in the proof of Theorem 
2.1, so it is left to reader.   

 



BOŽIDAR IVANKOVIĆ 24

3. Applications 

Ordinary well-known Minkowski and Hölder inequality from [1] now 
is going to be generalized and enlarged. 

3.1. Generalized Minkowski inequality 

Well-known inequality now is generalized and enlarged for the case 
of three variables and for different potential means. For the inequality 
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ν  (3.1) 

four auxiliary functions are appearing according to the (2.3) 

( ) ( ) ( ) ( ) .1and,1,1,1 4321 −λ
++=++

−η
=

−
=

−µ
= zyxzyxFzzFyyFxxF

ν
 

The inequality (3.1) holds if 1<λ  and .1,, >ηµ ν  If all ,1,,, >ληµ ν  

the (3.1) holds if 

.1111 −η
+

−
+

−µ
≥

−λ
++ zyxzyx

ν
  (3.2) 

The inequality (3.2) holds, if one of the following is fulfilled: 

● when 1,, >λ>ηµ ν  for every positive ;,, zyx  

● when ,1, >µ>λ>ην  under the condition by the components 

;11
10 








−η
λ−η+

−
λ−

µ−λ
−µ≤< zyx

ν
ν  

● when ,1, >η>λ>µ ν  under the condition by the components 

.011
1 >








−η
η−λ+

−
−λ

λ−µ
−µ≥ zyx

ν
ν  

The inequality in (3.1) is opposite if 1>λ  and .1,, <ηµ ν  If all ,,, ηµ ν  

,1<λ  the opposite inequality in (3.1) holds, if 
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.1111 −η
+

−
+

−µ
≤

−λ
++ zyxzyx

ν
  (3.3) 

The inequality (3.3) holds, if one of the following is fulfilled: 

● when λ<ηµ ,, ν  for every positive ;,, zyx  

● when ,1, <µ<λ<ην  under the condition by the components 

;11
10 








η−
η−λ+

−
−λ

λ−µ
µ−≤< zyx

ν
ν  

● when ,1, <η<λ<µ ν  under the condition by the components 

.011
1 >






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η−
λ−η+

−
λ−

µ−λ
µ−≥ zyx

ν
ν  

3.2. Generalized Hölder inequality 

An enlargement of generalization given in [9] is presented as the 
inequality 
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The suitable auxiliary functions are now constants with given exponets 

as their values ( ) ( ) ( ) ,1,1,1
321 η

==
µ

= zDyDxD
ν

 and ( ) .1
4 λ

=xyzD  

The inequality (3.4) holds if 0<λ  and .0,, >ηµ ν  If ,0,,, >ληµ ν  

then the (3.4) holds if 

.1111
η

++
µ

≥
λ ν

 

The inequality in (3.4) is opposite when 0>λ  and .0,, <ηµ ν  If 

0,,, <ληµ ν  and 

,1111
η

++
µ

≤
λ ν

 

the inequality in (3.4) is opposite too. 
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4. Comparison the Generalized Quasi-Arithmetic Means 

For a non-empty set ,Ω  the set of real-valued functions, { :, xx=L  

},R→Ω  constitutes a linear space. A linear functional R→L:A  is 

entitled as positive if ( )xA  is positive when L∈x  is getting positive 

values. A positive linear functional is entitled as linear mean if ( ) 1=eA  

whenever { }.1: →Ωe  

For a real-valued function ϕ  and a positive (weight) function ,L∈a  

the generalized quasi-arithmetic mean 

( ) ( )( )
( ) ,:;, 1







 ϕ

ϕ= −
ϕ aA

xaAAaxM   (4.1) 

is well defined if ( ) L∈ϕ x  and if ϕ  is continuous and strictly monotone 

on the real-number interval xJ  with ( ) .xJx ⊆Ω  Obligatory ( ) .0≠aA  

Note that definition (1.1) is a special case of (4.1) for { },,,2,1 n…=Ω  

( ) ( ) ,0,:,, ≥=ω→ϕ⊆∈=ω ωω aaJJJxx xxx RR  with 1
1

=ω
=ω
∑ a
n

 

and ( ) ( ).ω= ∑
Ω∈ω

aaA  

Lemma 4.1. Suppose that ρ/ϕ ,, v  and χ  are continuous, strictly 

monotone real functions defined on the real intervals ,,, zyx JJJ  and 

.uJ  From (1.2), the inequality 

( ( ( ) ( ) ( ))) ( ( )( )) ,0;,,;,;,; ≥χ−χ χρ/ϕ azyxfMazMayMaxMf v   (4.2) 

holds if the function H defined by (1.3) is concave and χ  increases or if H 

is convex and χ  decreases. The values are well defined for L∈zy,  if 

( ) ( ) zy JzJy ⊆Ω⊆Ω ,  and if .: uzyx JJJJf →××  The inequality is 

opposite if H is convex and χ  increases or if the H is concave and H 

decreases. 
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Proof. Analogue to the proof of Lemma 1.1.   

On the left side in (4.2) is a difference that can be observed in 
dependence of non-negative function .L∈a  In [4], the authors 
considered relationship between two differences that arise by non-
negative (weight) functions ., L∈ba  The next proposition is a corollary 

of the general Theorem 3.2 in [4]. The proof is given in spite of easier 
understanding. 

Proposition 4.1. Take the values and functions from Lemma 4.1 and 
assume that A is a linear, positive functional on .L  Suppose that for the 
two given non-negative functions L∈ba,  there exist constants Mm,  

such that ( ) ( ) 0≥ω−ω aMb  and ( ) ( ) 0≥ω−ω mba  hold for every .Ω∈w  

If the function H defined by (1.3) is concave, then 

( ) [ ( ( ( ) ( ) ( ))) ( ( )( ))]AbzyxfMAbzMAbyMAbxMfbMA v ;,,,;,,;,,;, χρ/ϕ χ−χ⋅  

( ) [ ( ( ( ) ( ) ( ))) ( ( )( ))]AazyxfMAazMAayMAaxMfaA v ;,,,;,,;,,;, χρ/ϕ χ−χ⋅≥  

( ) [ ( ( ( ) ( ) ( ))) ( ( )( ))].;,,,;,,;,,;, AbzyxfMAbzMAbyMAbxMfbmA v χρ/ϕ χ−χ⋅≥  

(4.3) 

The inequalities are reversed whether if the function H is convex. 

Proof. For any non-negative ,L∈a  a positive linear functional 

( )
( )aA
axAx   is a linear mean on L  if ( ) .0≠aA  Jessen’s and McShane’s 

generalizations of the Jensen’s inequality (see [1, p. 48-49]), for a concave 

function H, gives ( )( ) ( ) ( )
( )

( )
( )

( )
( ) .,,,, 






≤ bA

brA
bA
btA

bA
bsAHbArtsbHA  By 

shortcut ( )rtsT ,,:=  and ( ) ( ) ( ) ( )( ),,, brAbtAbsAbTA =  we use concavity 

of H. Note that only m and M are constants here and assume all 
denominators differ from zero. 
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( )( ) ( )( ) ( ) ( )
( ) 






+− aA

aTAHaATaHATbHMA  

( ) ( )
( ) ( ) ( )

( ) 





+








−
−−≤ aA

aTAHaAaMbA
aTMbTAHaMbA  (4.4) 

( ) ( ) ( )
( )

( )
( ) ( ) ( )

( ) .





=






 +−≤ bA

bTAHbMAbMA
aTA

bMA
aTAbTMAHbMA  (4.5) 

Further steps are based on definitions (1.3) and (4.1), because  

( )( ) ( ) ( )
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




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aTAHaATaHA  
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

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

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
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








/






ϕχ−

χ
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aA
arA

aA
atAvaA

asAfaA
zyxfaAaA 111 ,,,,  

( ) ( )( )
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( )( )
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( )( )
( ) .,,,, 1111





















 ρ

ρ





 /

/





 ϕ

ϕχ−





 χ

χχ= −−−−
aA

xaA
aA

yvaAvaA
xaAfaA

zyxfaAaA  

Extend ( )( ) ( ) ( )
( ) 






− bA

bTAHbATbHA  in similarly manner, multiply (4.4) 

and (4.5) by ( )1−  and (4.3) will be obtained.   

In the next two corollaries, the extensions of the multiplicative type 
inequality and the additive type inequality investigating in [9] and [4] 
are given. 

Corollary 4.1. Substitute ( ) zyxzyxf ++=,,  in Proposition 4.1 

and assume that for ,,, ρ/ϕ v  and ,χ  we can define 4,3,2,1, =iFi  by 

(2.3). Under presumptions of Proposition 4.1, the inequalities 

( ) [ ( ( ) ( ) ( )) ( ( ))]AbzyxMAbzMAbyMAbxMbMA v ;,;,;,;, ++χ−++χ⋅ χρ/ϕ  

( ) [ ( ( ) ( ) ( )) ( ( ))]AazyxMAazMAayMAaxMaA v ;,;,;,;, ++χ−++χ⋅≥ χρ/ϕ  

( ) [ ( ( ) ( ) ( )) ( ( ))]AbzyxMAbzMAbyMAbxMbmA v ;,;,;,;, ++χ−++χ⋅≥ χρϕ/  

hold if 321 ,,, FFFχ′  are positive and χ ′′  is negative or if all of ,, χ ′′χ′  

321 ,, FFF  are positive and ( ) ( ) ( ) ( ).4321 zyyFzFyFxF ++≤++  If χ′  
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is negative, then inequalities (4.6) hold when 321 ,,, FFFχ ′′  are negative 

or when χ ′′  is positive, 321 ,, FFF  are negative and ( ) ( ) ( )zFyFxF 321 ++  

( ).4 zyyF ++≥  

The inequalities (4.6) are opposite if χ ′′χ′,  are positive and ,, 21 FF  

3F  are negative or if χ′  is positive, all of 321 ,,, FFFχ ′′  are negative and 

( ) ( ) ( ) ( ).4321 zyxFzFyFxF ++≥++  If χ′  is negative, then inequalities 

in (4.6) are opposite when 321 ,,, FFFχ ′′  are positive or when χ ′′  is 

negative, 321 ,, FFF  are positive and ( ) ( ) ( ) ( ).4321 zyxFzFyFxF ++≤++  

Proof. For inequalities (4.6), check the conditions (2.6), (2.7), and 
(2.8). For the opposite inequalities, take all conditions to be greater than 
zero.   

Corollary 4.2. Substitute ( ) zyxzyxf ⋅⋅=,,  in Proposition 4.1 and 

assume that functions zyx ,,  are positive. Presume that for ρ′ϕ ,, v  and 

χ  the functions 4,3,2,1, =iDi  are definable by (2.10). Under the 

conditions of Proposition 4.1, the inequalities 

( ) [ ( ( ) ( ) ( )) ( ( ))]AbzyxMAbzMAbyMAbxMbMA v ;,;,;,;, ⋅⋅χ−⋅⋅χ⋅ χρ/ϕ  

( ) [ ( ( ) ( ) ( )) ( ( ))]AazyxMAazMAayMAaxMaA v ;,;,;,;, ⋅⋅χ−⋅⋅χ⋅≥ χρ/ϕ  

( ) [ ( ( ) ( ) ( )) ( ( ))]AbzyxMAbzMAbyMAbxMbmA v ;,;,;,;, ⋅⋅χ−⋅⋅χ⋅≥ χρ/ϕ

hold if 321 ,,, DDDχ′  are positive and 4D  is negative or if all of 

4321 ,,,, DDDDχ′  are positive and ( ) ( ) ( ) ( ).4321 xyzDzDyDxD ≤++  If 

χ′  is negative, then inequalities (4.6) hold when 321 ,, DDD  are negative 

and 4D  is positive or when all 4321 ,,, DDDD  are negative and ( ) +xD1  

( ) ( ) ( ).432 xyzDzDyD ≥+  

The inequalities (4.6) are opposite if 4, Dχ′  are positive and 

321 ,, DDD  are negative or if χ′  is positive, all of 4321 ,,, DDDD  are 

negative and ( ) ( ) ( ) ( ).4321 xyzDzDyDxD ≥++  If χ′  is negative, then 
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inequalities in (4.6) are opposite when 321 ,, DDD  are positive and 4D  is 

negative or when all 4321 ,,, DDDD  are positive and ( ) ( ) ++ yDxD 21  

( ) ( ).43 xyzDzD ≤  

Proof. Analogue to the proof of Corollary 4.1, but the conditions 
(2.12), (2.13), and (2.14) are examined now.   

5. Examples and Discussions 

The results of Corollaries 4.1 and 4.2 are applied on concrete quasi-
arithmetic means. In the next example, the potential means 

[ ]( ) ( )
( )

µ









=

µ
µ

1

;, aA
axAAaxM  are considered in multiplicative case. 

Example 5.1. Assume that AmMba ,,,,  are as in Proposition 4.1. 

For positive real functions ,,, L∈zyx  the inequalities 

( ) ( )
( )

( )
( )

(
( ) ( ( ) )

















⋅−
























⋅








⋅








⋅ λ

λ
ηµ ηµ

xyzbAbA
bzA

bA
byA

bA
bxAbAM

111
νν

 

( ) ( )
( )

( )
( )

(
( ) ( ( ) )λ

λ
ηµ

⋅−
























⋅








⋅








⋅≥

ηµ
xyzaAaA

azA
aA

ayA
aA

axAaA
111

νν
 (5.1) 

( ) ( )
( )

( )
( )

(
( ) ( ( ) ) ,0

111

≥
















⋅−
























⋅








⋅








⋅≥ λ

λ
ηµ ηµ

xyzbAbA
bzA

bA
byA

bA
bxAbAm

νν
 

hold in the following cases: 

(i) If 0,,, >ληµ ν  and .1111
η

++
µ

≥
λ ν

 

(ii) When 0,,, <ληµ ν  and .1111
η

++
µ

≤
λ ν
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The inequalities (5.1) are opposite in the following cases: 

(iii) If .,,0 ηµ<<λ ν  

(iv) When .0,, λ<<ηµ ν  

Proof. The conditions are following directly from Corollary 4.2, after 

considering that for the function ( ) ,,,
111 λ











= ηµ rtsrtsH ν  we have 

,1,1,1,1
4321 λ
=

η
==

µ
= DDDD

ν
 and ( ) ( ) .1−λλ=χ′ xyzxyz  Checking 

the conditions (2.12), (2.13), and (2.14), we obtain that H is concave in (i), 
(ii) or (iii). Changing conditions (2.12) and (2.14) into greater than zero, 
we obtain that H is convex when (iii) or (iv) appear.   

Similar example is constructed for additive case in the next example. 

Example 5.2. Assume that AmMba ,,,,  are as in Proposition 4.1. 

For positive real functions ,,, L∈zyx  the inequalities 

( ) ( )
( )

( )
( )

(
( ) ( ( ) )

















++⋅−
























+








+








⋅ λ

λ
ηµ ηµ

zyxbAbA
bzA

bA
byA

bA
bxAbAM

111
νν

 

( ) ( )
( )

( )
( )

(
( ) ( ( ) )λ

λ
ηµ

++⋅−
























+








+








⋅≥

ηµ
zyxaAaA

azA
aA

ayA
aA

axAaA
111

νν
 

(5.2) 

( ) ( )
( )

( )
( )

(
( ) ( ( ) ) ,0

111

≥
















++⋅−
























+








+








⋅≥ λ

λ
ηµ ηµ

zyxbAbA
bzA

bA
byA

bA
bxAbAm

νν
 

hold in the following cases: 

(i) If .01,, >λ>>ηµ ν  
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(ii) When 1,,, >ληµ ν  and ,1111 −η
+

−
+

−µ
≥

−λ
++ zyxzyx

ν
  which 

is valid when (3.2) is valid. 

(iii) When 0,1,, <λ<ηµ ν  and ,1111 −η
+

−
+

−µ
≤

−λ
++ zyxzyx

ν
 

which is valid when (3.3) is valid. 

The inequalities (5.2) are opposite in the following cases: 

(iv) If .,,1 ηµ>>λ ν  

(v) When 0<λ  and .,,1 ηµ< ν  

(vi) When 10,1,, <λ<<ηµ ν  and ,1111 −η
+

−
+

−µ
≤

−λ
++ zyxzyx

ν
 

which is valid when (3.3) is valid. 

Proof. The conditions are following directly from Corollary 4.2, after 

considering that for the function ( ) ,,.
111 λ











++= ηµ rtsrtsH ν  we have 

,1,1,1,1 4321 −λ
++=

−η
=

−
=

−µ
= zyxFzFyFxF

ν
 and ( ) =++χ′ zyx  

( ) .1−λ++λ zyx  Checking the conditions (2.6), (2.7), and (2.8), we obtain 

that H is concave in (i), (ii) or (iii). Changing conditions (2.6) and (2.8) 
into greater than zero, we obtain that H is convex when (iv), (v) or (vi) 
appears.   

Example 5.3. Let mMAba ,,,,  be defined as in Corollary 4.1. Let 

assume that Lzyx ∈,,  such that the next inequalities 

( ) ( )
( )

( )
( )





 ⋅+⋅⋅ bA

ybAArcbA
xbAArcbAM coscoscoscoscos  

( )
( ) ( )( )



++−

⋅+ zyxbAbA
zbAArc coscoscos  
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( ) ( )
( )

( )
( )

( )
( ) 



 ⋅+⋅+⋅⋅≤ aA

zaAArcaA
yaAArcaA

xaAArcaA coscoscoscoscoscoscos  

( )( )zyxaA ++− cos  

( ) ( )
( )

( )
( )





 ⋅+⋅⋅≤ bA

ybAArcbA
xbAArcbAm coscoscoscoscos  

( )
( ) ( )( )



++−

⋅+ zyxbAbA
zbAArc coscoscos  

holds if for all ( ) ( ) ( ) .6,,0, π<ωωω<Ω∈ω zyx  If ( ) ( ) ( ) >ωωω> zyx ,,0  

6
π−  for all ,Ω∈ω  then the inequalities are reversed. 

Proof. For the functions ( ) ( ) ( ) ( ) ,cos xxxvxx =ρ=/=ϕ=χ  we can 

apply Corollary 4.1 in the case that χ ′′χ′  is negative, 321 ,, FFF  are 

positive and ( ) ( ) ( ) ( ).4321 zyxFzFyFxF ++<++  Namely, ( )zyx ++χ′  

( ) 0sin <++−= zyx  and ( ) ( ) ,0cos <++−=++χ ′′ zyxzyx  because 

.20 π<++< zyx  Furthermore, ( ) ( ) ( ) 0tan321 >=== xxFxFxF  and 

tan ( )zyxzyx ++≤++ tantantan  for .6,,0 π<< zyx  So the 

inequalities are true. The proof of the opposite is analogue and it is left to 
a reader.   

In the next remarks, we notice that well-known inequalities are the 
border cases of the examples given above. The terms mMAba ,,,,  are 

defined as in Corollary 4.1. 

Remark 5.1. Assume that ( ) zyxzyxf ++=,,  and ( ) ( ) =ϕ=χ xx  

( ) ( ) µ=ρ=/ xxxv  in (1.2). Then ( ) ( )µµµµ ++=
111

,. rtsrtsH  in (1.3). 

If ,10 <µ<  then Example 5.2 implies the Minkowski type 

inequalities for positive functions :,, Lzyx ∈  

( ) [{ [ ]( )} ( [ ]( ) [ ]( ) [ ]( ) ]µµµµµµ ++−++⋅ AbzMAbyMAbxMAbzyxMbMA ;,;,;,;,  
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( ) [{ [ ]( )} ( [ ]( ) [ ]( ) [ ]( ) ]µµµµµµ ++−++⋅≥ AazMAayMAaxMAazyxMaA ;,;,;,;,  

( ) [{ [ ]( )} ( [ ]( ) [ ]( ) [ ]( ) ].;,;,;,;, µµµµµµ ++−++⋅≥ AbzMAbyMAbxMAbzyxMbmA  

If 1>µ  or if ,0<µ  then the inequalities are reversed. 

Remark 5.2. Assume that ( ) ( ) xxxyzzyxf =χ= ,,,  and ( ) ,µ=ϕ xx  

( ) ( ) ., η=ρ=/ zzyyv v  Then ( ) ( )ηµ ⋅⋅=
111

,, rtsrtsH v  in (1.3). If 0,, >ηµ ν  

and ,1111 =
η

++
µ v  then Example 5.1 implies Hölder type of inequalities 

for positive functions :,, Lzyx ∈  

( ) [ [ ]( ) [ ]( ) [ ]( ) [ ]( )]AbzMAbyMAbxMAbxyzMbMA ;,;,;,;,1 νν ⋅⋅−⋅ µ  

( ) [ [ ]( ) [ ]( ) [ ]( ) [ ]( )]AazMAayMAaxMAaxyzMaA ;,;,;,;,1 νν ⋅⋅−⋅≤ µ  

( ) [ [ ]( ) [ ]( ) [ ]( ) [ ]( )].;,;,;,;,1 AbzMAbyMAbxMAbxyzMbmA νν ⋅⋅−⋅≤ µ  

If ,0,, <ηµ v  then the inequalities are reversed. 

Theorems 2.1, 2.2, Proposition 4.1, and Example 5.1 are the 
refinements of Theorems 4.1 and 4.31 and Corollaries 4.33 and 4.34, 
respectively, from [1]. 
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