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Abstract

In this paper, reliability function of Z; = X +Y denoted by F, 7z (21), is derived when
(X,Y) follow Marshall and Olkin’s bivariate exponential distribution (MOBVE) with
dependence between X and Y first. Furthermore, FZ (=), which is the reliability function of
Z = oX +PBY, is also obtained for the same condition (X, Y). Besides, the fact that

le (1) will become F(z) when a = B =1 can be proved at last.
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1. Introduction

Without a doubt, bivariate exponential distributions are one of the
most applied distributions in the area of reliability. When there are two
or more variables affecting the system, in most of the cases the analysis
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is carried out by assuming that they are statistically independent.
However, the assumption of independence does not hold sometime in
practice. Several bivariate models have been introduced in the literature.
Some well know bivariate exponential distributions are those by Gumbel
[1], Freund [2], Marshall and Olkin [3], Block and Basu [4], Downton [5]
and so on. And these distributions attracted many practical applications
in reliability problems. Besides, the distribution of Z = aX + BY, which

is of interest in quality and reliability engineering, has been studied by
several authors especially when X and Y are independent random
variables. However, there is relatively little work of this kind when X and
Y are dependent random variables. Gupta and Nadarajah [6] provides
exact and approximate distributions for the combination of inverted
Dirichlet components. Guo [7] gives the exact distributions of the linear
combination of the bivariate exponential distributions, and Zhang [8]
gives some revise to the results of Guo’s.

This paper gives the reliability function of Z; = X +Y and
Z = oX + BY according to the work above. Rest of the paper is

organized as follows. In Section 2, the necessary pre-knowledge is
prepared for the following work. In Section 3, the reliability function of
Z1=X+Y and Z =o0X +BY has been derived. Conclusion of the

paper will be done in Section 4.
2. Pre-knowledge

The bivariate exponential distribution in this paper refers to Marshall
and Olkin’s bivariate exponential distribution (MOBVE(A{, %9, A19)) as

follows.

Definition 2.1 ([9]). Marshall and Olkin’s bivariate exponential distribution
(MOBVE(LA{, L9, A19)) has the joint pdf specified by

Mg +Agg)exp i=Ax — (g + Ay9 )y}, if x <y,
f(x, y) = ho(hy + Agg)expi— Aoy — (A + Ayo)x}, if x>y, (2.1)

Mg exp{— (A + Ao + Ay2)y}, if x =y,

for x >0,y >0,A >0, L9 >0, and A9 > 0.
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And the following theorem will be used in the Section 3.

Theorem 2.2. If X and Y have the joint probability density function (2.1),
pdfof Z = oX +BY is:

M(Ag +19) { [ M+ Ay + R ) Ao + Mg
exp| - A ——4 _"H2 5| _exp| - =225
O(()\,2 (+ }\,12 ) - I:')”\,l o+ B
_ ) A + g At Mg ) A R+
f(2z) = g — B0+ 71g) exp o F|exp wip z|l,z>0,
0,z2<0

(2.2)

where a. > 0, >0

3. Reliability Functionof Z; = X +Y and Z = aX + BY

Theorem 3.1 derives the reliability function F, 7,(21) when X and Y
are distributed according to (2.2).

Theorem 3.1. If X and Y are jointly distributed according to (2.2), then

— Aohy |2 A 1 ~
F; (z =~L—exp——z — = expl- A9z
7, (21) S {k (-52) % (- %oz )

hoky [1 ~ 2 ( A H
—= =1 —exp(—A1z;)——exp|——=21 ||, 3.1)
S| e (- Taa) - e[ o

for 0 <z <o, where & = A +hg +Ajg, Ay = A + A9, and kg = Ag + Aig.

Proof. According to (2.2), we can readily see that le (21) = _[ : fz, (1)

le :A+B,

NoA © by ~
A=~AJ. [exp——z —exp |- Aoz }dz
T [ew g -ew - Taajda

X 2 » 1 ~
= = [—Iexp(—§21)+zexp(—hzl)}

o
21
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Aok |2 A 1 ~
- ~A{_exp(——zl)—x—exp(— %221)},

hg =2 A 2 2
and
© ~
= xle I [eXp (= %121) — exp (— 2 2 ﬂdzb
7\,1 21 2
szl [ 1 ~ 2 ( A ﬂ ®
= —exp(—Az;)+—exp|—=2
7\‘2 _ 7\/1 7\, ( 1 1) 7\. 2 1 21
b Sl
= —exp(—Az;)— —exp
7»1 N ( 1 1) 9 1
So

— Aoy |2 A 1 ~
Fy(z1)=A+B=="—|—exp(—-—=27)—=—expl-Aqyz
() S 2o o) - Lol Tan)

Aohq [1 ~ 2 ( A H
+ —=——|=exp(—Nz)—-—exp|——=21 ||
S pewha) - e~ 5
In fact, reliability function F, 7 (z7) refers the reliability of cold standby

system for two different components which can be found in Cheng’s paper
[10]. Corollary 3.2 shows that reliability of cold standby system with two

different independent components is the special case of Theorem 3.1.
Corollary 3.2. If 7»12 =0, that iS, A= 7\.1 + 7\,2 + 7\,12 = 7\.1 + 7\,2,
,7\\:1 = }\.1 + )\.12 = }\.1 and ,7\\:2 = 7\.2 + 7\.12 = }\.2, then

- A A
Fg (21) = ﬁexp (- Mz1) - ﬁexp (= h921). (3.2)
Proof.
= AoA 2 A+ A 1
7 _ Aol M tAe 1 _
A = 2 e M2 ) L (ge)

A 1 2 A+
it bl S -y -z 21 " Ta
+ Mg — Ap [7»1 exp (- 2q21) oy + g eXp( B 21
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Ao 1 1
— L e - gz - e (- g

A A
= % _27% exp (- M21) - ﬁ exp (= Agzp ).

More generally, Fy(z), which is the reliability function of Z = aX + BY,
has been obtained for the same condition (X, Y) from the following

Theorem 3.3:

Theorem 3.3. If X and Y are jointly distributed according to (2.2), then

Fy(2) = N}L2M {azﬁexp(—aﬁﬁz)—%exp(—%zﬂ

2

+A{gexp(_hz)_a_wexp(_
o A

A
i P z)ﬂ (3.3)

Proof.

Fy(z) = jjfz(z)dz ~A+B

DS ST el PO SR B *
A_chz—BM J-Z {exp( oc+Bz) exp( Bzﬂdz

_ Ay [ a+p ~ B g Ve
0&2—57»1[ o +p )+~2 exp[ B ZHZ
kM fap B Ay
akg — Phq { o +p : by exp( ZH
and
Aohy © M A
B = ool B [exp(——z)—exp(—ajLBzﬂdz
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- {gexp(—k—lz)—a—wexp(— 0(7-:-[3 Z)ﬂ-

akg — PBAy [ a A
So
XQXI (X.+B A B ~2
Fr,(z)= A+ B — — zZ)—=—exp|—-—=2z2
4 (@) MZ_B}J Lo b Lo

+L1~ Niexp(—k—lz)—owrﬁexp(— A 2)) .
arg —BAy | A a A a+p

Corollary 3.4. When o = B =1, Theorem 3.3 becomes to Corollary 3.2.

Proof. When o = B =1, the results is obviously true from (3.3) and (3.2).

4. Conclusion

Specific expressions of reliability function of Z; = X + Y denoted by
F 7, (21), is derived when (X, Y) follow Marshall and Olkin’s bivariate

exponential distribution (MOBVE) with dependence between X and Y.
Besides, Fy(z) is also obtained for the same condition (X, Y). Finally,

F. 7, (21) will become F;(2) when o = B =1 has been proved. Reliability

of linear combination of other bivariate distributions will be studied in

future.
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