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Abstract 

Topological invariants are very useful in various areas related to digital images 
and geometric modelling. In this paper, we study the simplicial homology  
groups of certain minimal simple closed surfaces, extend an earlier definition of 
the Euler characteristics of digital image, and show how to compute the Euler 
characteristic of several digital surfaces. In Example 4.4, we correct an error 
that appears in [16]. 

1. Introduction 

Digital topology, introduced by Rosenfeld [21], plays an important 
role in computer vision, image processing, and computer graphics. As a 
result, many researchers (Rosenfeld, Kong, Kopperman, Kovalavsky, 
Malgouyres, Boxer, Chen, Rong, Kacynski, Mischaikow, Mrozek, Han, 
Karaca, and others) wish to characterize the properties of digital images 
with tools from topology (including algebraic topology). 

In algebraic topology, the definition of homology groups is more 
sophisticated and less intuitive than the definition of homotopy groups. 
The digital simplicial homology group is an important tool for image 
analysis because a general algorithm to decide whether two distinct 
objects have isomorphic homology groups could be a very powerful tool for 
image analysis. Therefore, it is desirable to study the simplicial homology 
groups of digital images. 

In [12], Chen and Rong have designed linear time algorithms to 
recognize and determine topological invariants such as the genus and 
homology groups in 3D. These properties can be used to identify patterns 
in 3D image recognition. They use Alexander duality to obtain the 
homology groups of a 3D object in 3D space. Several researchers have 
studied simplicial homology groups of digital images; see, e.g., [1], [18]. 
The current paper builds on [1] to expand our knowledge of the simplicial 
homology groups of digital images. 

This paper is organized as follows. Some basic notions are provided in 
Section 2. In the next section, we compute the simplicial homology groups 
of certain minimal simple closed surfaces and present results of Arslan et 
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al. [1]. In the last section, we define Euler characteristics of digital 
images as a more general notion and compute Euler characteristics of 
certain digital surfaces. Among our results is a correction of an assertion 
of [16]. 

2. Preliminaries 

Let nZ  be the set of lattice points in the n-dimensional Euclidean 
space, where Z  is the set of integers. A (binary) digital image is a subset 

of nZ  with an adjacency relation. We use a variety of adjacency relations 
in the study of digital images. 

Definition 2.1 [19]. (1) Two points p and q in Z  are 2-adjacent, if 
1=− qp  (see Figure 1). 

(2) Two points p and q in 2Z  are 8-adjacent, if they are distinct and 
differ by at most 1 in each coordinate (see Figure 2). 

(3) Two points p and q in 2Z  are 4-adjacent, if they are 8-adjacent 
and differ in exactly one coordinate (see Figure 2). 

(4) Two points p and q in 3Z  are 26-adjacent, if they are distinct and 
differ by at most 1 in each coordinate (see Figure 3). 

(5) Two points p and q in 3Z  are 18-adjacent, if they are 26-adjacent 
and differ in at most two coordinates (see Figure 3). 

(6) Two points p and q in 3Z  are 6-adjacent, if they are 18-adjacent 
and differ in exactly one coordinate (see Figure 3). 

The numbers { }6,18,26,4,8,2  reflect the number of adjacent 

points, e.g., in 2Z  a point has 8 8-adjacent points. More general, 
adjacency relations are studied in [17]. 

 

Figure 1. 2-adjacency. 
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Figure 2. 4-adjacency, 8-adjacency. 

 

Figure 3. 6-adjacency, 18-adjacency, 26-adjacency. 

Let Z∈ba,  with .ba <  A set of the form 

[ ] { }bzazba ≤≤∈= |, ZZ  

is called a digital interval [4]. 

Let κ  be an adjacency relation defined on .nZ  A κ -neighbor of a 

lattice point p is κ -adjacent to p. A digital image nX Z⊂  is κ -connected 
[17], if and only if for every pair of different points ,, Xyx ∈  there is a 

set { }rxxx ,,, 10 …  of points of a digital image X such that ,0xx =  

,rxy =  and ix  and 1+ix  are κ -neighbors, where −= ri ,,1,0 … .1  A                

κ -component of a digital image X is a maximal κ -connected subset of X. 
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Definition 2.2 [5, 22]. Let 0nX Z⊂  and 1nY Z⊂  be digital images 
with 0κ -adjacency and 1κ -adjacency, respectively. Then, the function 

YXf →:  is said to be ( )10 , κκ -continuous, if for every 0κ -connected 

subset U of ( )UfX ,  is a 1κ -connected subset of Y. We say that such a 

function is digitally continuous. 

Proposition 2.3 [5, 22]. Let 0nX Z⊂  and 1nY Z⊂  be digital 
images with 0κ -adjacency and 1κ -adjacency, respectively. Then, the 

function YXf →:  is ( )10 , κκ -continuous, if and only if for every pair of 

0κ -adjacent points { }10 , xx  of X, either ( ) ( )10 xfxf =  or ( )0xf  and 

( )1xf  are 1κ -adjacent in Y. 

Note that the proposition’s characterization of continuity is what 
Chen calls an immersion, a gradually varied operator, or a gradually 
varied mapping in [10] and [11]. 

By a digital κ -path of length m from x to y in a digital image X, we 
mean a one-to-one ( )κ,2 -continuous function [ ] Xmf →Z,0:  such that 

( ) xf =0  and ( ) .ymf =  If ( ) ( ),0 mff =  then the κ -path is said to be 

closed, and the function f is called a κ -loop. Let [ ] Xmf →− Z1,0:  be a 

( )κ,2 -continuous function such that ( )if  and ( )jf  are κ -adjacent, if and 

only if 1±= ij  mod m. Then the set ([ ] )Z1,0 −mf  is a simple closed   

κ -curve.  

Let 0nX Z⊂  and 1nY Z⊂  be digital images with 0κ -adjacency and 

1κ -adjacency, respectively. A function YXf →:  is ( )10, κκ -isomorphism 

[8], if f is ( )10, κκ -continuous and bijective and further  XYf →− :1  is 

( )01, κκ -continuous, in which case we write ( ) .~
10, YX κκ  Let us define 

the notion of interior, which plays an important role in establishing a 
connected sum. 
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Definition 2.4 [15]. Let ( )rxxxc ,,,: 10 …=∗  be a closed κ -curve in 

,2Z  where { } { }.8,4, =κκ  A point x of the complement ∗c  of ∗c  in 2Z  is 

said to be interior to ∗c , if it belongs to the bounded κ -connected 

component of .∗c  The set of all interior points to ∗c  is denoted by 

( ).∗cInt  

The digital images ,, 48
∗∗ MSCMSC  and ,8

∗′CMS  which are obtained 

from the minimal simple closed curves ,, 48 MSCMSC  and 8CMS ′  in ,2Z  

respectively, are essentially used in establishing the notion of a connected 
sum [15]. 

 

Figure 4 [16]. Minimal simple closed curves. 

● ( ),: 888 MSCIntMSCMSC ∪=∗  where 8MSC  is a digital image, 

which is (8, 8)-isomorphic to the set 

( ) ( ) ( ) ( ) ( ) ( ){ }.1,1,2,1,3,0,2,1,1,1,0,0 −−  

● ( ),: 444 MSCIntMSCMSC ∪=∗  where 4MSC  is a digital image, 

which is (4, 4)-isomorphic to the set 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ){ }.1,0,2,0,2,1,2,2,1,2,0,2,0,1,0,0  
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● ( ),: 888 CMSIntCMSCMS ′′=′∗ ∪  where 8CMS ′  is a digital image, 

which is (8, 8)-isomorphic to the set 

( ) ( ) ( ) ( ){ }.2,0,1,1,1,1,0,0 −  

 

Figure 5 [15]. Diagram for a connected sum. 

We recall a connected sum of two digital surfaces. 

Definition 2.5 [15]. Let 0κS  be a closed 0κ -surface in 0nZ  and let 

1κS  be a closed 1κ -surface in 1nZ  for .3, 10 ≥nn  Consider 00 κκ AA ⊂′  

0κS⊂  such that ( ) ( ) ( ) ( ),~,~ 44,88, 0000
∗∗ ′′ MSCIntAMSCIntA κκκκ  or  

0κA′ ( ) ( ).~ 88,0
∗′CMSIntκ  Let ( ) 100: κκκ SAfAf ⊂→  be a ( )10, κκ -

isomorphism. Let { }.1,0,\ ∈′=′ iASS iii κκκ  Then the connected sum, 

denoted ,10 κκ SS  is the quotient space ~,10 κκ SS ∪  where 

000 \: κκκ SAAi ′→′  is the inclusion map and ( ) ( )xfxi ~  for .\ 00 κκ AAx ′∈   

 



LAURENCE BOXER et al. 116

3. Homology Groups of n-Dimensional  
Digital Images 

In algebraic topology, computing homology groups is easier than 
computing higher degree homotopy groups. Therefore, we prefer 
computing a homology group of a digital image to computing a homotopy 
group of a digital image. The simplicial homology groups of n-dimensional 
digital images from algebraic topology have been introduced in Arslan et 
al. [1]. In this section, we expand our knowledge of the simplicial 
homology group of digital images. 

Definition 3.1 (see [24]). Let S be a set of nonempty subset of a 
digital image ( )., κX  Then the members of S are called simplexes of 

( ),, κX  if the followings hold: 

(a) If p and q are distinct points of ,Ss ∈  then p and q are                

κ -adjacent. 

(b) If Ss ∈  and ,0 st ⊂≠/  then St ∈  (note this implies every point 

p that belongs to a simplex determines a simplex { }p ). 

An m-simplex is a simplex S such that .1+= mS  

Let P be a digital m-simplex. If P ′  is a nonempty proper subset of P, 
then P ′  is called a face of P. 

Definition 3.2 [1]. Let ( )κ,X  be a finite collection of digital            

m-simplices, dm ≤≤0  for some non-negative integer d. Then ( )κ,X  is 

called a finite digital simplicial complex. 

(1) If P belongs to X, then every face of P also belongs to X. 

(2) If ,, XQP ∈  then QP ∩  is either empty or a common face of P 

and Q. 

The dimension of a digital simplicial complex X is the largest integer 
m such that X has an m-simplex. 
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Definition 3.3 [1]. ( )XCq
κ  is a free abelian group with basis all 

digital ( )q,κ -simplices in X. 

Corollary 3.4. Let ( ) nX Z⊂κ,  be a digital simplicial complex of 

dimension m. Then for all ( )XCmq q
κ,>  is a trivial group. 

Definition 3.5 [1]. Let ( ) nX Z⊂κ,  be a digital simplicial complex of 

dimension m. The homomorphism ( ) ( )XCXC qqq
κκ

1: −→∂  defined by 

( ) ( )






>

≤><−=><∂ ∑ =
.,0
;,,,ˆ,,,1,,, 10010

mq
mqppppppp qi

iq

iqq
………  

is called a boundary homomorphism (where ip̂  means delete the point 

ip ). 

Proposition 3.6 [1]. For all ,1 mq ≤≤  we have 

.01 =∂∂ − qq D  

Theorem 3.7 [1]. Let ( ) nX Z⊂κ,  be a digital simplicial complex of 

dimension m. Then, 

( ) ( ) ( ) ( ) 00: 0111
01 →→ →→ → ∂∂∂

−
∂∂

∗
−+ XCXCXCXC mmm

mm
κκκκ "  

is a chain complex. 

Definition 3.8 [1]. Let ( )κ,X  be a digital simplicial complex. 

(1) ( ) qq XZ ∂= Kerκ  is called the group of digital simplicial q-cycles. 

(2) ( ) 1Im +∂= qq XBκ  is called the group of digital simplicial                

q-boundaries. 

(3) ( ) ( ) ( )XBXZXH qqq
κκκ =  is called the q-th digital simplicial 

homology group. 
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Definition 3.9. Let ( ) ( )10 ,,: κκ YX →ϕ  be a function between 

digital images. If for every digital ( )m,0κ -simplex P determined by the 

adjacency relation 0κ  in X, ( )Pϕ  is a ( )n,1κ -simplex in Y for some 

,mn ≤  then ϕ  is called a digital simplicial map. 

Definition 3.10. Let ( ) ( )10 ,,: κκ YX →ϕ  be a digital simplicial 

map. For ,0≥q  we define a homomorphism ( ) ( )YCXC qq 10: κκ →ϕ  by 

( ) ( ) ( ) .,,,, 00 qq pppp ϕϕ=ϕ ……  

The following lemma immediately comes from Definition 3.10. 

Lemma 3.11. If ( ) ( )10 ,,: κκ YX →ϕ  is a digital simplicial map, 

then 

( ) ( )YCXC qq 10: κκ →ϕ  

is chain map; that is, .ϕ∂=∂ϕ  

Theorem 3.12 [1]. If YXf →:  is a digital ( )10 , κκ -isomorphism, 

then for all mq ≤  

( ) ( ).10 YHXH qq
κκ ≅  

Theorem 3.13 [1]. If ( )κ,X  is a single vertex, then 

( )




>
=

=
.0,0
,0,

q
q

XHq
Zκ  

Theorem 3.14. Let ( )κ,X  be a directed digital simplicial complex of 

dimension m. 

(1) ( )XHq
κ  is a finitely generated abelian group for every .0≥q  

(2) ( )XHq
κ  is a trivial group for all .mq >  

(3) ( )XHq
κ  is a free abelian group, possibly zero. 
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Proof. (1) We know that ( )XCq
κ  is finitely generated and abelian. 

Hence, its subgroup ( )XZq
κ  is finitely generated and abelian. It is clear 

that its quotient ( )XHq
κ  is a finitely generated abelian group. 

(2) It is clear from Corollary 3.4. 

(3) By Corollary 3.4, ( )XCm
κ

1+  is a trivial group. Then ( )XBm
κ  is also 

trivial. Thus, we have ( ) ( ).XZXH mm
κκ ≅  Since a subgroup of a free 

abelian group is free abelian, the result holds.   

Theorem 3.15. For each κ
qHq ,0≥  is a covariant functor from the 

category of digital simplicial complexes and simplicial maps to the 
category of abelian groups. 

Proof. We know that ( )XHq
κ  is defined on objects X that are digital 

simplicial complexes. If ( ) ( )10 ,,: κκ YX →ϕ  is a digital simplicial map, 

define 

( ) ( )YHXH qq
κκ →ϕ∗ :  

by ( ( )) ( ) ( ),YBzXBz qq
κκ +ϕ=+ϕ∗  where ( ).XZz n

κ∈  It is easy to see 

that [ ( ) ] ( )XHX
q0
κκ 11 0, =∗  and that ( ) .∗∗∗ /ϕ=/ϕ vv DD  The assertion 

follows.   
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Figure 6. (X, 8). 

Theorem 3.16. Let { ( ) ( ) ( )} 2
210 1,1,0,1,0,0 Z⊂==== pppX  

with an adjacency relation 8=κ  (see Figure 6). Then its digital 
simplicial homology groups are 

( )




≠
=

=
.0,0
,0,8

q
q

XHq
Z  

Proof. Assume that the points of X are ordered by .210 ppp <<  

From Theorem 3.14, we have 

( ) { } .2for08 >= qXHq  

Moreover, ( ) ( ),, 8
1

8
0 XCXC  and ( )XC8

2  are free abelian groups with bases 

{ },,, 210 ><><>< ppp  

{ },,, 202110 ><><>< pppppp  and 

{ },210 >< ppp  
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respectively. Thus, we have a short sequence 

( ) ( ) ( ) .00 0123 8
0

8
1

8
2  → → → → ∂∂∂∂ XCXCXC  

Clearly, ( ) { }.08
2 =XB  We have 

( ) ( ),1020212102 ><+><−><=><∂ ppppppapppa  

so ( ) { }.08
2 =XZ  Therefore, ( ) { }.08

2 =XH  

From the description of 2∂  above, we obtain 

( ) { ( ) }.|202110
8
1 Z∈><−><+><= appppppaXB  

Further, 

( ) ( ) ( ) ><−+><−−=><+><+><∂ 102120101 pcapbappcppbppa  

( ) 02 =><++ pcb  

implies ,cba =−=  so 

( ) { ( ) } ( ).| 8
1202110

8
1 XBappppppaXZ =∈><−><+><= Z  

Thus we have ( ) { }.08
1 =XH  

Let 

{ { } } .0,,,| 2
210 ZZ ≅=++⊂><+><+><= cbacbapcpbpaB  

We have, from the description of 1∂  above, ( ) .8
0 BXB ⊂  To show the 

reverse containment, notice that an arbitrary member of B takes the form 

( ) ( ) ( ).8
021101210 XBppbppapbapbpa ∈><−><−∂=><+−><+><  

Therefore, ( ) .28
0 Z≅= BXB  Again using the short sequence, we get 

( ) { } .2,1,0| 3
221100

8
0 ZZ ≅=∈><+><+><= iapapapaXZ i  
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We claim that the quotient group ( ) ( )XBXZ 8
0

8
0  is isomorphic to one 

copy of .Z  Any 0-cycle ><+><+><= 2211000 papapac  can be 

written as 

( ) ( ) .021020210110 ><+++><+><∂= paaappappac  

This means that 0c  is homologous to the 0-chain ( ) .0210 ><++ paaa  

Hence, the 0-chain is homologous to an integral multiple of .0 >< p  

Therefore, ( )XH 8
0  is isomorphic to the additive group Z  of integers. We 

summarize 

( )




≠
=

=
.0,0
,0,8

q
q

XHq
Z  

Theorem 3.17. If { ( ) ( ) ( ),1,0,1,0,0,1 2108 =−=−=≅′ cccCMS  

( )}0,13 =c  (see Figure 4), then its simplicial homology groups are 

( )




≠
=

=′
.1,0,0
,1,0,

8
8

q
q

CMSHq
Z  

Proof. Assume that there is a dictionary order relation on the points 

of 8CMS ′  (see Figure 4). From Theorem 3.14, we have ( ) 08
8 =′CMSHq  

for every .1>q  Moreover, ( )8
8
1 CMSC ′  and ( )8

8
0 CMSC ′  are free abelian 

groups with bases 

{ },,,, 20323110 cccccccc  

and  

{ },,,, 3210 cccc  

respectively. 

Thus, we get the following short sequence: 

( ) ( ) .00 012
8

8
08

8
1  →′ →′ → ∂∂∂ CMSCCMSC  

By the short sequence, it is easy to see that 
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( ) { ( ) } .|203231108
8
1 ZZ ≅∈><−><−><+><=′ accccccccaCMSZ  

Since ( ) { },08
8
1 ≅′CMSB  it follows that ( )8

8
1 CMSH ′  is isomorphic to the 

additive group Z  of integers. 

Let 

{ { } ,,,,|3210 Z⊂><+><+><+><= dcbacdcccbcaB  

} .0 3Z≅=+++ dcba  

We show that ( ) ,8
8
0 BCMSB =′  as follows. We have 

( ) ( ) ><−−=><+><+><+><∂ 0203231101 curccucctccsccr  

( ) ( ) ( ) .321 ><++><+−+><−+ ctscutcsr  

It follows easily that ( ) .8
8
0 BCMSB ⊂′  In order to show the reverse 

containment, we observe that an arbitrary member of B takes the form 

( ) >=<++−><+><+>< 3210 ccbacccbca  

( ( ) ).3231101 ><−><+−><−∂ cccccbacca  

The assertion follows. 

Again using the short sequence, we have 

( ) { }Z∈><+><+><+><=′ iacacacacaCMSZ |332211008
8
0  

.4Z≅  

Any 0-cycle ><+><+><+><= 332211000 cacacacaw  can be 

written as 

(( ) )><+><+><−−∂= 313202102010 ccaccaccaaw  

( ) .13210 ><++++ caaaa  
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This means that 0w  is homologous to ( )3210 aaaa +++ .1 >< c  Hence, 

the 0-chain is homologous to an integral multiple of .1 >< c  Therefore, 

( )8
8
0 CMSH ′  is isomorphic to the additive group Z  of integers. Therefore, 

we obtain 

( )




≠
=

=′
.1,0,0
,1,0,

8
8

q
q

CMSHq
Z  

  

 

Figure 7. (a) ;18MSS  (b) ;18SMS ′  (c) .6MSS  

Now we are ready to compute homology groups of minimal simple   
κ -surfaces ( ).κMSS  

Theorem 3.18. If 

{ ( ) ( ) ( ) ( ),1,3,0,1,2,1,1,1,1,1,0,0 321018 ===== ccccMSS  

( ) ( ) ( ) ( ),0,2,0,0,1,0,1,1,1,1,2,1 7654 ==−=−= cccc  

( ) ( )},2,1,0,2,2,0 98 == cc  

then its digital simplicial homology groups are 

( )







≠
=
=

=
.1,0,0

,1,
,0,

3
18

18

q
q
q

MSSHq Z
Z

 



TOPOLOGICAL INVARIANTS IN DIGITAL IMAGES 125

Proof. Let us direct 18MSS  by the ordering 96054 ccccc <<<<  

.21387 ccccc <<<<<  By Theorem 3.14, ( )18
18 MSSHq  is a trivial 

group for all .3≥q  Moreover, ( ) ( ),, 18
18
118

18
0 MSSCMSSC  and ( )18

18
2 MSSC  

are free abelian groups with bases 

{ }910 ,,, ccc …  

{ ,,,,,,,,,,, 2884546519162190056010 cccccccccccccccccccccc  

} and,,,,,,,,, 769523273774343889 cccccccccccccccccc  

{ },,,,,,,, 237374384905238190605160 cccccccccccccccccccccccc  

respectively. Thus, we obtain following short sequence: 

( ) ( ) ( ) .00 0123
18

18
018

18
118

18
2  → → → → ∂∂∂∂ MSSCMSSCMSSC  

Let 

( 2386237590546053190216012 cccacccacccacccacccaccca +++++∂  

) ( ) ( ) ( ) 60310543102138483747 ccaaccaaccaacccaccca ++++−−=++  

( ) ( ) 28627523651921619042 ccaccaccaaccaccaccaa −−++++++  

( ) ( ) ( ) 747388637753487 ccaccaaccaaccaa +++++−−+  

.0954653848 =−−+ ccaccacca  

From this equation, we must have .087321 ====== aaaaa "  

Therefore, ( ) { }018
18
2 =MSSZ  and it follows that ( ) { }.018

18
2 =MSSH  

Observe 

( 1971662159040536021011 ccaccaccaccaccaccacca ++++++∂  

3813891228118410549658 ccaccaccaccaccacca ++++++  

951923182717371674153414 ccaccaccaccaccacca ++++++  
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) ( ) ( ) 17651043217620 caaaacaaaacca ++−+−+−−=+  

( ) ( ) 31816141321817115 caaaacaaaa −+++++++  

( ) ( ) 51998341514109 caaaacaaaa −+−−+−−−−+  

( ) ( ) 720171615620862 caaaacaaaa +−−+−+−+  

( ) ( ) .9191274813121110 caaaacaaaa +−−+−+−+  

So, we get 

( ) =18
18
1 MSSZ  

{ ( ) ><+−−+><+><+>< 90321053602101 ccaaaccaccacca  

( ) ><+><−+−+><+><+ 65819651166215 ccaccaaaccacca  

><+><+><+ 28118410549 ccaccacca  

( ) ><+−+−−+ 8998652 ccaaaaa  

( ) ><+><−++−+−−+ 341438111098652 ccaccaaaaaaa  

( ) ><+><−−−+ 37167414109 ccaccaaa  

( ) ><−−−−+−+ 271614109862 ccaaaaaaa  

( ) ><++−++−+−−+ 231614111098652 ccaaaaaaaaa  

( ) ( ) } .| 11
7686295983 ZZ ≅∈><+−+><+−−+ iaccaaaccaaa  

We saw above that ( ) { }.0Ker 18
18
22 ≅=∂ MSSZ  Therefore, 2∂  is one-to-

one. It follows that ( ) ( ) .8
18

18
218

18
1 Z≅≅ MSSCMSSB  

Any 1-cycle 

( ) ><+−−+><+><+><= 903210536021011 ccaaaccaccaccaw  

( ) ><+><−+−+><+><+ 65819651166215 ccaccaaaccacca
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><+><+><+ 28118410549 ccaccacca  

( ) ><+−+−−+ 8998652 ccaaaaa  

( ) ><+><−++−+−−+ 341438111098652 ccaccaaaaaaa  

( ) ><+><−−−+ 37167414109 ccaccaaa  

( ) ><−−−−+−+ 271614109862 ccaaaaaaa  

( ) ><++−++−+−−+ 231614111098652 ccaaaaaaaaa  

( ) ( ) ><+−+><+−−+ 7686295983 ccaaaccaaa  

can be written as 

[ ( ) ( ) ><−+−+><−+><∂= 19065160562160621 cccaaacccaacccaw  

( ) ( ) ><+><++++><++−+ 384102371614109905632 cccacccaaaacccaaa  

( ) ( ) ]><−−−+><−+ 3741410923811 cccaaaccca  

( )><−><−><−><+><−><+ 2338892190105 cccccccccccca  

( )( )><+><−><−><+><−><−><+−+ 76952327388965862 ccccccccccccccaaa  

( ).95343889549 ><+><−><+><+><+ cccccccccca  

Since an arbitrary 1-cycle is homologous to the sum of multiples of the 
three 2-chains 

,233889219010 ><−><−><−><+><−>< cccccccccccc  

,76952327388965 ><+><−><−><+><−><−>< cccccccccccccc  

and 

,9534388954 ><+><−><+><+>< cccccccccc  

each of which is easily seen to be a 1-cycle, it follows that ( )18
18
1 MSSH  

.3Z≅   
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Again using the short sequence, we have 

( ) { ><+><+><+><+><= 443322110018
18
0 cacacacacaMSSB  

 |9988776655 ><+><+><+><+><+ cacacacaca  

} .,0 9
9

0
ZZ ≅∈=∑

=
ii

i
aa  

( ) { ><+><+><+><+><= 443322110018
18
0 cacacacacaMSSZ  

><+><+><+><+><+ 9988776655 cacacacaca  

} .9,,0, 10ZZ ≅=∈ …iai  

Any 0-cycle ><++><+><= 9911000 cacacaw "  can be written 

as 

( ( ) ( ) ><−−−−+><++++><−∂= 95765419321010010 ccaaaaccaaaaccaw  

( ) ( ) ><+−><−><++><+ 54742332132898 ccaaccaccaacca  

) ( ) .9910566747 ><++++><−><+ caaaccacca "  

This means that 0w  is homologous to ( ) .9910 ><+++ caaa "  Hence, 

the 0-chain is homologous to an integral multiple of .9 >< c  Therefore, 

( )18
18
0 MSSH  is isomorphic to the additive group Z  of integers. Thus, we 

have the required result 

( )







≠
=
=

=
.1,0,0

,1,
,0,

3
18

18

q
q
q

MSSHq Z
Z

 

 

Theorem 3.19. The digital simplicial homology groups of 18SMS ′  are 

( )




≠
=

=′
.2,0,0
,2,0,

18
18

q
q

SMSHq
Z  
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Proof. Let 

{ ( ) ( ) ( ) ( ),0,0,0,0,1,1,0,2,0,0,1,1 321018 =−====′ eeeeSMS  

( ) ( )}.1,1,0,1,1,0 54 =−= ee  

The points of 18SMS ′  are directed as follows: 

.015432 eeeeee <<<<<  

From Theorem 3.14, it is clear that 

( ) .2allfor,018
18 >=′ qSMSHq  

Moreover, ( ) ( ),, 18
18
118

18
0 SMSCSMSC ′′  and ( )18

18
2 SMSC ′  are free abelian 

groups with bases, respectively, 

{ },,,,,, 543210 eeeeee  

{ ,,,,,,,,, 150332431242040114 eeeeeeeeeeeeeeeeee  

},,, 535205 eeeeee  

and 

{ }.,,,,,,, 053532152015043432142014 eeeeeeeeeeeeeeeeeeeeeeee  

Thus, we get the following short sequence: 

( ) ( ) ( ) .00 0123
18

18
018

18
118

18
2  →′ →′ →′ → ∂∂∂∂ SMSCSMSCSMSC  

We first find the kernel of .2∂  We have 

( 1526015504344323142201412 eeeaeeeaeeeaeeeaeeeaeeea +++++∂  

) ( ) ( ) 0151142105385327 eeaaeeaaeeeaeeea +++=++  

( ) ( ) ( ) ( ) 4343126242320441 eeaaeeaaeeaaeeaa ++−−+−++−+  

( ) ( ) ( ) ( ) 0585156503843273 eeaaeeaaeeaaeeaa +−+++−−+++  

( ) ( ) .53875276 eeaaeeaa ++−+  (3.1) 

Solving the equation 
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( ) ( ) ( ) ( ) 4232044101511421 eeaaeeaaeeaaeeaa −++−++++  

( ) ( ) ( ) ( ) 0384327343431262 eeaaeeaaeeaaeeaa −−+++++−−+  

( ) ( ) ( ) ( ) ,05387527605851565 =++−++−+++ eeaaeeaaeeaaeeaa  

we must have 

.87654321 aaaaaaaa −===−==−=−=  

Hence, 

( ) { ( 01504343214201418
18
2 eeeeeeeeeeeeeeeaSMSZ −+−−=′  

) } .|053532152 Z�Z ≅∈−++ aeeeeeeeee  

Since ( ) { },018
18
2 ≅′SMSB  

( ) .18
18
2 Z≅′SMSH  

Let 

( 3274361254240430121411 eeaeeaeeaeeaeeaeeaeea ++++++∂  

) .0531252110510159038 =+++++ eeaeeaeeaeeaeea  

Then, we get 

( ) ( ) ( ) 21175419521010832 eaaaaeaaaaeaaaa −−−−+++−++++  

( ) ( ) ( ) .05121110946431312876 =++−−+++−−+−−+−+ eaaaaeaaaaeaaaa  

Solving the equation above, we must have 

,4316 aaaa −+=  

,5219 aaaa −+−=  

,83210 aaaa −−−=  

,75411 aaaa −−−=  

.8743187612 aaaaaaaaa −++−−=−+−=  

Hence, we get 
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( ) { ><+><+><+><=′ 42404301214118
18
1 eeaeeaeeaeeaSMSZ  

( ) ><+><−++><+ 32743431125 eeaeeaaaeea  

( ) ><−+−+><+ 15521038 eeaaaeea  

( ) ( ) ><−−−+><−−−+ 5275405832 eeaaaeeaaa  

( ) }8,7,5,4,3,2,1|5387431 =∈><−++−−+ iaeeaaaaa i Z  

.7Z≅  

On the other hand, from the Equation (3.1), we have 

( ) { ><+><+><+><=′ 42404301214118
18
1 eeheeheeheehSMSB  

( ) ><+><−++><+ 32743431125 eeheehhheeh  

( ) ><−+−+><+ 15521038 eehhheeh  

( ) ( ) ><−−−+><−−−+ 5275405832 eehhheehhh  

( ) }8,7,5,4,3,2,15387431 =∈><−++−−+ iheehhhhh i Z�  

.7Z≅  

Since ( ) ( ),18
18
118

18
1 SMSZSMSB ′=′  it follows that ( )18

18
1 SMSH ′  is 

isomorphic to the trivial group. 

Again using the short sequence, we have 

( ) { ><+><+><+><+><=′ 443322110018
18
0 eaeaeaeaeaSMSZ  

}5,,1,0|55 …=∈><+ iaea i Z  

.6Z≅  



LAURENCE BOXER et al. 132

 

Figure 8 [16]. .6SMS ′  

Any 0-cycle ><++><+><= 5511000 eaeaeaw "  can be written 

as 

( ( ) )><−><−><+−><−><−∂= 055044033232201110 eeaeeaeeaaeeaeeaw  

( ) .0543210 ><++++++ eaaaaaa  

This means that 0w  is homologous to ( ) .0510 ><+++ eaaa "   

Hence, the 0-chain is homologous to an integral multiple of  .0 >< e  

Therefore, ( )18
18
0 SMSH ′  is isomorphic to the additive group Z  of 

integers. Therefore, we have the required result 

( )




≠
=

=′
.2,0,0
,2,0,

18
18

q
q

SMSHq
Z

 

 
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Theorem 3.20. Let { ( ) ( ) ( ),0,1,1,0,0,1,0,0,0 2106 ====′ cccSMS  

( ) ( ) ( ) ( ) ( )}1,1,0,1,1,1,1,0,1,1,0,0,0,1,0 76543 ===== ccccc (see 

Figure 8). Then its digital simplicial homology groups are 

( )







≠
=
=

=′

.1,0,0
,1,
,0,

5
6

6

q
q
q

SMSHq Z
Z

 

Proof. Assume that there is a dictionary order relation on the points 

of .6SMS ′  From Theorem 3.14, we have ( ) { }06
6 =′SMSHq  for every 

.1>q  Moreover, ( )6
8
0 SMSC ′  and ( )6

6
1 SMSC ′  are free abelian groups 

with bases 

{ },,,,,,,, 76543210 cccccccc  and 

{ ,,,,,,,,, 547323625121304010 cccccccccccccccccc  

},,, 676574 cccccc  

respectively. Thus, we get the following short sequence: 

( ) ( ) .00 012
6

6
06

6
1  →′ →′ → ∂∂∂ SMSCSMSC  

( 2376265152143034021011 ccaccaccaccaccaccacca ++++++∂  

) ( ) 0321671265117410549738 caaaccaccaccaccacca −−−=+++++  

( ) ( ) ( ) 387327641541 caaacaaacaaa −−++−+−−+  

( ) ( ) ( ) 61110651210541092 caaacaaacaaa ++++−+−−+  

( ) .71198 caaa −++  

Solving the equation 

( ) ( ) ( ) 276415410321 caaacaaacaaa +−+−−+−−−  

( ) ( ) ( ) 512105410923873 caaacaaacaaa +−+−−+−−+  
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( ) ( ) ,071198611106 =−+++++ caaacaaa  

we have 

,,,, 64218647415213 aaaaaaaaaaaaaa −+−−=+−=−=−−=  

.,, 96411161296421119210 aaaaaaaaaaaaaaaa −−+−=−−=+−+−−=−=  

Hence, we get 

( ) { ( ) 21430214021016
6
1 ccaccaaccaccaSMSZ +−−++=′  

( ) ( ) ( ) 73642123646265141 ccaaaaccaaccaccaa −+−−++−++−+  

( ) ( ) 659417492549 ccaaaccaacca +−+−++  

( ) } .| 5
679641 ZZ ≅∈−−+−+ iaccaaaa  

Since ( ) { },06
6
1 ≅′SMSB  it follows that ( ) .5

6
6
1 Z≅′SMSH  

Again using the short sequence, we have 

( ) { ><+><+><+><+><=′ 44332211006
6
0 cacacacacaSMSZ  

}Z∈><+><+><+ iacacaca |776655  

.8Z≅  

Any 0-cycle ><+><+><+><+><= 44332211000 cacacacacaw  

><+><+><+ 776655 cacaca  can be written as 

(( ) ( ) ><++><+><+++∂= 307321210652110 ccaaccaccaaaaw  

( ) )><+><+><++><+ 7376565165404 ccaccaccaacca  

.0

7

0
><+ ∑

=

cai
i

 

Thus, 0w  is homologous to the 0-chain 

( ) .076543210 ><+++++++ caaaaaaaa  
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Hence, the 0-chain is homologous to an integral multiple of .0 >< c  

Therefore, ( )6
6
0 SMSH ′  is isomorphic to the additive group Z  of integers. 

Therefore, we obtain 

( )






≠
=
=

=′

.1,0,0
,1,
,0,

5
6

6

q
q
q

SMSHq Z
Z

 

 

4. Euler Characteristics of Digital Images 

Han [16] has defined the Euler characteristic of a digital surface. In 
this section, we will define Euler characteristic for digital images in 
general. We will imitate the definition from algebraic topology [23]. 

The following is a generalization of ([16], Definition 12). 

Definition 4.1. Let ( )κ,X  be a digital image of dimension m, and for 

each ,0≥q  let qα  be the number of digital ( )q,κ -simplexes in X. The 

Euler characteristic of X, denoted by ( ),, κXχ  is defined by 

( ) ( ) .1,
0

q
q

m

q
X α−=χ ∑

=

κ  

The following result, a generalization of ([16], Theorem 5.1) is 
motivated by its Euclidean analogue. 

Theorem 4.2. If ( )κ,X  is a digital image of dimension m, then 

( ) ( ) ( ).rank1,
0

XHX q
q

m

q

κκ −=χ ∑
=

 

Proof. Consider the digital chain complex ( )XCκ
∗  

( ) ( ) ( ) ( ) .00 011
011 →→→→ → → ∂∂

−
∂∂ + XCXCXCXC mm

mm κκκκ …  
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Each ( )XCq
κ  is a free abelian group of rank .qα  Since 

( ) ( )XZXH qq
κκ =  ( ),XBq

κ  we have 

( ) ( ) ( ).rankrankrank XBXZXH qqq
κκκ −=  

For each ,0≥q  there is an exact sequence 

( ) ( ) ( ) ,00 1 →→→→ − XBXCXZ qqq
κκκ  

and 

( ) ( ) ( ).rankrankrank 1 XBXZXC qqqq
κκκ
−+==α  

Hence, we get 

( ) ( ) ( ) ( ( ) ( ))XBXZX qq
q

m

q
q

q
m

q

κκκ 1
00

rankrank11, −
==

+−=α−=χ ∑∑  

( ) ( ) ( ) ( ).rank1rank1 1
00

XBXZ q
q

m

q
q

q
m

q

κκ
−

==

−+−= ∑∑  

Changing index of summation in the last sum and using the fact that 

( ) ( ),rank0rank 1 XBXB m
κκ ==−  we have 

( ) ( ) ( ) ( ) ( )XBXZX q
q

m

q
q

q
m

q

κκκ rank1rank1, 1

00

+

==

−+−=χ ∑∑  

( ) ( ( ) ( ))XBXZ qq
q

m

q

κκ rankrank1
0

−−= ∑
=

 

( ) ( ).rank1
0

XHq
q

m

q

κ−= ∑
=

 

 
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Figure 9 [16]. .1818 MSSMSS  

Theorem 4.3. If ( ) 00, nZX ⊂κ  and ( ) 11, nZY ⊂κ  are ( )10, κκ -

isomorphic, then 

( ) ( ).,, 10 κκ YX χ=χ  

Proof. Let X and Y be ( )10, κκ -isomorphic. Then, by Theorem 3.12, 

their homology groups are the same. From Theorem 4.2, the result holds.  

 

Example 4.4. From the definition of Euler characteristics, we have 

( ) 2248266, 106 −=−=α−α=χ MSS  (see Figure 7). 

( ) 41286, 106 −=−=α−α=′χ SMS  (see Figure 8). 

( ) 28201018, 21018 −=+−=α+α−α=χ MSS  (see Figure 7). 

( ) 2812618, 21018 =+−=α+α−α=′χ SMS  (see Figure 7). 

( ) 3880426, 1066 −=−=α−α=χ MSSMSS  (see Figure 10). 

( ) 68281418, 2101818 −=+−=α+α−α=χ MSSMSS  (see Figure 9). 



LAURENCE BOXER et al. 138

Note that the last assertion of Example 4.4 corrects ([16], Example 
5.3). 

Example 4.5. We can alternately compute Euler numbers by using 
Theorem 4.2. 

From Theorem 3.18,  

( ) ( ) ( ) .231rankrank18, 18
18
118

18
018 −=−=−=χ MSSHMSSHMSS  

From Theorem 3.19, 

( ) ( ) ( ) ( )18
18
218

18
118

18
018 rankrankrank18, SMSHSMSHSMSHSMS ′+′−′=′χ  

.2101 =+−=  

From Theorem 3.20,  

( ) ( ) ( ) .451rankrank6, 6
6
16

6
06 −=−=′−′=′χ SMSHSMSHSMS  

 

Figure 10 [16]. .66 MSSMSS  

5. Further Remarks 

We have studied the simplicial homology groups of digital images. In 
Section 3, we focused our attention on computing homology groups of 
certain fundamental digital images by what might be termed direct 
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methods, based on their definitions. In Section 4, we obtained several 
results concerning the Euler characteristic of a digital surface, including 
the correction of an assertion that appeared in [16]. 
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